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Abstract

We construct a family of irreducible representations of the quantum plane and
of the quantum Weyl algebra over an arbitrary field, assuming the deformation
parameter is not a root of unity. We determine when two representations in this
family are isomorphic, and when they are weight representations, in the sense of

1.

1 Introduction

Assume throughout that F is a field of arbitrary characteristic, not necessarily alge-
braically closed, with group of units F*. Fix ¢ € F* with ¢ # 1. The quantum plane is
the unital associative algebra

Fola,y] = F{z, y}/(yx — quy) (1.1)

with generators x and y subject to the relation yx = qzxy.
Consider the operators 7, and 9, defined on the polynomial algebra F[t] by

p(qt) — p(t)

Gt for p € F[t]. (1.2)

7q(p)(t) = p(qt), and 9y(p)(t) =

Then the assignment x — 74, y — 0, yields a (reducible) representation Fylz,y] —

Endp(F[t]) of Fyz,y], which is faithful if and only if ¢ is not a root of unity. The

operators 7, and J, are central in the theory of linear g-difference equations and 9, is

also known as the Jackson derivative, as it appears in [4]. See e.g. [6], [5, Chap. IV] and
references therein for further details.

The irreducible representations of the quantum plane Fg[z,y] have been classified

in [1] using results from [2]. Following [1] we say that a representation of F[z,y] is a

weight representation if it is semisimple as a representation of the polynomial subalgebra
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F[H] generated by the element H = zy. When ¢ is a root of unity all irreducible
representations of [z, y| are finite-dimensional weight representations, and these are
well understood. For example, if F is algebraically closed and ¢ is a primitive n-th root
of unity then the irreducible representations of F,[z,y| are either 1 or n dimensional.
When ¢ is not a root of unity there are irreducible representations of F,[z, y] that are
not weight representations, and in particular are not finite dimensional. These turn
out to be the F[H]-torsionfree irreducible representations of Fy[x,y], as they remain
irreducible (i.e. nonzero) upon localizing at the nonzero elements of F[H]. In [1, Cor. 3.3]
the torsionfree representations of Fy[x,y| are classified in terms of elements satisfying
certain conditions, but no explicit construction of these representations is given.

We assume ¢ is not a root of unity, and we give an explicit construction of a 3-
parameter family V?’n of infinite-dimensional representations of Fy[z,y| having the
following properties (compare Propositions 2.4, 2.6 and 2.7):

e m and n are positive integers, and f : Z — F* satisfies condition (2.1) below,
which essentially encodes n independent parameters from F*;

o V" is irreducible if and only if ged(m, n) = 1;
e if (m,n) # (m/,n’) then V;n’n and V?}l’n/ are not isomorphic;
o V?’" is a weight representation if and only if m = n;

e if IF is algebraically closed and V' is an irreducible weight representation of F,[z, y]
that is infinite dimensional, then V ~ V}’l for some f :Z — F*.

Thus, in some sense weight and non-weight representations of F,[z,y] are rejoined in
the family V;”’n.

The localization of Fy[x,y] at the multiplicative set generated by z contains a copy
of the q-Weyl algebra, which is the algebra

Ar(q) =F{X,Y}/(YX — ¢XY —1) (1.3)

with generators X and Y subject to the relation Y X — ¢XY =1 (see (3.1) for details
about this embedding). This is used in Subsection 3.1 to regard the representations
V}n’" as infinite-dimensional irreducible representations of A;(g). In contrast with the
action of F[z,y] on V?’” when m = n, it turns out that V""" is never a weight
representation of Aj(q) in the sense of [1]. In Subsection 3.2 we pursue a dual approach
by constructing representations Wy of Aj(g) and then restricting the action from the
g-Weyl algebra to two distinct subalgebras of A;(g) isomorphic to F,[z, y].

2 A family V}n’" of infinite-dimensional irreducible repre-
sentations of F [z, y| for ¢ not a root of unity

Assume g € F* is not a root of unity. We introduce a family V ?m of infinite-dimensional
representations of Fy[z, y] which are not in general weight representations in the sense



of [1], but which includes all irreducible infinite-dimensional weight representations of
F,[x,y] if we further assume F to be algebraically closed.
2.1 Structure of the representations V"
Fix positive integers m,n € Z~o and a function f : Z — F* satisfying
fli+n)=qf@i), for all ¢ € Z. (2.1)

Such functions are in one-to-one correspondence with elements of (F*)". Let V}n’"
denote the representation of Fy[z,y] on the space F[t*!]

given by

of Laurent polynomials in ¢

z.t = itn ytt = (i)™, for all 7 € Z. (2.2)

Condition (2.1) ensures that the expressions (2.2) do define an action of Fy[z,y] on
F[t*1] as, for all i € Z,

(yz — quy).t' = (f(i+n) — q¢f (i)™ =0.

Example 2.1. Fix p € F* and m,n € Z>¢. Fori € Z let f(i) = uq , where L%J
denotes the largest integer not exceeding . Then f : Z — F* satisfies condition (2.1)
and thus there is a representation V;n’n of Fq [z,y] on F[t*!] with action

x4t = ¢t y.t't = qu J4i- m for all i € Z.

We begin the study of the representations V}”’" by first considering the case that
the parameters m and n are coprime. The following consequence of (2.1) will be helpful.

Lemma 2.2. Assume gcd(m,n) =1 and f : Z — F* satisfies (2.1). For k € Z define
sp(k) = [ £k —im). (2.3)

Then sy (k) = sp(0)g".

Proof. For j € Z let 0 <7 < n be the unique integer such that 7 = jmodn. Then the
formula f(j) = f (j)q]n;'7 can be verified by induction on ’%’ Thus,

n—1 n—1 n—1 T
= [Lrtk—im) =T E=wm) [[a 5"
=0 =0 =0

Since m and n are coprime, the set {k‘ —m |0<i< n} consists of all the integers from
0 to n — 1, and is thus independent of k. Moreover,

n—1 . A n—1

k—im—k—wm —im —k—wm —im — (—wm)
Sohoimokom g Shoimo ko e ims G

i=0 =0 =0




Hence,
n—1 n—1 P e
=¢ [ rEm[[a + =ds0).
i=0 i=0
O

Proposition 2.3. Assume gcd(m,n) = 1 and f : Z — F* satisfies (2.1). Then the
representation V;”’n defined by (2.2) is an irreducible representation of Fylz,y].

Proof. We begin with a computation: for k € Z we have, by Lemma 2.2,

Ytk = ™ (H f(k —im ) th=mm — s, (k)tF = sp(0)gF ek (2.4)

Hence, 2™y™.p(t) = s¢(0)p(gt) for all p € F[t+1].
Let W C V;n’" be a nonzero subrepresentation. If p(t) € W then also p(qt) € W,

by (2.4). As ¢ is not a root of unity, the latter implies that t* € W for some ¢ € Z. The
coprimeness of m and n shows the existence of integers a and b so that an — bm = 1.
By replacing a and b with a 4+ jm and b + jn for a sufficiently large integer j, we can
assume a,b € Zsg. Then z%y®.t* = A\ t**! for some A, € F*, showing that t* € W for
all & > ¢. A similar argument shows that t* € W for all k¥ < ¢. Hence W = V?L’",
establishing the irreducibility of V;”’”. O

Next we describe V}n’n in terms of a maximal left ideal of F,[z,y]. Recall that for
a representation V of Fy[z,y| and an element v € V, the annihilator of v in Fy[x,y] is
anng, [z (v) = {r € Fylz,y] | r.v =0}, a left ideal of Fy[z,y].

Proposition 2.4. Assume gcd(m,n) =1 and f : Z — F* satisfies (2.1).

(a) For 1€ V"™, anng,(, (1) = Fy[z,y] (z™y" —s£(0)) and
V" o Fol, y] /Folz, y] (z™y" —57(0)).

(b) For positive integers m’,n’, and f': Z — F* satisfying (2.1) (with n replaced by
n'), we have V™" =~ V5" if and only if m = m’, n = n' and s;/(0) = q*s;(0)
for some k € 7Z.

Proof. (a) Let 8 = 2™y". First we show that
annFq[:p,y](l) =4[z, v (F[G] N ann]Fq[Ly}(l)) . (2.5)

The inclusion 2 is clear, so suppose u € anng, [;,(1). Write u = > ;5 piriyb =

> kez Uk, Where uy = Z Mixaiybi. Since wug.1 is in Ft*, it follows that u; €
na;—mb;=k

anng, [, (1) for all k € Z, and it suffices to prove uy, € Fylx,y] (F6] Nanng, [ (1)),



If na; — mb; = na; —mb; then, as gcd(m, n) = 1, we deduce that (a;, b;) = (a;,b;) +
&(m,n) for some & € Z. Thus, by the normality of x and y, there are a,b > 0 with
na —mb = k such that uy, = 2%°wg, where wg = 250 v;ztimy&in € F[f]. Notice that
for any ¢ € Z, %"t is a nonzero scalar multiple of t*, so z%ybwy = uy, € anng, (1)
implies that wo € anng, [, ,(1). Hence, u € Folx,y] (F[0] Nanng, [, (1)) and (2.5) is
established.

Now (2.4) implies that 6 —s(0) € F[f]Nanng, [, ,1(1). Since F[0] (0 —s;(0)) is a max-
imal ideal of F[0] it follows that F[0] Nanng, [, (1) = F[0] (0 —s7(0)) and anng, [, (1) =
Fqlz,y] (0 —s7(0)). This proves (a) as 1 € V?’" generates V?’".

(b) We observe that the arguments above also show that for t* € V T anng, g ) (tF) =
Fylz,y] (0 — ¢"s¢(0)) and

VT e Fyfe, gl /Byl y] (a"y" = dsp(0))

for any k € Z. This establishes the if part of (b). For the direct implication, suppose
V?’” o~ V?} ™ We have, for a,b > 0 and tF € V?’”,

b—1
$ayb.tlc _ (H f(k? _ zm)) th+na—mb
=0

and H;’;S (k — im) # 0. This implies that 2%y’ is diagonalizable on V?’" if and only
if na = mb. As ged(m,n) =1 this amounts to having (a,b) = £(m,n) for some £ > 0.
Since V?’" ~ V:ﬁ ™ then 2™ y" is diagonalizable on V}”’n and similarly z™y" is
diagonalizable on V?l’n/. By the relation above we conclude that (m,n) = (m’,n’).
Moreover, the eigenvalues of z™y" on V" are of the form q*s;(0), whereas s;/(0) is an
eigenvalue of =y = z™y" on V;Z/’nl. Hence s;/(0) = ¢*s;(0) for some k € Z, which
concludes the proof. O

Remark 2.5. By Proposition 2.4 above, for gcd(m,n) = 1 and f : Z — F* satisfy-
ing (2.1), the isomorphism class of V}n’n depends only on m, n and s;(0) € F*.

Fix A € F*. Since gcd(m,n) = 1 there is a unique fy : Z — F* such that (2.1) holds
and fy(km) = XNif k = 0 and fA(km) = 1if —(n —1) < k < —1. Then sf, (0) = A,
V" o Fyla,yl/Fylz,y] (a™y" — A) and, for X' € F*, V" ~ Vz’,n if and only if
A/ N € (q), where (¢) is the subgroup of F* generated by gq.

If F contains an n-th root of A, say pu, there is a more natural construction for
the irreducible representation Fy[x, y]/F,[x, y] (™y"™ — A). Define f*(i) = ,qu%J, as in
Example 2.1. Then sz (0) = ¢*u™ = ¢*, for some k € Z. It follows from Proposition 2.4
that V75" o Fylz,y]/Folz,y] (z™y"™ — A) and V" depends only on m, n and A, and
not on the particular n-th root of A that was chosen.

Finally we consider the general case of arbitrary m,n € Zy.



Proposition 2.6. Let m,n € Z~q be arbitrary, with d = gcd(m,n), and assume f :
7 — TF* satisfies (2.1). Then there is a direct sum decomposition

into irreducible representations, where fi(i) = f(k+id), for 0 <k <d and i € Z.
Moreover, suppose m',n' € Zwq, and f': 7 — F* satisfies (2.1) (with n replaced by
n'). IfVE" = V" then m =m’ and n=n'.

Proof. For 0 < k < d, the subspace t*F[t*9] of V ?" is readily seen to be invariant under

the actions of x and y, and we have V?’n = z_(l] tkF[t*9]. Thus, next we argue that
the subrepresentation t*F[t*9] is isomorphic to Vm/ 4n/d where fr(i) = f(k+1id) for all
m/d n/d

i € Z. First notice that fi(i +n/d) = f(k+id + n) = qf(k+id) = qfk(i), so V

is defined. Consider the map ¢ : Vm/ dn/d _, tkR[tT9] given by ¢(p)(t) = tk p(t?),

for all p € F[t*']. In particular, qﬁ(tl) thtid for 4 € 7. Still viewing t*F[tT9] as a
subrepresentation of V?L’", we have:

(Z)(:L’tz) _ (z)(tiJrn/d) — ¢htidtn _ o gktid _ o (ﬁ(tl)
But') = G =k id)tRH =y 4=y (),

Since ¢ is clearly bijective, the calculations above show that ¢ is an isomorphism of
representations, and Vi ~ ~ P (1)\/;”);/ /4 The fact that each summand Vm/ dn/d 4
irreducible follows from gcd(m/d,n/d) = 1 and Proposition 2.3, which will be estab—
lished independently.

Finally, assume V}n’” ~ V;},’", for positive integers m’ and n’, and f’ : Z — F*
satisfying f'(i + n’) = qf’(i), for all i € Z. Then, up to isomorphism, V?’" and V?}l’n,
have the same composition factors, and in particular the same composition length. This
proves that d = ged(m, n) = ged(m/,n’) and that Vm/d n/d Vm /4 o some k. By
Proposition 2.4, which will also be established mdependently, we have m/d =m’/d and
n/d=n'/d,so m=m' and n =n'.

O]

2.2 Weight representations of the form V™"

Let us now determine when V?’” is a weight representation in the sense of [1]. Recall
that this occurs when V""" is semisimple as a representation over the polynomial sub-
algebra F[H], where H = zy. Assume first that m = n = 1 and fix A € F*. The map
f defined in Remark 2.5 is given by fy(i) = A¢’ for all i € Z, and the corresponding
representation V }Al ~ Fylx,y]/Fylx,y] (H — N) is irreducible. Since H.t' = zy.t" = \g't!

for all 7, the decomposition V }Al - @,

sz, Ft" shows that V}’Al is semisimple over F[H].



Moreover, for v € F*, V}’Al ~ V};l if and only if A\/v € (q), the multiplicative subgroup
of F* generated by ¢, by Proposition 2.4. In case F is algebraically closed, these are
all the infinite-dimensional irreducible weight representations of F,[z,y], by [1, Cor.
3.2]. Combined with Proposition 2.4(b) the above yields the classification of irreducible
weight representations in the family V;}”’”.

Proposition 2.7. Assume gcd(m,n) =1 and f : Z — F* satisfies (2.1). Then V}n’"
1s a weight representation if and only if m =n = 1.

For completeness, we include a brief and direct proof of Proposition 2.7 not assuming
that F is algebraically closed, a condition that was used implicitly at the end of the
previous paragraph.

Proof. Assume first that m = n = 1. Then since f satisfies (2.1) we have f = fy
for A = f(0) and the discussion above shows that V}n’” is a weight representation of
Fgy[z,y]. Conversely, suppose V?’n is a weight representation of Fy[x,y]. Then clearly
dimp F[H].v < 400 for any v € V?’". Notice that, for all i € Z, Ht' = zy.t' =
f@t*=". Thus, for ¢ € Z, H'.t' = (™) for some ¢ € F*. But then the
condition dimp F[H].1 < 400 immediately implies m = n, and hence m = n = 1, as
gcd(m,n) = 1. O

Remark 2.8. Given arbitrary positive integers m and n, and f satisfying (2.1), the
representation V}n’" is a weight representation if and only if m = n. The direct impli-
cation follows from the proof of Proposition 2.7. For the converse implication, recall
that V?’m is the direct sum of m representations of the form V 1;1, for 0 < k < m, by
Proposition 2.6, so the claim follows as each of these is a weight representation.

3 Connections with the representation theory of the g¢-
Weyl algebra A;(q)

We continue to assume g € F* is not a root of unity. Let Aj(q) be the ¢-Weyl algebra
given by generators X and Y and defining relation Y X — ¢XY = 1, as in (1.3). It is
straightforward to show that {* | k > 0} is a right and left Ore set consisting of regular
elements of Fy[z,y], and we denote the corresponding localization by Fq[xil,y]. The
calculation

(N y—D)r—ge(a"(y—1) =27y —qly—1) —1=qy—qly—1) —1=¢g—1
shows that there is an algebra map
Ai(q) = Fylz®ly], with X2, Ve qfllw_l(y —1). (3.1)

To see that the map in (3.1) is injective we can argue as follows. The multiplicative
subset {X* | k > 0} of Ai(q) is a right and left Ore set of regular elements and we
denote the corresponding localization by Aj(g). Then the map in (3.1) extends to a



map 1&1(q) — Fy[z*!, y], which has an inverse F [z ¥, y] — Al(q) with %! — X+ and
y— (¢ —1)XY + 1. It follows that (3.1) induces an isomorphism 1&1(q) ~ F,[z*1, y],
and in particular (3.1) is injective. In view of the above we will identify X with z, YV
with —2-271(y — 1) and A;(q) with the corresponding subalgebra of F,[z*!,y]. Since

q—1
y=(¢—1)XY +1=YX — XY, we have the embeddings

Folz,y] C A1(q) C Fla™,y] = Ay (g). (3.2)

3.1 Extension of the representations V" to A,(q)

Our aim in this subsection is to extend the action of Fy[z,y] on V;n’n to an action of
the ¢-Weyl algebra A(q). Assume thus that m,n are positive integers and f : Z — F*
satisfies (2.1). If p}"" : Fy[z,y] — Endp(V ;") is the representation of Fy[z,y] on V",
we first observe that p;""(z) is an invertible linear map on V", a fact which is clear
from (2.2). Therefore p3"" extends to the localization I [zF1, 9], and V" can be seen

as a representation of Fy[z*1, y] with 271.#! = #:~" for all i € Z. Now we get an action
of Aq(q) on V?’n = F[t*!] by restricting p}n’n:

Xt =gt =itn,

Yt = 1 x
qg—1

. 1 . .
Ty-Dt = = (FOET 6, foralli€Z. (3.3)
-

In our next result we view V" as a representation of Ai(q), as above.
Proposition 3.1. Assume gcd(m,n) =1 and f : Z — F* satisfies (2.1). Then:
(a) V?’n defined by (3.3) is an irreducible representation of Ai(q).

(b) For positive integers m',n’, and f' : 7 — F* satisfying (2.1) (with n replaced by
n'), we have V;”’n ~ V?,‘ ™ as representations of A1(q) if and only if m = m’,
n=n' and sy (0) = ¢*s;(0) for some k € Z.

(c) V?’" is not semisimple as a representation over the polynomial subalgebra of A1(q)
generated by XY ; hence, V;n’n is not a weight representation of A1(q) in the sense

of [1].
Proof. Part (a) and the direct implication in (b) follow from the embedding (3.2), and
from Propositions 2.3 and 2.4.

Suppose now f : Z — F* satisfies (2.1), and there is k € Z so that sy (0) = ¢"s¢(0).
Then by Proposition 2.4 there is an isomorphism ¢ : V?’n — V}rf’" as representations
of Fylx,y]. For v € V;n’" we have ¢(v) = ¢(zztw) = z.¢(xz~ v), thus ¢z~ 1v) =
27 1.¢(v). Whence ¢ is an isomorphism of representations of Fy[z*!,y]. The other
implication in (b) now follows from (3.2).

Observe that XY = ﬁ(y — 1), so the polynomial subalgebra of Aj(q) generated
by XY is just Fly]. Given 0 # v € V;n’n, the formula y.t* = f(i)t"~™ for i € Z implies
dimy Fly].v = +o00. Hence, V?’" is not semisimple over Fly] = F[XY], and therefore it
is not a weight representation of Aj(q) in the sense of [1]. O



Remark 3.2. In [3] the authors introduce Whittaker representations for generalized
Weyl algebras. For the cases covered in this note, a representation V is a Whittaker
representation for Fylx,y] (respectively, for Ai(q)) if V is generated by an element
v € V which is an eigenvector for the action of z € F [z, y] (respectively, for the action
of X € Ai(g)). Since m,n > 1, it is immediate that the operators z,y € Fylx,y]
(respectively, X,Y € A;(q)) have no eigenvectors in V;n’", SO V;n’" is not a Whittaker
representation for the quantum plane (respectively, for the ¢-Weyl algebra).

3.2 The representations W; of A;(q) and their restriction to F [z, ]

We will now use a similar idea to construct representations of the g-Weyl algebra on
the Laurent polynomial algebra F[t*!]. Fix positive integers m,n € Zo and a function
g :7Z — F. Then the formulas

Xt =, Yt = g(i)tm, foralli € Z (3.4)

yield a representation of Aj(q) on F[t*!] if and only if m = n and g satisfies

g(i+n)=qg(i) +1, for all i € Z. (3.5)

We denote the corresponding representation of Aj(q) by Wy . Notice that for all i € Z

XYA = g}, (VX = XY)t' = (gli+n) — (i) ¢ = (4 — )g(i) + ), (3.6)
so Wy is a weight representation of A;(q) in the sense of [1].

Remark 3.3. It follows from the computations at the beginning of Section 3 that
the element YX — XY is normal in A;(gq) and it is sometimes referred to as a Casimir
element, in spite of not being central. The equality Y X —XY = (¢—1)XY +1 shows that
YX — XY and (¢ —1)XY + 1 generate the same subalgebra of A;(q) and thus a weight
representation of Aj(g) could be defined in an equivalent manner as a representation
which is semisimple over the subalgebra generated by the Casimir element Y X — XY

Our first observation is the analogue of Proposition 2.6.

Lemma 3.4. Let n € Z~o and assume g : Z — F satisfies (3.5). There is a direct sum
decomposition

n—1
n 1
Wy = W, (37)
k=0

where g, (1) = g(k +in), for 0 <k <n andi € Z.

Proof. For 0 < k < n, the subspace t*F[t*"] is invariant under the actions of X and Y’
and Wy = "0 tFF[tE"]. Moreover, the map ¢ : WL — tFF[t="] given by ¢(p)(t) =
thp(t"), for all p € F[t*!] is easily checked to be an isomorphism. O



In view of the above, it is enough to study the structure of the representations
W;, where g : Z — T satisfies g(i + 1) = qg(i) + 1 for all i« € Z. Equivalently,

g(i) = g(0)q" + [i]4, where [i], = ‘f;_—_ll for all i € Z.
Proposition 3.5. Let g, : Z — T satisfy (3.5) with n = 1. Then:
(a) W; ~ W;, if and only if g(0) = ¢'(i) for some i € Z;

(b) Wy is irreducible if and only if g(0) ¢ {[i]y | i € Z} U {—qi—l}.

Proof. For (a), suppose W ~ W;,. By (3.6) the eigenvalues of XY on Wy are g(i), for
1 € Z and similarly the eigenvalues of XY on ng,, are ¢'(i), for i € Z. Thus, g and ¢’
must have the same image and in particular g(0) = ¢/(¢) for some i € Z. Conversely, if
the latter holds then the map ¢ : W; — W;/ given by ¢(p)(t) = tip(t) for all p € F[t*!]
is an isomorphism.

For (b), first observe that for i € Z we have ¢(0) = [i], < g(—i) = 0. Thus,
if g(0) = [i], for some i € Z, then ¢ ~'F[t] is invariant under the actions of X and Y,
S0) W; is not irreducible in this case. Next observe that g(0) = —q_% <= g is not
injective <= g is constant. It follows that if g(0) = —q%l, then (t—1)F[t*!] is a proper
subrepresentation and hence W; is not irreducible. This proves the direct implication
in (b). For the converse, by the observations above, we can assume that g(i) # 0 for
all i € Z and that g is injective. Let S be a nonzero subrepresentation of W;. By
repeatedly applying the operator X to a chosen nonzero element of S, we will obtain a
nonzero element of SN F[t]. Let p be one such element, chosen so that it has minimum
degree, say p = Zi:o apt®, with ag # 0. Since g(i) # 0 for all i € Z, the minimality of
p implies that ag # 0. Then

U
Ju

SNF[t] > (XY —g(d)).p=) (9(k) — g(d))ayt".
0

i

By the minimality of p we must have (XY — g(d)).p = 0. Hence, ¢g(0) = g(d) and the
injectivity of g gives d = 0. It follows that t° € S and thus S = W;. O

n

> we will consider their restriction

Now that we understand the representations W
to gz, y] via each of the two embeddings

o:Fylz,y] — Ai(q), r—= X, y»YX-XY=(¢-1)XY +1; (3.8)
7: Fylz,y] = Ai(q), r—=YX -XY=(q-1)XY+1, y—Y. (3.9)

We consider first the restriction relative to o. In this case, the action of F,[z,y] on
W¢ is given by

z.tt = ¢t y.tt = ((g—1)g(i) + 1) t for all 7 € Z. (3.10)

Lemma 3.6. Consider the restriction map o given in (3.8) to view the representations
Wy as representations of Fylz,y].

10



(a) Let n € Zxo and assume g : Z — F satisfies (3.5). Then Wy =~ @Z;é W;k as
representations of Fq[z,y], where gi(i) = g(k +in), for 0 <k <n and i € Z.

et g,q : 4 — I satisfy (3.5) with n = 1. en ~ , as representations o
b) L "1 Z — F satisfy (3.5) withn = 1. Then Wy ~ W} /
Fylz,y] if and only if g(0) = ¢'(i) for some i € Z.

(c) Assume g : Z — F satisfies (3.5) with n = 1. Then W, has trivial socle as a
representation of Fylx,y], i.e., it has no irreducible F [z, y]-subrepresentations.

Proof. Part (a) follows directly from Lemma 3.4 and part (b) follows from the proof of
Proposition 3.5(a), as the argument for the direct implication in Proposition 3.5(a) used
only the restriction of the action to the subalgebra generated by XY, which coincides
with the subalgebra generated by Y X — XY.

For part (c), suppose by way of contradiction that S is an irreducible Fgz,y]-
subrepresentation of W;. Let 0 # s € S. Then z.s # 0 and thus Fy[z,ylz.s = S,
which is a contradiction as s ¢ Fy[z, ylx.s. O

Remark 3.7. In the conditions of Lemma 3.6, it can be checked that W; has maximal
[F,[x, y]-subrepresentations if and only if ¢ is constant.

Now we consider the restriction of Wy to [z, y] relative to 7, as defined in (3.9).
In this case, the action of Fy[z,y] on Wy is given by

z.t' = ((g — 1)g(i) + 1) t, y.tt = g(i)t L, for all 1 € Z. (3.11)

Lemma 3.8. Consider the restriction map T given in (3.9) to view the representations
Wy as representations of Fylz,y].

(a) Let n € Zxo and assume g : Z — F satisfies (3.5). Then Wy =~ Z;é W, as
representations of Fqlx,y], where gi(i) = g(k +in), for 0 <k <n and i € Z.

(b) Let g,g' : Z — F satisfy (3.5) with n = 1. Then W} ~ W;/ as representations of
Fylz,y] if and only if g(0) = ¢'(i) for some i € Z.

(c) Assume g : Z — F satisfies (3.5) with n = 1. If g(0) ¢ {[il; | i € Z} then W}
has trivial socle as a representation of Fylx,y], i.e., it has no irreducible Fy[z,y]-
subrepresentations. If g(0) = [i], for some i € Z then Ft~* is the unique irreducible
F,[x, y]-subrepresentation of W;.

Proof. The proof is the same as the proof of Lemma 3.6, except for part (c). For
this part, suppose that S is an irreducible Fg[z,y]-subrepresentation of W;. If there
is 0 # s € S such that y.s # 0, then we obtain a contradiction as in the proof of
Lemma 3.6(c), showing that no such irreducible Fy[z, y]-subrepresentation of W; exists.
If g(0) ¢ {[ily | @ € Z} then g(i) # 0 for all : € Z, so y.s # 0 for all s # 0 and the
first claim follows. Now suppose g(0) = [i], for some ¢ € Z. Then g(k) =0 <= k =
—i. In particular, z.t7% = ¢ and y.t~" = 0, so that Ft~% is an irreducible F,[x, y]-
subrepresentation of W;. If S is any irreducible F,[z, y]-subrepresentation of W;, then
the argument above implies that y.s = 0 for all s € S, and this in turn implies that
S C Ft~%, which establishes the second claim in (c). O
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