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Abstract. The Munn tree representation for the elements of the free
inverse monoid is an elegant and useful tool in the theory of inverse
semigroups. It has been the base point for many of the subsequent
developments in this theory. In the present paper we generalize this
representation for the elements of the bifree locally inverse semigroup.
We shall represent each element of the bifree locally inverse semigroup
as a undirected tree whose vertices, called blocks, are special vertex-
labeled graphs themselves. Another distinctive characteristic of these
graphs is that they have different types of edges.

1. Introduction

A semigroup S is called regular if for every x ∈ S there exists an x′ ∈ S
such that xx′x = x and x′xx′ = x′. The element x′ is called an inverse of
x. In a regular semigroup, each element x can have many distinct inverses.
If the regular semigroup S has the property that each element has a unique
inverse, then S is called an inverse semigroup. Inverse semigroups are usually
seen as unary semigroups where the unary operation is the inverse operation.
As unary semigroups, the class of all inverse semigroups constitutes a variety
of algebras.

There has been two usual approaches when studying free inverse semi-
groups: Scheiblich’s approach and Munn’s approach. Scheiblich’s approach
[17, 18] is based on a notion of reduced word and the elements of the free
inverse monoid are represented as pairs (A,w) where A is a special set of
reduced words containing w. Munn’s approach [10] is based on a description
of the elements of the free inverse monoid as edge-labeled directed trees with
a pair of distinguished vertices. Both approaches have been influential in
the development of the theory of inverse semigroups, but also in the devel-
opment of the general theory of semigroups. For a taste on the importance
of Munn’s approach to the development of inverse semigroup theory see, for
example, [5, 7, 8, 9, 19].
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If x′ is an inverse of x, then xx′ and x′x are idempotents in S. As usual,
we shall denote by E(S) the set of idempotents of a semigroup S. For
f ∈ E(S), let

(f ]R = {e ∈ E(S) : e = fe} and (f ]L = {e ∈ E(S) : e = ef} ;

and set (f ]≤ = (f ]R ∩ (f ]L = {e ∈ E(S) : e = ef = fe}. A regular semi-
group is called locally inverse if for every f, g ∈ E(S), there exists (a unique)
e ∈ E(S) such that (f ]R∩(g]L = (e]≤ ; we shall denote this idempotent e by
f ∧ g. Often. locally inverse semigroups are seen as binary semigroups with
the second binary operation ∧ defined by a ∧ b = (aa′) ∧ (bb′) for inverses
a′ and b′ of a and b, respectively. We shall call this second binary oper-
ation on a locally inverse semigroup its pseudosemilattice operation. The
terminology “locally inverse” comes from another equivalent description for
these semigroups: they are the regular semigroups whose local submonoids
(the submonoids eSe for e ∈ E(S)) are inverse semigroups. In fact, there are
many equivalent descriptions of locally inverse semigroups, see [16, Corollary
2.3].

The class of all locally inverse semigroups forms an e-variety of regular
semigroups [4, 6]: a class of regular semigroups closed for homomorphic
images, direct products and regular subsemigroups. Unlike the concept of
variety of algebras that have free objects, in general there is no object in
an e-variety with a similar universal property [20]. However, that is not the
case for e-varieties of locally inverse semigroups. Every e-variety of locally
inverse semigroups has a bifree object for every non-empty set X [20].

Given a non-empty set X, let x → x′ be a one-to-one mapping from X
onto a disjoint copy X ′ of X. A mapping θ : X ∪ X ′ → S, for a regular
semigroup S, is called matched if x′θ is an inverse of xθ in S. Let V be
an e-variety of locally inverse semigroups. A bifree object in V on X is a
semigroup S ∈ V together with a matched mapping ι : X ∪ X ′ → S such
that for any other matched mapping θ : X ∪ X ′ → T with T ∈ V, there
exists a (unique) homomorphism ϕ : S → T satisfying θ = ι ◦ ϕ.

We denote by LI the e-variety of all locally inverse semigroups and by
BFLI(X) the bifree object in LI on the set X. The semigroup BFLI(X)
is called the bifree locally inverse semigroup on the set X. A model for
the bifree locally inverse semigroup has been presented in [2] where the
elements are represented as complex sets of canonical forms for a specific
type of words. We can look at this model as the natural generalization
for the bifree locally inverse semigroup of Scheiblich’s approach to the free
inverse monoid. We shall recall it in Section 2 since it will be useful to us.

In the present paper we shall construct another model for BFLI(X). In
our model, the elements of BFLI(X) are represented as special vertex-labeled
trees with two distinguished vertices. Thus, our approach to the bifree lo-
cally inverse semigroup is the analogue of the Munn tree representation for
the elements of the free inverse monoid. In our opinion, this graph repre-
sentation of the elements of BFLI(X) captures better the structure of this
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semigroup; in particular, they contain information to give an easy descrip-
tion of the Green’s relations and of the natural partial order on BFLI(X).

The trees we shall consider have a few peculiar characteristics that dis-
tinguish them from the Munn trees. Firstly, our trees are undirected trees
with labels on the vertices (and not on the edges as happens for the Munn
trees). But the more distinctive facts about them is that the vertices are
vertex-labeled graphs themselves and that we have different types of edges.
We shall call blocks the vertices of our graphs, and a block is just a “square”
graphs (four vertices with four edges making a cycle). The label of the block
induces a labeling of its vertices. As for the Munn tree representation, we
need to distinguish two vertices in our graphs. However, these two distin-
guished vertices are block-vertices (vertices from blocks) and not two blocks
(vertices from our graph).

In the next section we recall some results needed to prove that our con-
struction gives a model for BFLI(X). The notions of birooted bipartite
block-trees and of reduced birooted bipartite block-trees are introduced in
Section 3. We shall denote by A(X) the set of all reduced birooted bipartite
block-trees and we shall introduce two binary operations · and ∧ on A(X).
In Section 4 we shall prove that (A(X), ·) is a model for the bifree locally
inverse semigroup on the set X, while in Section 5 we shall study the Green’s
relations and the natural partial order on A(X). As a consequence of this
study, we show that the operation ∧ introduced in Section 3 is in fact the
pseudosemilattice operation on the locally inverse semigroup A(X).

Using the Munn tree representation, it is easy to describe the least group
congruence σ on the free inverse monoid. Two Munn trees belong to the
same σ-class if and only if they have the same simple path connecting their
distinguished vertices. Thus, it is possible to modify the Munn’s product
of his trees in such a natural way that we can look to the elements of the
free group as Munn chains (Munn trees that are chains and have the dis-
tinguished vertices at the endpoints) with this modified product. Thus, the
Munn tree representation reflects the strait bound between the free inverse
monoid and the free group.

We know from [2] that there exists a similar strait bound between the
bifree locally inverse semigroup and the bifree completely simple semigroup.
In Section 6 we shall analyze this relationship on the model we construct. If
ρ denote the least completely simple congruence on BFLI(X), we shall see
that two reduced birooted block-trees belong to the same ρ-class if and only
if they have the same simple path connecting the distinguished vertices. We
shall then present a natural modified product for reduced birooted block-
chains (the block-trees that are chains and have the distinguished vertices
at blocks in the opposite endpoints of the chain) and find another model for
the bifree completely simple semigroup.

We end this paper (Section 7) with some remarks on the concept of block-
graph.
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2. Preliminaries

If A is an “alphabet”, let A+ be the set of all words on the alphabet A
(that is, the free semigroup on A with the concatenation as its operation)
and let A∗ = A+ ∪ {1} (the free monoid on A) where 1 denotes the empty
word. Let λu and uτ be the first and last letters of u, respectively. We shall
denote by 1 the empty word on any alphabet. Fix X as a non-empty set
for the entire paper and let X ′ be a disjoint copy of X such that x → x′

is a bijection from X onto X ′. We shall denote by X the set X ∪ X ′. If
a = x′ ∈ X ′, then a′ shall denote the element x ∈ X. Thus, we can look at
′ as an involution on X. We shall call a′ the inverse letter of a.

In general, there is no natural way of defining a binary operation on the set
of idempotents of a regular semigroup S. What is usually done is to consider
E(S) endowed with a natural partial multiplication. These partial algebras
were introduced and studied by Nambooripad [11] who call them biordered
sets. If S is a locally inverse semigroup, the case is different. We can define
a binary operation ∧ on E(S) by setting, for e, f ∈ E(S), e ∧ f to be the
idempotent g such that (e]R ∪ (f ]L = (g]≤ . The binary algebras (E(S),∧)
were characterized by Nambooripad [13]. They are called pseudosemilattices
and they constitute a variety of binary algebras.

Let S be a locally inverse semigroup. Since for any a, b ∈ S, aa′∧b′b gives
always the same idempotent independently of the chosen inverses a′ of a and
b′ of b, we can extend the operation ∧ to the whole semigroup S by defining
a ∧ b = aa′ ∧ b′b. Thus, we can look at any locally inverse semigroup as
either a semigroup (S, ·) or a binary semigroup (S, ·,∧). Nevertheless, the ∧
operation is completely determined by the · operation, and any homomor-
phism between locally inverse semigroups respect ∧ always [20]. Usually,
the term pseudosemilattice operation refers to the restriction of ∧ to the set
of idempotents E(S). However, for our convenience, we shall adopt a more
general setting in this paper and we shall refer to the binary operation ∧ on
the locally inverse semigroup S as its pseudosemilattice operation.

For the purpose of this paper, it is irrelevant if we look at a locally inverse
semigroup as a type 〈2〉 algebra or a type 〈2, 2〉 algebra. We choose to look
at these semigroups as a type 〈2, 2〉 algebras. The following immediate
observation shall be used later: a ∧ a′ = aa′ for any a ∈ S and any inverse
a′ of a in S.

Let F be the free semigroup on the set X ∪ {(a ∧ b) : a, b ∈ X}. In [2],
Auinger introduced a notion of reduced words for the elements of F and a
well-defined product (associative operation) ⊙ on the set s(F ) of reduced
words. He introduced another binary operation ∧ on s(F ) and he proved
that (s(F ),⊙,∧) is a model for the bifree completely simple semigroup (note
that the class of all completely simple semigroups is an e-variety of locally
inverse semigroups, and thus it has bifree objects). In that same paper,
Auinger constructed a model for the bifree locally inverse semigroup. In his
model of BFLI(X), the elements are pairs (A, u) where A is a special subset
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of s(F ) and u ∈ A. The goal of the present section is to recall Auinger’s
model for the bifree locally inverse semigroup. However, we shall describe
it from a different perspective. This will allow us to prove more easily that
our model is isomorphic to Auinger’s model.

A word u ∈ F is called reduced if it does not contain a subword of one
of the following forms: (i) a(b ∧ a) , (ii) (b ∧ a)b , (iii) (a ∧ b)(a ∧ c) ,
(iv) (c ∧ a)(b ∧ a) and (v) aa′ , for a, b, c ∈ X. For a word w ∈ F there
exists a unique reduced word s(w) that can be obtained from w by applying
successively the reductions:

(i′) a(b ∧ a) → a ,
(ii′) (b ∧ a)b → b ,
(iii′) (a ∧ b)(a ∧ c) → (a ∧ c) ,
(iv′) (c ∧ a)(b ∧ a) → (c ∧ a) ,
(v′) aa′ → (a ∧ a′) ,

where a, b, c ∈ X. Let s(F ) be the set of all reduced words of F and for
u, v ∈ s(F ), define u⊙ v = s(uv). If we define also u? v = (λu∧ vτ) ∈ s(F )
for any u, v ∈ s(F ), then (s(F ),⊙,?) is a model for the bifree completely
simple semigroup on the set X ([2, Theorem 3.7]).

Now, we shall introduce an alternative description for the reduced words
used in Auinger’s model. Given a word u ∈ F , let u be the string obtained
form u as follows:

(a) delete all parentheses;
(b) delete the symbols ∧ whose letter following the symbol is the inverse

letter of the letter preceding the symbol (a ∧ a′ → aa′).

Thus, u is a sequence of words from X
+

separated by the symbol ∧ such
that any word between two consecutive ∧ has length greater than 1. In fact,
any string with the previous characteristics is of the form u for some u ∈ F :
if, for each symbol ∧, we add “(” before the letter that precedes that symbol
and add “)” after the letter that follows that symbol, then we get a word
u ∈ F in the desired conditions. However, if we apply the procedure just
described to some string v with v ∈ F , we may get some u 6= v (obviously
v = u): a substring aa′ of v neither preceded nor followed by the symbol ∧
can be originated from either the subwords aa′ or (a ∧ a′). In spite of the
previous observation, if u ∈ F is reduced, it is possible recover u from u: we
proceed as explained above for the parentheses, and then we replace each
subword aa′ with (a ∧ a′); we get u again. Thus, if F and t(F ) are the sets
of all strings u for u ∈ F or u ∈ s(F ), respectively, then u → u is a bijection
from s(F ) onto t(F ).

Both F and t(F ) are subsets of (X ∪ {∧})+. The strings from t(F ) are
the words w ∈ (X ∪ {∧})+ with λw 6= ∧ and wτ 6= ∧ and not containing
the following subwords:

(1) ∧a∧ for a ∈ X ∪ {1};
(2) ab ∧ a and a ∧ ba for a, b ∈ X;
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(3) aa′a for a ∈ X unless this subword is preceded and followed by ∧;
(4) a ∧ a′ for a ∈ X.

Note that (1) together with the conditions λw 6= ∧ and wτ 6= ∧ means that
w ∈ F ; (2) corresponds to (i)−(iv) for the case b 6= a′, while (3) corresponds
to (i)− (iv) for the case b = a′; and (4) corresponds to (v).

If u, v ∈ F , then u v = uv ∈ F . Further, the reductions (i′)− (v′) can be
rewritten for F :

(1′) a ∧ ba → a and ab ∧ a → a for a, b ∈ X with b 6= a′;
(2′) aa′a → a for a ∈ X unless aa′a is preceded and followed by ∧;
(3′) a ∧ a′ → aa′ for a ∈ X.

In (s(F ),⊙,?), Auinger chose to use the notation a∧a′ instead of aa′ (note
that a ∧ a′ = aa′ in any locally inverse semigroup). In our description of
Auinger’s model, we choose the notation aa′ instead of a∧a′. Therefore, we
must not consider (v′) but its reverse (3′) instead. Note that (1′) corresponds
to (i′)− (iv′) for the case b 6= a′; and (2′) together with (3′) corresponds to
(i′)− (iv′) for b = a′.

From the previous observations, if u ∈ F , then the reduced form of u for
(1′)− (3′) exists and it is s(u). We shall denote by t(u) the reduced form of

u, that is, t(u) = s(u). Thus t(F ) = {t(u) : u ∈ F}. Define ⊙ and ? on
t(F ) as follows: for u, v ∈ s(F ),

u⊙ v = t(u v) = t(uv) and u ? v =

{

λu ∧ vτ if vτ 6= (λu)′

λu (λu)′ othewise.

Hence u ⊙ v = t(uv) = u⊙ v and u ? v = u ? v. We proved the following
result:

Proposition 2.1. The mapping u → u is an isomorphism from (s(F ),⊙,?)
onto (t(F ),⊙,?), and (t(F ),⊙,?) is a model for the bifree completely simple
semigroup on X.

Next, we shall describe Auinger’s model for the bifree locally inverse semi-
group on a set X in terms of sets of words from t(F ). The following state-
ments are due to [2, Theorem 4.22]. Let ŝ : F → P(s(F )) be the mapping
defined inductively as follows. Set

ŝ(a) = {a, (a ∧ a′)} and ŝ((a ∧ b)) = {a, (a ∧ a′), (a ∧ b), (a ∧ b)⊙ b′}

for a, b ∈ X. If ŝ(u) and ŝ(v) are already defined for u, v ∈ F , then set

ŝ(uv) = ŝ(u) ∪ s(u)⊙ ŝ(v)

where ⊙ is used also to denote the complex product of subsets of s(F ). The
mapping ŝ is well defined, that is, it is independent of the factorization of
the word uv.

Since ŝ(aa′) = {a, (a ∧ a′)} = ŝ((a ∧ a′)) for a ∈ X, if u = v for u, v ∈ F ,
then ŝ(u) = ŝ(v). Thus, we can adapt ŝ : F → P(s(F )) to a mapping
t̂ : F → P(t(F )) as follows. Set

t̂(a) = {a, aa′} and t̂(a ∧ b) = {a, aa′, a ∧ b, a ∧ bb′}
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for a, b ∈ X with b 6= a′; and if t̂(u) and t̂(v) are already defined for u, v ∈ F ,
set

t̂(u v) = t̂(u) ∪ t(u)⊙ t̂(v) .

Note that t(u) ∈ t̂(u) and let Y = {t̂(u) : u ∈ F} ⊆ P(t(F )). Then A ∈ Y
if and only if

(i) λw1 = λw2 for any w1, w2 ∈ A;
(ii) if w1w2 ∈ A then w1 ∈ A for any strings w1, w2 ∈ (X ∪ {∧})+ such

that w1 ∈ F and w1 6= w3aa
′a for any w3 ∈ (X ∪ {∧})+ and any

a ∈ X;
(iii) if w1a ∈ A then w1aa

′ ∈ A for any string w1 ∈ (X ∪ {∧})∗ and any
letter a ∈ X such that w1τ 6= a′.

Let T be the set of all pairs (A,w) ∈ Y × t(F ) such that w ∈ A. Define
a product in T as follows: for (A1, w1), (A2, w2) ∈ T , set

(A1, w1) · (A2, w2) = (A1 ∪ w1 ⊙A2, w1 ⊙ w2).

Then T with this product becomes a locally inverse semigroup. Let ∧ be the
pseudosemilattice operation on the locally inverse semigroup (T, ·) induced
by the product · . We can now restate Theorem 4.22 of [2] as follows:

Theorem 2.2. The locally inverse semigroup (T, ·,∧) is a model for the
bifree locally inverse semigroup on the set X.

As a consequence of this theorem and of Proposition 2.1 we obtain the
following obvious corollary. Let ρ be the least completely simple congruence
on T , that is, the smallest congruence σ on T such that T/σ is a completely
simple semigroup.

Corollary 2.3. Let (A1, w1), (A2, w2) ∈ T . Then (A1, w1) ρ (A2, w2) if and
only if w1 = w2.

We can find a concrete description for the binary operation ∧ on T fol-
lowing Auinger’s results. However, giving such a description would take us
some unnecessary effort since we will not need it for this paper. Note that
to prove that (S, ·,∧) is a model for the bifree locally inverse semigroup,
it is enough to prove that (S, ·) is isomorphic to (T, ·) and that ∧ is the
pseudosemilattice operation on the locally inverse semigroup (S, ·). Thus,
we leave the description of the binary operation ∧ on T for the reader to
find following results from [2].

We end this section with the following result that follows from [2, Corol-
lary 4.7] and Theorem 2.2.

Proposition 2.4. The semigroup (T, ·) is generated (as a semigroup) by the
set A = {({a, aa′}, a), ({a, aa′, a ∧ b, a ∧ bb′}, a ∧ b) : a, b ∈ X with b 6= a′} .

3. Birooted bipartite block-trees (or rbb-trees)

In this section we shall introduce the graphs that will be used in the
following section to describe another model for the bifree locally inverse
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semigroup on a set X. These graphs are simple trees but whose vertices are
graphs themselves. Another characteristic of these graphs is that they will
have different types of edges.

We begin by describing the vertices of our graphs. We shall call them
blocks. A block b has 4 vertices which are called the left positive, the left
negative, the right positive and the right negative vertices of that block.
Thus, each vertex is characterized by two properties: its side (left or right)
and its pole (positive or negative). For shortness, we shall refer to them,
respectively, as l+-vertex, l−-vertex, r+-vertex and r−-vertex. Further, let
bl+, bl−, br+ and br− be the notation for those vertices of b. A block has
also 4 edges connecting the vertices with opposite pole and a label, a letter
x ∈ X. This label extends to the vertices of the block in the following way:
positive vertices are labeled also by x and negative vertices are labeled by
x′. We denote by l(b) the label of the block b and by l(bi) the label of its
vertex bi. Usually, we shall write bi to refer to one of the vertices of the
block b; thus i ∈ {l+, l−, r+, r−}.

We need to establish a way of drawing the blocks. These drawings should
be as simple as possible since they will be considered the vertices of the
graphs we shall introduce later. Thus, we represent each block as a square
with its label at the center. The corners of the square represent the four
vertices of the block and the sides of the square represent the four edges
of the block. We shall stipulate that the upper left corner represents the
l+-vertex, the upper right corner represents the r−-vertex, the lower right
corner represents the r+-vertex and the lower left corner represents the l−-
vertex. We illustrate the representation of a block labeled by x ∈ X in
Figure 1.

x

l+-vertex r−-vertex

r+-vertexl−-vertex

Figure 1. A block labeled by x ∈ X.

A block-graph γ is a connected graph whose vertices are blocks and whose
edges are pairs {bi, cj} for i, j ∈ {l+, l−, r+, r−} and blocks b and c of γ.
The edge {bi, cj} connects the blocks b and c of γ. In some sense we can say
that we have many distinct types of edges in a block-graph. There are two
other conditions we will impose to have a block-graph: (a) γ has no loops,
that is, there is no edge {bi, bj} in γ; and (b) there is at most one edge
connecting two blocks of γ (that is, γ is not a multigraph). A block-graph
γ shall be called:

(i) a block-tree if γ is a tree (the cycles inside the blocks are not taken
into consideration);
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(ii) a bipartite block-graph if bi and cj have different sides for any edge
{bi, cj} of γ, that is, one of bi or cj is a left vertex and the other one
is a right vertex;

(iii) a birooted block-graph if it has highlighted one left vertex and one
right vertex belonging to some blocks of γ (these vertices may belong
to different blocks or not).

A birooted bipartite block-tree is a block-graph with the previous three char-
acteristics. For our convenience we shall use the abbreviation rbb-tree.

We denote by lγ the highlighted left vertex of a block of γ and call it the
left root of γ. Similarly, rγ denotes the highlighted right vertex of a block of
γ which is called the right root of γ. In some places, when manipulating a
rbb-tree γ, it will be useful to refer also to its roots. In those cases we shall
represent γ as the triple

(lγ , γ, rγ) .

We denote also the block of γ containing lγ by lbγ and call it the left block

of γ. Similarly, rbγ denotes the block of γ containing rγ and it is called the
right block of γ. Note that, in some cases, the left block and the right block
can be the same.

We shall draw a block-tree γ as follows: each block is drawn follow-
ing the conventions stated earlier for them; and each edge {bi, cj}, with
i, j ∈ {l+, l−, r+, r−}, between two blocks b and c of γ is drawn as a line
connecting the corner representing bi in b to the corner representing cj in c.
If γ is a rbb-tree (lγ , γ, rγ), then we shall draw an arrow pointing in to the

corner representing lγ in lbγ to identify the left root of γ and another arrow

coming out from the corner representing rγ in rbγ to identify the right root
of γ.

To help understanding how we will represent a rbb-tree, we shall do an
example. The rbb-tree of our example is η composed by the four blocks a,
b, c and d, and with the following set of edges:

{{br−, cl+}, {br−, al+}, {bl−, dr+}} .

The left root of η is lη = bl− and the right root of η is rη = cr+. Further,
the labels of the blocks are l(a) = y = l(c) and l(b) = x = l(d). The graphic
representation of η appears in Figure 2

x
b

x
d

yc

y a

Figure 2. The graphic representation of the rbb-tree η (usu-
ally we don’t write the names of the blocks).

Let B(X) be the set of all rbb-trees with blocks labeled by letters from
X. We define two operations ⊙ and ? on B(X) as follows. Let (lγ , γ, rγ)
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and (lβ , β, rβ) be two rbb-trees. Then

(lγ , γ, rγ)⊙ (lβ , β, rβ) = (lγ , γ ∪ {{rγ , lβ}} ∪ β, rβ)

and

(lγ , γ, rγ) ? (lβ , β, rβ) = (lγ , γ ∪ {{lγ , rβ}} ∪ β, rβ) .

These two operations are very similar. In both cases, we take the union of
the bipartite block-trees γ and β, add one more edge (for the new graph to
become connected, and thus a block-tree), and set lγ and rβ, respectively, as
the left root and the right root of the resulting block-graph. The difference
between the two operations is on the new edge added: we add {rγ , lβ} in the
operation ⊙ and {lγ , rβ} in the operation ?. Note that, in both operations,
the new edges are pairs of vertices with different side. Thus, both operations
give us rbb-trees. There is one further observation we must do: the operation
⊙ is clearly associative, and thus (B(X),⊙,?) is a binary semigroup. To
illustrate the difference between these two operation, we compute both ⊙
and ? for the same rbb-trees in Figure 3.

γ β

γ ⊙ β: xz
x

z
⊙ y x = xz

x

z
y x

γ ? β: xz
x

z
? y x = xz

x

z
y x

Figure 3. A computation of both ⊙ and ? operations.

A rbb-tree is called reduced if it does not have:

(1) an edge {bi, cj} between two blocks b and c with the same label such
that bi and cj have different poles, that is, it avoids the following
subgraphs:

x x and x x ;

(2) two edges {bi, cj} and {bi, dj} with l(c) = l(d), that is, it avoids 8
‘similar’ subgraphs (4 possible choices for i and, for each choice of i,
2 possible choices of j). We depict one of the avoided 8 subgraphs
next:

xb

y c

y d

.

Let A(X) ⊆ B(X) be the set of all reduced rbb-trees.
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Let γ be a rbb-tree. We say that two distinct blocks b and c of γ are
equivalent if l(b) = l(c) and there exists an edge {bi, cj} in γ with bi and cj

of opposite poles. Hence, γ avoids the subgraphs of (1) if and only if γ has
no equivalent blocks. We say that two distinct edges {bi, cj} and {bi, dj}
(thus c 6= d) of γ are equivalent if l(c) = l(d). Hence, γ avoids the subgraphs
of (2) if and only if γ has no equivalent edges. Therefore, γ is reduced if and
only if γ has neither equivalent blocks nor equivalent edges.

Next, we introduce two reduction rules to convert any rbb-tree γ into a
reduced rbb-tree. The rules will be called block-folding and edge-folding.

(i) Block-folding : if b and c are two equivalent blocks, then delete the
edge connecting them and collapse the two blocks into a single block
(corresponding vertices and edges of the two blocks are identified).
The new block keeps the label of both b and c. If the left root and/or
the right root of γ belongs to b or c, then the left root and/or the
right root of the new rbb-tree is the corresponding vertex in the
block resulted from collapsing b and c together. We may visualize
this reduction rule as follows:

x x 7→ x and x x 7→ x ;

(ii) Edge-folding : if {bi, cj} and {bi, dj} are equivalent edges, then col-
lapse the two edges into a single edge and the two blocks c and d into
a single block (corresponding vertices and edges of the two blocks
are identified). The new block keeps the label of both c and d. If the
left root and/or the right root of γ belongs to c or d, then the left
root and/or the right root of the new rbb-tree is the corresponding
vertex in the block resulted from collapsing c and d together. We
may visualize this reduction rule (one of the 8 ‘similar’ cases) as
follows:

x
y

y

7→ x y

Each time we apply one of these two reductions to a rbb-tree, the number
of blocks diminish and so we must obtain a reduced rbb-tree after applying
some consecutive reductions. Note also that any two reductions that can be
applied to a rbb-tree can be commuted except if both refer to a subgraph
‘similar’ to the one depicted in Figure 4. However, the subgraph of Figure

x

x

x

Figure 4. A special subgraph.

4 can be always reduced to a single block. Thus, we always get the same
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reduced rbb-tree from a given rbb-tree γ (see [1, Section 4.2]). We shall
denote by γ the reduced form of γ. The rbb-tree η of Figure 2 is not
reduced. In Figure 5 we illustrate a possible reduction for η into its reduced
rbb-tree η.

xx
y

y
B.f.
−→ x

y

y
E.f.
−→ x y

η
η

Figure 5. A reduction sequence for the rbb-tree η of Figure 2.

We can introduce now two operations · and ∧ on A(X) derived from the
operations ⊙ and ? on B(X) respectively. If γ, β ∈ A(X), then define

γ · β = γ ⊙ β and γ ∧ β = γ ? β .

Since ⊙ is associative and each rbb-tree has a unique reduced form, the
operation · on A(X) is associative too and the algebra (A(X), ·,∧) is a
binary semigroup. In the following section we shall prove that (A(X), ·) is
a model for the bifree locally inverse semigroup on the set X.

4. The bifree locally inverse semigroup on a set X

The goal of this section is to prove that the semigroup (A(X), ·) is a
model for the bifree locally inverse semigroup on the set X (as a type 〈2〉
algebra). We shall accomplish that by proving that (A(X), ·) is isomorphic
to the semigroup (T, ·) defined at the end of Section 2. We shall begin by
associating a set of words from F (see page 5) to each rbb-tree.

Let γ be a rbb-tree. We shall denote by γ̂ the (usual) graph whose vertices
are the union of the vertices of all blocks of γ and the edges are the union
of the edges of γ with the edges of all its blocks. We shall call γ̂ the hull of
γ. We continue to use for γ̂ the same notations and designations used for γ.
For example, a left vertex of γ̂ is a left vertex of a block of γ; lγ̂ is the left
root of γ (viewed as a vertex in γ̂); and so on.

Before we proceed, we need to introduce some graph terminology. We
shall consider a sequence

p := v1, v2, · · · , vn

of vertices of a graph χ a path if there is an edge in χ connecting every two
consecutive vertices of p. The length of a path is the number of vertices
it has (it is n for this path p). Then p is geodesic if there is no path of
smaller length connecting v1 and vn. Note that we can have several distinct
geodesic paths connecting the same two vertices in a graph χ. However,
all these geodesic paths have the same length. Let G(χ) be the set of all
geodesic path in χ. Let σ be the following equivalence relation of G(χ):
p1σp2 for p1, p2 ∈ G(χ) if and only if both paths start at the same vertex
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and end also at the same vertex. We shall denote by [p] the σ-equivalence
class of p ∈ G(χ).

Let γ be a rbb-tree. Then p is an admissible path in γ̂ if p is a geodesic
path of γ̂ starting at lγ̂ and ending at one of the right vertices of γ̂. Let
H(γ̂) be the set of all admissible paths of γ̂. Thus, all paths in H(γ̂) start
at the same vertex: lγ̂ . We may have many different admissible paths in γ̂
ending at a right vertex v because we have always two possible choices for
going from one corner to its opposite corner in a block of γ. However, this
is the only possible situation that allows to construct different admissible
paths in γ̂ ending at the same vertex.

Next, we shall associate a word w(p) ∈ F to each p ∈ G(γ̂). Let

p := v1, v2, · · · , vn

be a geodesic path of γ̂. As we go through the path we can write down the

labels of the vertices and form a word from X
+
. We construct the word

w(p) in a similar way (going through the path and writing down the labels
of the vertices) but with the following two additional rules: let bi be a left
vertex of γ̂ for some block b of γ; then

(a) if bi, bj , bk are consecutive vertices of p, then don’t write the labels
of bj and bk (or in other words, when we reach bk, bk tell us to delete
the label of bj instead of adding the label of bk);

(b) if bi, cj are two consecutive vertices of p for c 6= b, then write the
symbol ∧ between the labels of bi and cj .

By construction, the word w(p) does not begging with the symbol ∧ and
does not have subwords of the form ∧a∧ for a ∈ X ∪ {1}; so w(p) ∈ F .
Further, if p1 is another geodesic path σ-equivalent to p, then w(p1) = w(p).
Thus, we can define w([p]) as the word w(p).

If γ is a rbb-tree, then let w(γ) be the set of all words w([p]) for p ∈ H(γ̂).
Thus w(γ) ⊆ F . The following lemma collects some properties of the subsets
w(γ) of F .

Lemma 4.1. If γ is a rbb-tree, then w(γ) has the following properties:

(i) all words of w(γ) have the same first letter;
(ii) if w1w2 ∈ w(γ) then w1 ∈ w(γ) for any strings w1, w2 ∈ (X ∪ {∧})+

such that w1 ∈ F and w1 6= w3aa
′a for any w3 ∈ (X ∪ {∧})+ and

any a ∈ X;
(iii) if w1a ∈ w(γ) then w1aa

′ ∈ w(γ) for any string w1 ∈ (X ∪ {∧})∗

and any letter a ∈ X such that w1τ 6= a′.

If γ is reduced too, then

(iv) w(γ) ⊆ t(F );
(v) for all u ∈ w(γ), u = w([p]) for a unique equivalence class [p] of

admissible paths in γ̂.

Proof. (i). This property is obviously satisfied since each word w(p) of w(γ)
begins with l(lγ).
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(ii). Let u = w1w2 ∈ w(γ) such that w1 ∈ F and w1 6= w3aa
′a for any

w3 ∈ (X ∪ {∧})+ and any a ∈ X. Let p := v1, · · · , vn be an admissible
path in γ̂ such that w(p) = u. Since w1 does not end with the symbol ∧,
there exists some k1 ∈ {1, · · · , n} such that w(v1, · · · , vk1) = w1 following
the rules for constructing the words w. Take k the smaller k1 ∈ {1, · · · , n}
such that

w(v1, · · · , vk1) = w1 .

If vk is a right vertex, then v1, · · · , vk is an admissible path in γ̂ and we
are done. So, assume that vk is a left vertex and let b be the block of γ
containing vk. Let also v be one of the vertices adjacent to vk in b and v′ be
the opposite corner of vk in b. We have to split this case into three subcases.

If k = 1, that is, if vk = lγ̂ , then w1 = l(lγ̂) = w(lγ̂ , v, v
′) and lγ̂ , v, v

′ is
an admissible path in γ̂. So, assume that k > 1. If vk is a left vertex and
vk−1 ∈ b, then vk−2 6= v′ since w1 6= w3aa

′a for any w3 ∈ (X ∪ {∧})+ and
any a ∈ X. Hence

p1 := v1, · · · , vk−1, v
′ ∈ H(γ̂) and w(p1) = w1 .

If vk is a left vertex and vk−1 6∈ b, then

p2 := v1, · · · , vk, v, v
′ ∈ H(γ̂) and w(p2) = w1 .

We have proved (ii).
(iii). Let w1a ∈ w(γ) with a ∈ X and w1 ∈ (X∪{∧})∗ such that w1τ 6= a′.

Let

p := v1, · · · , vn

be an admissible path in γ̂ such that w(p) = w1a and let vn = bi for some
block b of γ. Then bi is a right vertex of γ. Let bj be the other right vertex
of b. If vn−1 is not a vertex from b, then

p1 := v1, · · · , vn, b
j ∈ H(γ̂) and w(p1) = w1aa

′ .

If vn−1 is a vertex of b, then n ≥ 3 and vn−2 is the opposite corner of bi in
b since w1τ 6= a′. Hence, for this case,

p2 := v1, · · · , vn−2, b
j ∈ H(γ̂) and w(p2) = w1aa

′ .

We have proved (iii).
(iv). Assume γ is reduced and let p be an admissible path in γ̂. By the

block-folding reduction rule, w(p) does not contain subwords a∧a′ for a ∈ X;
and by the edge-folding reduction rule, w(p) does not contain subwords ab∧a
and a ∧ ba for a, b ∈ X with b 6= a′. If aa′a is a subword of w(p) for some
a ∈ X, then there are three consecutive vertices bi, cj , dk in p such that
l(bi) = a = l(dk) and l(cj) = a′. Since γ is reduced for block-folding, the
blocks b, c and d of γ must be the same block; and by (a), bi must be a right
vertex. Hence, bi is preceded by a left vertex ah in the path p with a 6= b,
and aa′a is preceded by the symbol ∧ in w(p) due to (b). Further, dk is a

left vertex and it must be followed by a right vertex a
h1

1 in p with a1 6= d.
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Hence, aa′a must be followed by the symbol ∧ in w(p) too. We have shown
that w(p) ∈ t(F ), and so w(γ) ⊆ t(F ).

(v). Assume γ is reduced and let [p] and [q] be two distinct equivalence
classes of admissible paths in γ̂. Both paths p and q start with lγ . We shall
assume that p ∈ [p] and q ∈ [q] are chosen in a way that maximizes the
length of the initial sequence of vertices in common.

When we go through the vertices of p and write down w(p), we always
add one or two symbols for each vertex except for one case, the case of the
right vertices bi that are preceded by two other vertices from the block b,
that is, bk, bj , bi are consecutive vertices of p with bk a left vertex of b. In
this latter case, the vertex bi tell us to delete the last letter added in the
construction of w(p), namely l(bj), instead of adding l(bi) to w(p). If the
path p continues, then the next vertex after bi must belong to another block
a and it is labeled by a letter different from l(bj) since otherwise we could
apply a block-folding to merge a with b. Thus, if q is contained in p, then
either

(1) w(p) = w(q)v with v ∈ t(F ) if the first vertex of p not in q is not
like the vertex bi above; or

(2) w(p) = v1v2 and w(q) = v1a
′ with v1, v2 ∈ t(F ) (v2 can be an empty

word), v1τ = a ∈ X and λv2 6= a′, otherwise.

Therefore, w(p) 6= w(q).
Assume that neither of the paths p and q is contained in the other. Let ai

be the last vertex in common, and let bj and ck be the following vertices in
p and q, respectively. Let a = l(ai), b = l(bj) and c = l(ck), and set v as the
word read on the path p just up to the vertex ai. Thus v ∈ F and vτ = a.
If b = c, then a = b = c and a = b′ since γ is reduced. Further, the next
vertex in p after bj must be in another block if it exists (by the choice of p
and q maximizing the number of vertices in common). Similar conclusion is
true also for ck. Then w(p) = vbv1 and w(q) = vb ∧ dv2 (or vice-versa) for
v1, v2 ∈ t(F ) (v1 and v2 may be empty words) and d ∈ X with d 6= a = b′.
Therefore w(p) 6= w(q).

So, assume further that b 6= c. If b 6= a′ and c 6= a′, then w(p) = vsv1
and w(q) = vsv2 for v1, v2 ∈ F and s ∈ {1,∧} (1 designates the empty
word) with λv1 = b and λv2 = c. Hence w(p) 6= w(q). Finally, assume that
c = a′ and b 6= a′ (the case b = a′ and c 6= a′ is similar). Then w(p) = vsv1
for s ∈ {1,∧} and v1 ∈ F with λv1 = b. For w(q) we have three distinct
possibilities:

(1) w(q) = vv2 with v2 ∈ t(F ) such that λv2 = a′;
(2) w(q) = vv2 with v2 ∈ t(F ) such that λv2 6= a′, but s = ∧ and

w(p) = v ∧ v1 in this case;
(3) v = v3a and w(q) = v3v2 with v2, v3 ∈ t(F ) (v2 may be empty) such

that v3τ = a′ and λv2 6= a.

Thus w(p) 6= w(q) and we have proved (v). �
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Given a rbb-tree γ, let w
c(γ) = w(p) where p is an admissible path of

γ̂ ending at rγ̂ . Thus w
c(γ) ∈ w(γ). In the next result we show that

(w(γ),wc(γ)) ∈ T if γ is reduced.

Corollary 4.2. If γ is a reduced rbb-tree, then (w(γ),wc(γ)) ∈ T .

Proof. By Lemma 4.1, w(γ) ⊆ t(F ) and it satisfies the conditions (i),
(ii) and (iii) stated at page 7. As observed above, wc(γ) ∈ w(γ). Thus
(w(γ),wc(γ)) ∈ T . �

Let b and c be two blocks of a rbb-tree γ to witch we can apply a block-
folding, and let {bi, cj} be the edge connecting them in γ. Let γ1 be the
rbb-tree that results from applying this block-folding. We designate by d

the block of γ1 that results from collapsing b and c into a single block. Thus
bi and ci collapse into di, and so on.

Let p be an admissible path in γ̂. We can split p into three parts

p := p1, p2, p3

where p1 are the vertices of p that come before any vertex from b and c (or
the entire path p if p does not contain vertices from b and c), p2 are the
vertices of p from b and c, and p3 are the vertices of p that come after all the
vertices from b and c (p1, p2 and p3 can be empty). Let p′2 be the sequence
of vertices from d obtained by replacing each bk and ck of p2 with dk, for
k ∈ {l+, l−, r+, r−}. Designate by p′′2 the geodesic path inside d connecting
the first vertex of p′2 to its last vertex (or p′′2 is empty if p′2 is empty too).
The block-folding transforms p into an admissible path

p′′ = p1, p
′′
2, p3

in γ̂1. Further, any admissible path of γ̂1 is obtained from an admissible
path of γ̂ in this way.

By an exhaustive analyses of all possible cases (there are many but all
immediate) we can see that either w(p′′) = w(p) or w(p′′) can be obtained
from w(p) by applying one or two reductions of type (1′) − (3′) stated on
page 6. Thus, each word of w(γ1) is either a word of w(γ) or obtained from
a word of w(γ) by applying reductions of type (1′)− (3′). We can conclude
that there exists a surjective mapping ϑ : w(γ) → w(γ1) such that uϑ is
obtained from u by applying a (possibly empty) sequence of reduction rules
of type (1′)− (3′).

Lemma 4.3. If γ1 is obtained from γ by a sequence of block-foldings and
edge-foldings, then there exists a surjective mapping ϑ : w(γ) → w(γ1) such
that uϑ is obtained from u by applying a (possibly empty) sequence of reduc-
tion rules of type (1′)− (3′).

Proof. The conclusion taken above where we apply one block-folding reduc-
tion to γ can be taken also for applying one edge-folding reduction to γ.
The proof follows exactly the same steps and, for that reason, we leave the
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details for the reader to fill in. This lemma now follows from applying these
two conclusions several times. �

Corollary 4.4. Let γ ∈ B(X). Then w(γ) = t(w(γ)) where t(w(γ)) =
{t(u) : u ∈ w(γ)}.

Proof. By Lemma 4.3 there exists a surjective mapping ϑ : w(γ) → w(γ)
such that uϑ is obtained from u ∈ w(γ) by applying the reduction rules
(1′) − (3′). But uϑ ∈ t(F ) by Corollary 4.1 and since γ is reduced. Thus
uϑ = t(u) and w(γ) = t(w(γ)). �

We can prove now that (T, ·) is an isomorphic image of (A(X), ·).

Proposition 4.5. The mapping ϕ : γ → (w(γ),wc(γ)) is a semigroup iso-
morphism from A(X) onto T .

Proof. The mapping ϕ is well defined by Corollary 4.2. Let γ, β ∈ A(X).
Note that

w(γ ⊙ β) = w(γ) ∪ w
c(γ)w(β) and t(wc(γ)w(β)) = w

c(γ)⊙ w(β)

where w
c(γ)w(β) = {wc(γ)w(p) : p ∈ H(β̂)}. Then, by Corollary 4.4,

w(γ · β) = w(γ ⊙ β) = t(w(γ ⊙ β)) = t(w(γ) ∪ w
c(γ)w(β)) =

= w(γ) ∪ w
c(γ)⊙ w(β) .

Further, wc(γ · β) = t(wc(γ)wc(β)) = w
c(γ)⊙ w

c(β). We have shown that

(γ · β)ϕ = (w(γ · β),wc(γ · β)) = (w(γ),wc(γ)) · (w(β),wc(β)) = γϕ · βϕ .

Hence, ϕ is a semigroup homomorphism.
Let a and b be blocks labeled by x and y, respectively. Let a ∈ {x, x′}

and b ∈ {y, y′} such that b 6= a′. Define γa ∈ A(X) as the rbb-tree with
the block a only and roots (left and right) the vertices labeled by a. Define
also γa∧b as the rbb-tree with blocks a and b, left root the left vertex ai of
a with label a, right root the right vertex bj of b with label b, and the edge
{ai, bj}. Then γa and γa∧b are reduced, (γa)ϕ = ({a, aa′}, a) and (γa∧b)ϕ =
({a, aa′, a ∧ b, a ∧ bb′}, a ∧ b). By Proposition 2.4, the homomorphism ϕ is
surjective.

Note that γa is the only reduced rbb-tree γ such that γϕ = ({a, aa′}, a).
Let γaa′ be the rbb-tree obtained from γa by setting rγ

aa
′
as the right vertex

labeled by a′ (note that rγa is the right vertex labeled by a). It is also clear
that γaa′ is the only reduced rbb-tree such that (γaa′)ϕ = ({a, aa′}, aa′).
Now, let (A,w) ∈ T such that A has more than 2 words. We shall prove by
induction on the number of words of A that there exists only one γ ∈ A(X)
such that γϕ = (A,w).

Let u be a word of maximal length in A. Then either u = vaa′, u = v∧aa′,
or u = vb′b ∧ aa′ for some a ∈ X and v ∈ A such that vτ = b 6= a′. Let
u′ ∈ t(F ) such that u = u′a′ and set A1 = A \ {u, u′}. Set w1 = v if
w ∈ {u, u′}, and set w1 = w otherwise. Then w1 ∈ A1 and (A1, w1) ∈ T .
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Let β ∈ A(X) such that βϕ = (A,w) and let p ∈ H(β̂) such that w(p) = u.
Denote by a the block of β containing the last vertex of the path p. Then
a is a degree one vertex of β by the maximality of the length of u. Let β1
be the reduced rbb-tree obtained from β by deleting the block a (and the
only edge with a at one of its endpoints); and keeping the right root of β if
w1 = w, or setting the right root of β1 to be the right vertex of the block b

adjacent to a labeled by b otherwise. By construction of β1, β1ϕ = (A1, w1).
Further, we recover β from β1 in a unique fashion: add the block a with the
same label, reset the right root, and add the edge eliminated. We just need
to take some caution with the edge we need to add: it depends on if u = vaa′

or if u = v ∧ aa′ or u = vb′b ∧ aa′. Nevertheless, once we know if u = vaa′

or if u = v ∧ aa′ or u = vb′b ∧ aa′, this edge is completely determined.
Let δ be another reduced rbb-tree such that δϕ = (A,w). Apply the

same procedure described above and construct another δ1 ∈ A(X) such
that (δ1)ϕ = (A1, w1). By induction, β1 = δ1. Call β1 and δ1 by γ1. By
Proposition 4.1, there is a unique q ∈ H(γ̂1) (up to equivalence) such that
w(q) = v. Then the block b of γ1 must be the block containing the last
vertex of q. Finally, we can conclude that β = δ because both of them are
constructed in the same matter from the block b of γ1. We have proved that
ϕ is injective, whence ϕ is a semigroup isomorphism. �

A particular consequence of this last result is that A(X) is a locally inverse
semigroup. We shall prove that the operation ∧ on A(X) defined at the end
of Section 3 is the pseudosemilattice operation on A(X) induced by · , and so
(A(X), ·,∧) becomes a model for the bifree locally inverse semigroup on the
set X (seen as a type 〈2, 2〉 algebra). However, we need to understand first
the structure of A(X). In the next section we characterize the idempotents,
the Green’s relations and the natural partial order of A(X), and the inverses
of γ ∈ A(X). As a consequence, we shall be able to prove that the operation
∧ on A(X) introduced at Section 3 is the desired pseudosemilattice operation
on the locally inverse semigroup A(X).

5. The structure of A(X)

We begin this section by defining the concepts of morphism and substruc-
ture for rbb-trees. A morphism between two rbb-trees γ and β is a usual
graph-morphism ϕ : γ → β such that

l(bϕ) = l(b) and ({bi, cj})ϕ = {(bϕ)i, (cϕ)j} ,

that is, it preserves the labels and sends each edge into another edge of the
same “type”. Thus, ϕ induces the following graph-morphism ϕ̂ between the
graphs γ̂ and β̂ that preserves labels also: (bi)ϕ̂ = (bϕ)i. If ϕ preserves also
the roots (the image of the left and right roots of γ̂ under ϕ̂ are the left and

right roots of β̂, respectively), then we call ϕ a bi-morphism. The left and
right variants are called left-morphism and right-morphism, respectively.
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Let ϕ : γ → β be a morphism between two rbb-trees γ and β. Note
that no two adjacent blocks of γ can be sent into the same block of β by ϕ
since otherwise we would have a loop in β (the image of the edge connecting
the two blocks of γ becomes a loop in β). Thus, if γ is not reduced for
block-folding, then neither is β.

Assume that there are two distinct blocks b and c of γ adjacent to another
block a such that bϕ = cϕ. Then l(b) = l(c). Let {ai, bj} and {ah, ck} be
the edges connecting a to b and c, respectively. Then, the image of both
edges is the same (β has at most one edge connecting each two blocks), and
so i = h and j = k. Hence, we can apply an edge-folding to these two edges
in γ. Therefore, if γ is reduced, then ϕ is a one-to-one mapping by the
observations just made and since γ and β are trees.

If β is reduced, then γ must be reduced for block-folding. Further, the
morphism ϕ becomes completely determined once we know the image of
one block of γ (or the image of one of the vertices of γ̂ under ϕ̂) since β
is reduced for edge-folding. Therefore, a morphism between two reduced
rbb-trees is always one-to-one and becomes completely determined once we
know the image of a block. In particular, there is at most one bi-morphism
[left-morphism, right-morphism] between two reduced rbb-trees. We leave
this result registered in the following lemma.

Lemma 5.1. Let γ, β ∈ A(X). Then there exists at most one bi-morphism
[left-morphism, right-morphism] from γ into β.

Two rbb-trees γ and β are called isomorphic [bi-isomorphic, left-isomor-
phic, right-isomorphic] if there exists a bijective morphism [bi-morphism,
left-morphism, right-morphism] between them (it is enough to be bijective
on the vertices). We shall write γ ≈ β, γ ≈l β and γ ≈r β to indicate that
γ and β are isomorphic, left-isomorphic and right-isomorphic, respectively.
For practical reasons we shall say that they are the same rbb-tree (and write
γ = β) if they are bi-isomorphic.

A subgraph β1 of a rbb-tree β shall be called an rbb-subtree if β1 is a
rbb-tree, that is, if it is connected and has defined a left root and a right
root. Note that the left and right roots of β1 may be different from the
left and right roots of β. If the left and right roots of β1 are the same as
the ones of β (and so β1 contains the roots of β), then we say that β1 is a
rbb-bi-subtree. Let rbb-left-subtree and rbb-right-subtree be the expected left
and right variants of the previous definition. Thus, there is a morphism [bi-
morphism, left-morphism, right-morphism] ϕ : γ → β between two reduced
rbb-trees if and only if γ is bi-isomorphic to a rbb-subtree [rbb-bi-subtree,
rbb-left-subtree, rbb-right-subtree] of β.

We shall write γ 4 β, γ 4l β, γ 4r β and γ 4b β to indicate that γ is
(bi-isomorphic to) a rbb-subtree, a rbb-left-subtree, a rbb-right-subtree and
a rbb-bi-subtree of β, respectively. Thus 4, 4l and 4r are quasi-orders,
while 4b is a partial order (the former three relations are not partial orders
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because we can have different reduced rbb-trees with the same underlying
graph but different roots).

We have now the tools to study more deeply the structure of A(X). We
begin with an obvious lemma.

Lemma 5.2. Let γ, β ∈ A(X). Then γ 4l γ · β and β 4r γ · β. Further,
any block of γ · β comes from a block of γ or β.

Proof. By construction, γ 4l γ ⊙ β and β 4r γ ⊙ β. Since γ and β are
reduced, the reduction process to transform γ⊙β into γ ·β does not modify
the rbb-subtrees γ and β. Thus γ 4l γ · β and β 4r γ · β. The second
statement is obvious since the blocks of γ⊙β are the (disjoint) union of the
blocks from γ and β. �

In the next result we shall prove that γ ∈ A(X) is an idempotent if and
only if {lγ , rγ} is an edge of γ or lγ and rγ are two vertices with opposite

poles in the same block (that means that {lγ , rγ} is an edge of the block lbγ).
We present a simpler description in terms of γ̂.

Proposition 5.3. Let γ ∈ A(X). Then γ is an idempotent if and only if
{lγ̂ , rγ̂} is an edge of γ̂. Further, if γ, β ∈ A(X) with γ idempotent, then

(i) γ · β = β if and only if γ 4l β;
(ii) β · γ = β if and only if γ 4r β.

Proof. By Proposition 4.5 and [2, Corollary 4.24], γ is an idempotent if and
only if

w
c(γ) ∈ {aa′, a ∧ b : a, b ∈ X with b 6= a′} ,

that is, if and only if {lγ̂ , rγ̂} is an edge of γ̂ since γ is reduced. Since (ii)
is the left-right dual of (i), we shall prove only (i). The direct implication
follows from Lemma 5.2. Thus, we just need to prove the other implication.

So, assume that γ 4l β and consider the graph γ⊙β. For our convenience,
for each block b of γ in γ ⊙ β, denote by b′ the corresponding block of β in
γ ⊙ β. Since {lγ̂ , rγ̂} is an edge of γ̂, then we can apply a first block-folding
(if lγ and rγ belong to the same block) or a first edge-folding (if {lγ , rγ} is

an edge of γ) to collapse together lbγ and lbβ in γ ⊙ β. Let β1 be the rbb-tree

obtained after collapsing together lbγ and lbβ and note that the roots of β1 are
the roots of β. We can now prove easily by induction on the distance to the
left block of β1 that each block b of γ in β1 can be collapsed with the block
b′ of β in β1 by a sequence of reductions. Thus, we can collapse the entire
γ into β inside β1 by a sequence of reduction, and β1 transforms itself into
β. Hence γ ⊙ β = β as wanted. �

We can now easily describe the sets (γ]R , (γ]L and (γ]≤ for an idempotent
γ of A(X).

Corollary 5.4. Let γ ∈ E(A(X)).

(i) (γ]R = {β ∈ E(A(X)) : γ 4l β} .
(ii) (γ]L = {β ∈ E(A(X)) : γ 4r β} .
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(iii) (γ]≤ = {β ∈ E(A(X)) : γ 4b β} .

Proof. (i) and (ii) follow, respectively, from (i) and (ii) of Proposition 5.3.
Further, β ∈ (γ]≤ if and only if γ 4l β and γ 4r β. So, we just need to
prove that γ 4b β if γ 4l β and γ 4r β. Assume that γ 4l β and γ 4r β.
Since γ 4l β, there is a left-morphism ϕ from γ into β. Thus lγ̂ϕ̂ = l

β̂

and {l
β̂
, rγ̂ϕ̂} is an edge of β̂. But l(rγ̂) = l(r

β̂
) because γ 4r β. Since

β is reduced, we conclude that rγ̂ϕ̂ = r
β̂
. Hence ϕ is a bi-morphism and

γ 4b β. �

We shall describe the Green’s relations R, L and D on A(X) next.

Proposition 5.5. Let γ, β ∈ A(X).

(i) γ R β if and only if γ ≈l β.
(ii) γ L β if and only if γ ≈r β.
(iii) γ D β if and only if γ ≈ β.

Proof. We just have to prove (i) since (ii) is proven dually and (iii) follows
from both (i) and (ii). Further, since each R-class contains an idempotent,
we can assume that γ is an idempotent. So, let γ be an idempotent of A(X).
If γ R β, then γ 4l β by Proposition 5.3 (γ · β = β). But there exists some
β′ ∈ A(X) such that β · β′ = γ. Since β 4l β ⊙ β′, γ = β ⊙ β′ and β is
reduced, we conclude that β 4l γ. We have shown that γ ≈l β because γ
and β are finite.

If γ ≈l β, then γ · β = β again by Proposition 5.3. Let β′ be the rbb-tree
right-isomorphic to γ but with left vertex the left vertex of the block rbβ

adjacent to rβ. Let ϕ be the isomorphism from β onto β′ and set δ = β⊙β′.
Note that the isomorphism ϕ induces a partial mapping from the blocks of
β in δ into the blocks of β′ in δ. We continue to denote by ϕ this partial
mapping inside δ. By the choice of the left vertex of β′, we can collapse
together inside δ the blocks rbβ and lbβ′ by a block-folding. Then, by induction

on the distance to rbβ , we can prove that each block b of β is collapsed with

the block bϕ of β′ inside δ by a sequence of edge-foldings. At the end, the
entire β is collapsed with β′ inside δ by a sequence of reductions. Hence
δ = β · β′ is isomorphic β with lδ = lβ = lγ and rδ = rβ′ = rγ , that is,
β · β′ = γ. We have shown that γ R β as desired. �

The well known result which states that the Green’s H -relation on the
bifree locally inverse semigroup is trivial is now an obvious consequence of
(i) and (ii). Note also that the relations R and L have a right-left dual
description in Proposition 5.5 reflecting the right-left dual nature of these
two relations on A(X). However, that is not the case for the description of
these relations in the model of the bifree locally inverse semigroup presented
in [2]. In fact, the description and proof for the L -relation is much more
complex than the description and proof for the R-relation in [2]. Neverthe-
less, we could prove easily the case (i) above using results from [2] (but we
could not argue that (ii) would be proved by dually).
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We need to introduce further graph notations before we state our next
result. Given a graph χ, we shall denote by V(χ) and E(χ) the set of vertices
and edges of χ, respectively, and by v(χ) and e(χ) the number of vertices
and edges of χ, respectively. If a is a vertex of χ, let deg(a) denotes the
degree of a in χ, that is, the number of edges with a at one of its endpoints.

Corollary 5.6. Let γ ∈ A(X).

(i) The R-class and the L -class of γ have both 2v(γ) elements.
(ii) The D-class of γ has 4(v(γ))2 elements.
(iii) The R-class of γ has deg(lγ̂)− 1 idempotents.
(iv) The L -class of γ has deg(rγ̂)− 1 idempotents.
(v) The D-class of γ has e(γ) + 2v(γ) = e(γ̂)− 2v(γ) idempotents.

Proof. (i) and (ii) are obvious from Proposition 5.5: the number of elements
of the R-class of γ is the number of left vertices from all the blocks of γ,
the number of elements of the L -class of γ is the number of right vertices
from all the blocks of γ, and the number of elements of the D-class of γ is
the number of possible pairs of block-vertices from γ with different sides.

(iii) follows from Propositions 5.5 and 5.3 (we need to subtract 1 to deg(lγ̂)

because of the edge in γ̂ that connects lγ̂ to the other left vertex of lbγ). (iv)
is the dual of (iii). Also from Propositions 5.5 and 5.3, the idempotents
of the D-class of γ are in a one-to-one correspondence with the edges of γ̂
connecting vertices with different sides. That number is e(γ) + 2v(γ): e(γ)
is the number of edges connecting different blocks of γ and 2v(γ) is the
number of edges inside the blocks connecting vertices with different sides.
Clearly e(γ) + 2v(γ) = e(γ̂)− 2v(γ). �

We are now in condition to prove that the operation ∧ introduced at
Section 3 is the pseudosemilattice operation on the locally inverse semigroup
A(X).

Theorem 5.7. The algebra (A(X), ·,∧) introduced at the end of Section 3
is a model for the bifree locally inverse semigroup on the set X (as a type
〈2, 2〉 algebra).

Proof. By Proposition 4.5 we just have to show that the operation ∧ is
the pseudosemilattice operation on A(X). Let γ1, β1 ∈ A(X) and γ, β ∈
E(A(X)) such that γ1 R γ and β1 L β, and set δ = γ ∧ β = γ ? β. By
definition of ∧ in Section 3 and the Proposition 5.5,

γ1 ∧ β1 = γ ∧ β = δ .

Thus, this result becomes proved once we show that (i) δ ∈ E(A(X)), and
(ii) (γ]R ∩ (β]L = (δ]≤ .

By construction, lγ?β = lγ , rγ?β = rβ and

γ ? β = γ ∪ β ∪ {{lγ , rβ}} .

Set δ1 = γ ? β if l(rβ) 6= (l(lγ))
′. If l(rβ) = (l(lγ))

′, then we can apply a

block-folding and collapse lbγ and rbβ together inside γ ? β. Set δ1 to be the
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rbb-tree that results from applying this block-folding to γ ? β. Note that
{lδ1 , rδ1} is an edge of δ1 in the former case, and that lδ1 and rδ1 are adjacent

vertices of a block of δ1 in the latter case. Further, δ = δ1 and no reduction
applied to δ1 changes the facts stated in the previous sentence. Hence, either
{lδ, rδ} is an edge of δ or lδ and rδ are adjacent vertices of a block of δ. We
have proved (i).

Let α ∈ (γ]R ∩ (β]L . Then γ 4l α and β 4r α. Let ϕ1 be the left-
morphism from γ into α and let ϕ2 be the right-morphism from β into α.
Then lγϕ1 = lα and rβϕ2 = rα. Since α is an idempotent, either {lγϕ1, rβϕ2}
is an edge of α, or lγϕ1 and rβϕ2 are adjacent vertices of a block of α. In
the former case, we have δ1 = γ?β; set ϕ : δ1 → α as follows: if a is a block
or an edge of δ1, let

aϕ =











aϕ1 if a ∈ γ ;

aϕ2 if a ∈ β ;

{lα, rα} if a is the edge {lγ , rβ} of δ1 .

Clearly ϕ is a well-defined bi-morphism from δ1 into α. In the latter case,
lbγϕ1 = rbβϕ2 ; set ϕ : δ1 → α as follows instead:

aϕ =







aϕ1 if a ∈ γ ;

aϕ2 if a ∈ β .

Then ϕ is a well-defined bi-morphism since lbγϕ1 = rbβϕ2 .
In the previous paragraph we constructed a bi-morphism from δ1 into

α. Since α is reduced and δ = δ1, there exists also another bi-morphism
from δ into α. Hence δ 4b α and α ∈ (δ]≤. Finally, note that γ 4l γ ? β
and β 4r γ ? β, whence γ 4l δ and β 4r δ because γ and β are reduced.
Therefore δ ∈ (γ]R ∩ (β]L . We have proved (ii). �

Next, we shall use Propositions 5.3 and 5.5 to describe the inverses of
each γ ∈ A(X). As before, the description is easier to state if we do it in γ̂
instead of γ.

Proposition 5.8. For γ, β ∈ A(X), β is an inverse of γ if and only if

(i) β ≈ γ;
(ii) {lγ̂ , rβ̂} and {rγ̂ , lβ̂} are edges of γ̂ (here, r

β̂
and l

β̂
denote in fact the

image of r
β̂
and l

β̂
under the isomorphism from β̂ onto γ̂ induced by

the isomorphism from β onto γ).

Proof. Two reduced rbb-trees γ and β are inverses of each other if and only
if there are idempotents δ and α such that

γ R δ L β R α L γ

since A(X) is combinatorial. By Proposition 5.3 and 5.5, this occurs if and
only if the four rbb-trees are isomorphic and
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(a) lγ = lδ, rδ = rβ, lβ = lα and rα = rγ ; and

(b) {l
δ̂
, r

δ̂
} is an edge of δ̂ and {lα̂, rα̂} is an edge of α̂.

Thus, if and only if γ and β are isomorphic and {lγ̂ , rβ̂} and {rγ̂ , lβ̂} are

edges of γ̂. �

The following corollary is obvious from the previous proposition, but also
from the fact that the number of inverses of a given γ ∈ A(X) is equal to
ab where a and b are the number of idempotents in the R-class and in the
L -class of γ, respectively.

Corollary 5.9. Let γ ∈ A(X). The number of inverses of γ in A(X) is

(deg(lγ̂)− 1)(deg(rγ̂)− 1) .

Let S be a regular semigroup. The natural partial order on S [12] is the
relation ≤ defined as follows: for a, b ∈ S,

a ≤ b if and only if a = be = fb for some e, f ∈ E(S) .

Then, for f ∈ E(S), (f ]≤ = {e ∈ E(S) : e ≤ f}. In the following
proposition we describe the natural partial order on A(X).

Proposition 5.10. Let γ, β ∈ A(X). Then β ≤ γ if and only if γ 4b β.

Proof. Assume first that β ≤ γ. Then, there are δ, α ∈ E(A(X)) such that
β = γ · δ = α · γ. In particular, l(lγ) = l(lβ) and l(rγ) = l(rβ). Take

β1 = γ ⊙ δ and observe that {l
δ̂
, rγ̂} and {l

δ̂
, r

δ̂
} are edges of β̂1 due to the

definition of ⊙ and the Proposition 5.3, respectively. Further, since β = β1
and l(rγ) = l(rβ) = l(rδ), we can collapse together the blocks rbγ and rbδ inside
β1 by an edge-folding or a block-folding. Let β2 be the rbb-tree obtained
from β1 after collapsing together the blocks rbγ and rbδ. Clearly, γ 4b β2 and
so γ 4b β because γ is reduced.

Assume now that γ 4b β. Let δ ≈ β such that rδ = rβ and lδ is the left

vertex of the block rbδ adjacent to rδ. Then δ is an idempotent by Proposition

5.3. Further, we can collapse together the blocks rbγ and lbδ = rbδ inside γ ⊙ δ
by a block-folding. Let β1 be the rbb-tree obtained from γ⊙δ after applying
this reduction. Once again by induction on the distance to the block rbβ1

,
we can prove that each block of γ can be collapsed with its counterpart
from δ inside β1. Thus γ · δ = β1 = β. In a dual manner we can define an
idempotent α ∈ A(X) such that α · γ = β. Hence β ≤ γ. �

The usual definition of the R-relation in a semigroup S is the following:
for a, b ∈ S,

a R b if and only if aS1 = bS1 ,

that is, if and only if a and b generate the same principal right ideal of S.
The definition of the L -relation is the left-right dual, and a J b if and only
if a and b generate the same principal ideal of S. We shall denote by Ra,
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La and Ja the R-class, the L -class and the J -class of a in S, respectively.
There is a natural partial order on the set of R-classes of S:

Ra ≤R Rb if and only if aS1 ⊆ bS1 .

It is well know that if S is a regular semigroup, then Ra ≤R Rb if and only
if there are idempotents e ∈ Ra and f ∈ Rb such that e ≤ f (for the natural
partial order ≤ on S). Similarly definitions and conclusions can be taken
for the set of L -classes and the set of J -classes of S. Let ≤L and ≤J

denote the natural partial orders on the sets of L -classes and J -classes of
S, respectively.

A well known fact is that D=R ∨ L is always contained in J , but there
are cases where this inclusion is strict. However, for the bifree locally inverse
semigroup, that is not the case. We have J=D in BFLI(X). The following
result characterizes the relations ≤R , ≤L and ≤J on A(X).

Proposition 5.11. Let γ, β ∈ A(X).

(i) Rγ ≤R Rβ if and only if β 4l γ.
(ii) Lγ ≤L Lβ if and only if β 4r γ.
(iii) Jγ ≤J Jβ if and only if β 4b γ.

Proof. Once again we just have to prove (i) since (ii) is its dual and (iii)
follows from both (i) and (ii). As observed above, Rγ ≤R Rβ if and only
if there are idempotents δ ∈ Rγ and α ∈ Rβ such that δ ≤ α; and by
Propositions 5.5 and 5.10, if and only if

β ≈l α 4b δ ≈l γ ,

that is, β 4l γ. �

6. The bifree completely simple semigroup on a set X

Let γ ∈ A(X). Set γcs to be the smallest rbb-bi-subtree of γ. Thus γcs is
constituted by the simple path in γ from lbγ to rbγ . Thus γcs ∈ A(X) and γcs
is a chain (a straight path from one endpoint to the other endpoint) with
the left root in one of its endpoints and the right root in the other endpoint.
Let ρ be the smallest completely simple congruence on A(X) and let θ be
the equivalence relation on A(X) defined by

γθβ ⇔ γcs = βcs ,

for γ, β ∈ A(X).

Proposition 6.1. In A(X) we have ρ = θ.

Proof. Let γ, β ∈ A(X). By Proposition 4.5 and Corollary 2.3, γρβ if and
only if w

c(γ) = w
c(β), and so if and only if w

c(γcs) = w
c(βcs) because

w
c(γ) = w

c(γcs) and w
c(β) = w

c(βcs). Thus θ ⊆ ρ.
Assume now that γρβ and let γ1 be the rbb-tree left-isomorphic to γcs

with rγ1 the right vertex of lbγ with opposite pole to lγcs = lγ1 . Set β1 as the
rbb-tree obtained from γ1 ⊙ βcs after collapsing together by block-folding
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the blocks lbγ1 and lbβcs

of γ1 ⊙ βcs. Observe that there are two admissible

paths p and p1 in β̂1 with w(p) = w(p1) = w
c(γ), namely the admissible

paths that end at the vertices rγcs and rβcs
of β̂1. Hence, the two blocks rbγcs

and rbβcs

of β1 must be collapsed together in β1 by Lemma 4.1. Since they
are the other endpoints of the chains γcs and βcs, these two chains must be
collapsed together and γcs = βcs = β1 as wanted. �

Set Acs(X) = {γcs : γ ∈ A(X)}. Clearly Acs(X) is the set of all reduced
rbb-trees that are chains with the left block and the right block on its op-
posite endpoints, and each θ-class of A(X) has a unique representative in
Acs(X). The previous result tell us also that θ is a congruence on A(X).
Thus

(γcs · βcs)cs = (γ · β)cs and (γcs ∧ βcs)cs = (γ ∧ β)cs
for any γ, β ∈ A(X). Consider the following two operation ·cs and ∧cs on
Acs(X): for γ, β ∈ Acs(X), set

γ ·cs β = (γ · β)cs and γ ∧cs β = (γ ∧ β)cs .

Since θ is a congruence on A(X), the mapping

A(X) → Acs(X) , γ → γcs

is a homomorphism from (A(X),∧, ·) onto (Acs(X), ·cs,∧cs) whose kernel is
θ. The following result is now an obvious consequence of Proposition 6.1.

Proposition 6.2. The algebra (Acs(X), ·cs,∧cs) is a model for the bifree
completely simple semigroup on the set X.

These two last results show us how similar is the theory developed here
for the bifree locally inverse semigroup to the Munn’s theory for the free
inverse monoid. In the Munn trees, the ‘chain’ (straight path) connecting
the two distinguished vertices give us a ‘group word’ and this ‘group word’
determines the least group congruence on the free inverse monoid. Here, the
‘chain’ connecting the two distinguished blocks give us a ‘completely simple
word’ (the word from the left root to the right root) and this ‘completely
simple word’ determines the least completely simple congruence on the bifree
locally inverse semigroup. Further, in both cases, we can naturally modify
the usual product to a product of ‘chains’ in such a way that, in the Munn
tree case, we obtain a model for the free group, and in our case we obtain a
model for the bifree completely simple semigroup.

We end this section with the description of the idempotents and the
Green’s relations R, L and H on Acs(X). We omit its proof since the
statements follow easily from the results on A(X) and from the fact that
Acs(X) is a completely simple semigroup.

Proposition 6.3. Let γ and β be two elements of the completely simple
semigroup Acs(X).

(i) γ R β if and only if l(lγ) = l(lβ) .
(ii) γ L β if and only if l(rγ) = l(rβ) .
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(iii) γ H β if and only if l(lγ) = l(lβ) and l(rγ) = l(rβ) .
(iv) γ is an idempotent if and only if either γ has only one block and

roots of opposite pole, or γ has only two blocks and one edge, the
edge {lγ , rγ} .

7. Some remarks on block-graphs

We want to end this paper with some remarks on the concept of block-
graph. In [14] and [3] we have described models for the free idempotent
generated locally inverse semigroup and for the free pseudosemilattice, re-
spectively, using graphs. Looking back to those models, one can see that
they resemble block-graphs. In fact, if we consider the blocks as consti-
tuted by only one left vertex and one right vertex connected by an edge,
all labeled by a letter x ∈ X (the block and its vertices), that is, with the
structure

x x
• • , then the theory developed in the present paper and the

theory developed in those two papers are very much alike.
The author is also aware of other similar ‘block-graphs’ that can be used

to describe bifree objects in other e-varieties of locally inverse semigroups.
This fact and the observation made in the previous paragraph justify the
introduction of a broader concept of ‘block-graph’. This will be done in
[15]. In the sequel of the present paper, we shall write some other papers
describing bifree objects in other e-varieties of locally inverse semigroups
using this broader notion of ‘block-graph’.

A broader concept of ‘block-graph’ may be useful on its own. If we want
to work with graphs that have a particular local structure around each
vertex and we need to distinguish what happens locally from what happens
globally, the notion of ‘block-graph’ may be the right tool. A ‘block-graph’
may be seen as the quotient of our original graph by its ‘local structure’ and
used to describe our original graph global structure. The blocks are then
used to describe the local structures around the vertices.

There are, however, two important classes of e-varieties of regular semi-
groups that have bifree objects [20]: the e-varieties of locally inverse semi-
groups and the e-varieties of regular E-solid semigroups. The intersection
of these two e-varieties is the e-variety of all E-solid locally inverse semi-
groups. At the time that this paper is being written, the authors is aware of
a description of the elements of the bifree E-solid locally inverse semigroup
as ‘block-graphs’ (this will be the content of a future paper). However, the
author is unaware of if it is possible to use a notion of ‘block-graph’ to de-
scribe the elements of the bifree regular E-solid semigroup. If it exists, the
solution for the E-solid locally inverse case may give some insight on the
possible solution for the regular E-solid case.

The model developed here for the bifree locally inverse semigroup and
Munn’s model for the free inverse monoid are very similar. However, the
trees considered in these two cases are very much different. In the Munn
trees, the edges are oriented and have labels. In our case, the edges are
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neither oriented nor labeled; but instead the vertices are labeled and have a
complex structure. In [15] we shall use ‘block-graphs’ to construct a model
for the bifree generalized inverse semigroup. That construction is the adap-
tation for the bifree generalized inverse semigroup of the construction pre-
sented here. From that first model we will then derive another model using
graphs also. The passage from the first model to the second model will
seem natural. However, we will recognize immediately the Munn trees in
that second model. Thus, the two models of the bifree generalized inverse
semigroup presented in [15] will give us some insight on the evolution pro-
cess from the Munn trees (free inverse semigroup) to our block-graphs (bifree
locally inverse semigroup).
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