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Abstract

Orthogonal polynomials satisfy a recurrence relation of order two, where appear
two coefficients. If we modify one of these coefficients at a certain order, we obtain a
perturbed orthogonal sequence. In this work we consider in this way some perturbed
of Chebyshev polynomials of second kind and we deal with the problem of finding
the connection coefficients that allow to write the perturbed sequence in terms of
the original one and in terms of the canonical basis. From the connection relations
obtained and from two other relations, we deduce some results about zeros and
interception points of these perturbed polynomials. All the work is valid for arbitrary
order of perturbation.
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1 Introduction

Perturbed orthogonal polynomials are obtained by modifying, in a certain way, a finite
number of elements of the two sequences of coefficients presented in the linear recurrence
relation of order two satisfied by these polynomials. In this work, we focus our attention
on elementary modifications of only one of these two coefficients at a unique specified
order 7, the so-called, in literature, generalized co-recursive or co-dilated polynomials.
During the last decades, this subject have interested several authors. We would like to
cite, with respect to the co-recursive case (r = 0), the references [9, 10, 25 29] [52] [55];
concerning the co-dilated situation, we consider [I7, 41]; for the co-modified sequences
refer to [14], (15, 51]; for the generalized co-polynomials see [0, [I8, 32]. Also, we call
the attention to the general articles [47, [59]. We notice that perturbed orthogonal
polynomials have some applications, which motivate further their study [17, 26, 27} 29]
32, 55]. This type of perturbation is a transformation that can promote a significative
change of properties of the original sequence, but the second degree character is preserved
by it [35, B8]. The PSDF algorithm (see [12]) allows to explicit some semi-classical
properties of perturbed second degree forms leading, in special, to the second order linear
differential equation. It is well known that the four Chebyshev sequences [21), 22] [46] are
the most important cases of second degree forms [39]. In particular, for the purposes of
perturbation, the family of second kind is the most simple among them, because it is
self-associated [40], therefore it is often taken as study case in the mentioned literature.
There are some specific works about perturbed Chebyshev families, namely [41] about
the co-dilated case of the second kind form, and [39) 53] concerning all the four forms.
Also, in [I3], we present some semi-classical properties obtained with PSDF [12] for the
second kind sequence corresponding to the complete perturbation of order 1 and the
perturbation of 2 by dilatation, generalizing most known results. In [12], we give similar
properties for the co-recursive and co-dilated sequences of order 3.

In the present work, we focus our attention on connection coefficients and some
consequences related to zeros and interception points valid for any order r of perturbation
of the second kind Chebyshev sequence.



About connection coefficients for orthogonal polynomials the reader can find an ex-
tensive bibliography in [57]. In fact, the literature on this subject is vast and a wide
variety of methods have been developed using several techniques. Here, we refer mainly
to the following references [T}, 2], 3] 8, 11, 24} B0, 31, 49, 50, 56]. Zeros of orthogonal poly-
nomials is another widely discussed subject due to its applications in several problems of
applied sciences [54] and their crucial role in quadrature formulas [22]. In particular, sev-
eral authors have dedicated attention to the relationship between the zeros of perturbed
polynomials and the zeros of the original sequences finding results about interlacing and
monotonicity behaviors and distribution functions for co-recursive and co-dilated cases,
see [9], 25, 28] [32] 52 54, 55], and more recently [6] [7, [17].

Let us summarize the contents of this article. In Section 2, we present the theoret-
ical background concerning orthogonal polynomials [10] 35], perturbation [10, 32, B35],
connection coefficients [42], 43] and properties of the four families of Chebyshev polyno-
mials [46]. It is natural to consider the first, third and four kinds Chebyshev families as
perturbed of the sequence of second kind [I3]. From this point on, we shall deal only
with the second kind Chebyshev family and its elementary perturbations of order r by
translation and by dilatation [12]. The contribution of this article is focused on finding
explicit results about connection coefficients and some of their consequences valid for
any order of perturbation. We think that this point is important, because thus one can
choose the parameter of perturbation and its order in such a way a prescribed behavior
occurs, for example, the positiveness of connection coeflicients or the location of certain
zeros or interception points. Section 3 is dedicated to the connection coefficients that
allow to write the perturbed family in terms of the original one (Section 3.1) and in
terms of the canonical basis (Section 3.2). We started this study from some tables of the
first connection coefficients, for fixed values of the order r of perturbation, recursively
computed by the symbolic software CCOP - Connection Coefficients for Orthogonal
Polynomials [43], [44] 45]E| We realize that the connection coefficients are constant by
diagonal and have very simple expressions, therefore it was easy to infer closed formulas
valid for any r. Demonstrations of these formulas will be done by induction. From the
connection relations deduced in Section 3.1 and from the connection coefficients of the
second kind Chebyshev family in terms of the canonical basis, we deduce in Section
3.2, the connection coefficients of perturbed polynomials in terms of the canonical ba-
sis. Section 4 concerns some results about zeros and interception points of perturbed
polynomials. We begin by presenting the Hadamard—Gershgorin location of zeros. We
determine the values of the parameters of perturbation for which there are zeros out-
side the interval [—1,1]. After that, results are deduced from the connection relations
previously obtained and from two other relations. We point out the fact that the be-
havior of perturbed polynomials at the origin are related to the parity of r. Depending
on the values of the parameters of perturbation, the smallest and the greatest zeros
of perturbed polynomials have a special location with respect to the extremal zeros of
Chebyshev polynomials of the same degree. Perturbed polynomials with fixed degree

! CCOP s written in the Mathematica® language and is available in the library NUMERALGO of NETLIB
(http://www.netlib.org/numeralgo/) as na34 package.
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and different values of parameters intercept each other at the zeros of two other Cheby-
shev polynomials with prescribed degrees: these points are stable, they do not depend
on perturbation. Interceptions points can be simple or double depending on the degrees
of polynomials and their relationship with r. We distinguish the interceptions points
that are common zeros. In the last section, we present some graphical representations in
order to illustrate results given herein about zeros and interception points. In fact, these
graphs were the source of inspiration to the development of this study. The reasonings
and arguments employed in the proofs are similar for the translation and the dilatation
cases, but the dilatation one is more simple, because perturbed sequences are symmetric.
We remark that zeros of perturbed Chebyshev polynomials satisfy some interlacing and
monotonicity properties, not studied here, that can be the subject for a forthcoming
article.

2 Theoretical background

2.1 Connection coefficients for perturbed orthogonal polynomials

Let P be the vector space of polynomials with coefficients in C and let P’ be its topo-
logical dual space. We denote by (u,p) the effect of u € P’ on p € P. In particular,
(u,2™) == (u), ,n > 0, represent the moments of u. A form w is normalized if its first
moment is unit, e.g., (u)o = 1. Let {P,}n>0 be a monic polynomial sequence (MPS)
with deg P, = n, n > 0, e.g., P,(x) = 2™ + .... Then there exists a unique sequence
{un}n>0, un € P’, called the dual sequence of {P,}n>0, such that < wup, Py, >= dpm,
n,m > 0. The form wug is called the canonical form of {P,}n>0, it is normalized, e.g.,
(UO)O = 1.

A form wu is said regular [36, B7] if and only if there exists a polynomial sequence
{P,}n>0, such that:

(uy,Po,Pyp) = 0, n#m,nm>0, (1)
<u,P3>:kn # 0,n>0. (2)

Consequently deg P, = n, n > 0, and any P, can be taken monic, then {P,},>0 is
called a monic orthogonal polynomial sequence (MOPS) with respect to u. Necessarily
u = (u)ouo, (u)o # 0. If we take u normalized, then u = ug. In this work, we will always
consider MOPS and normalized forms. The identities are called the orthogonality
conditions and are the regularity conditions.

The sequence { P, },>0 is regularly orthogonal with respect to u if and only if [36], [37]
there are two sequences of coefficients {5, }n>0 and {Vn+1}n>0, with v,41 # 0, n > 0,
such that, { P, },,>0 satisfies the following initial conditions and linear recurrence relation
of order 2

PQ(SZZ) = 1, Pl(x) =T — ,8(), (3)
Pryo() = (@ = Bpt1) Pog () = 1 Pu(z), n =2 (4)
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Furthermore, the recurrence coefficients {5, }n>0 and {Vn+1}n>0 satisfy:

2
Bn = W: n > 0,

kn
In+1l = k—Ha n > 0. (5)

n

We remark that, from and , the regularity conditions are equivalent to the
conditions v,+1 # 0, n > 0. As usual, we suppose that, 8, = 0, 7,41 = 0 and P,(z) = 0,
for alln < 0.

The MOPS {P,},>0 is real if and only if 5, € R and 7,41 € R — {0}. These
conditions are equivalent to (u), € R, n > 0 and u is real. If, in addition, we suppose
that v,4+1 > 0, n > 0, then u is positive definite, because this condition is equivalent to
<u,p>>0,VpeP: pZ£0, p(x) >0, z € R [10, 35].

A form w is symmetric if and only if (u)2n,+1 = 0, n > 0. A polynomial sequence,
{P,}n>0, is symmetric if and only if P,(—z) = (—=1)"P,(x), n > 0. If {P,}n>0 is a
MOPS with respect to u, then these conditions are equivalent to 3, = 0, n > 0 [10, 35].

The rth-associated sequence of a MOPS { Py, } >0 satisfying — isa MOPS {Pér)}nzo
whose recurrence coefficients are given by [10} [35]

B =B v A = Api1r » n, >0, (6)

Let us consider two perturbed sequences of a MOPS {P,},>¢ satisfying —, ob-
tained by modifying only one of its recurrence coefficients at order r. We shall modify
By by translation and -, by dilatation by means of two parameters u, and A.. Thus, the
rth-perturbed sequence by translation, for r > 0, noted by {P!(ur;7)(x) }n>0, is a MOPS
with the following recurrence coefficients

ﬁf~=5r+ﬂr,ﬁf,§=ﬁnyn7ér7n20 ) '7113,+1:’Yn+17n20~ (7)

When r = 0, we recover the so-called co-recursive sequence [9, [10], for which only the
initial polynomial P;(z) is perturbed becoming P} (uo;0)(x) = x — By — po- The rth-
perturbed sequence by dilatation, for v > 1, noted by {PZ(\y;7)(z) }n>0, is a MOPS with
the following recurrence coefficients

/Bgzﬁnanzo ’ 77(*1:)\7”’}/7‘7)\T‘#Oal)fyg+1:’yn+l7n7ér_1unZO (8)

We note by @ := u (u,;7) and @ := u? (\;7), the forms with respect to which these
families are orthogonal. In literature, these sequences are often designated as rth-
generalized co-recursive and rth-generalized co-dilated polynomials and both situations
as rth-generalized co-polynomials [32]. Also, they are particular cases of a general per-
turbation of order r defined in [35]. Perturbation by translation destroys the symmetry,
but does not change the positive definiteness character of the original sequence. Pertur-
bation by dilatation does not change the symmetry; moreover if A, > 0, it preserves also
the positive definiteness character.



The canonical sequence {X,}n>0, Xn(x) = 2", is orthogonal with respect to the
Dirac measure dg, (o, f) = f(0), defined by the moments (dy),, = do,n, 7 > 0. This
sequence is not regularly orthogonal, since it satisfies — with recurrence coefficients

671:07771—&-1:07”20' (9)

Given any two MPS {P,},>0 and {]Sn}nz(), not necessarily orthogonal, the coeffi-
cients that satisfy the connection relation (CR)

E:MWP ), n>0, (10)

are called the connection coefficients (CC) Ay = )\fﬁb := Aym(P < P). Tt is obvious
that these coefficients exist and are unique, because the polynomial sequences are linearly
independent. In the case P, (z) = X,,(x) = 2™, m > 0, we have

Z )\PX m’ (11)

with )\i)n‘; := Aum(P + X). We shall consider also the Vidte’s formulas [58] that

)\PX

establish a relationship between and the zeros {§m bm=1(1)n Of P,, in particular

n

m=1

Let us suppose that the MPS {P, },>0 is orthogonal with respect to u, then multi-
plying both members of by Py(z), applying u and taking into account and ,
we obtain [42], p.295]

@PP>
L 0<m<n,n>0. (13)

)\IBP
ko,

In addition, let us suppose that the MPS {15 }n>0 is orthogonal with respect to @, and
that {P tn>0 and {P tn>0 are given by thelr recurrence coefficients {5y, }n>0, {Vn+1}n>0

and {5n}n>0, {An+1}n>0, respectively. In usmg and . for both sequences, it is
possible to demonstrate that the CC fulfill the followmg boundary and initial conditions

and general recurrence relation [42], pp.295-296] (see, also, [43])
AizzO,n<Oorm<00rm>n'APP 1, n>0; )\10—50—50,(14)

)‘5,51 = (Bm Bn 1) n— 1m Tn— 1)‘71 2m+’7m+1)‘n 1m+1+)‘n 1,m—1 > (15)
0<m<n—-1,n>2.
If {P,}n>0 and {]5”}”20 are symmetric, then from and the symmetry of u, we

have
A2n 12m: )‘2n2m+1 070Sm§n_1an21-



Moreover, as 3, =0 = Bn, n > 0, the relation 1) is equivalent to

PP _ PP PP ~ PP
)‘2n,2m = ’Y2m+1)\2n—1,2m+1 + )‘Qn—l,Zm—l - ’72n71)‘2n—2,2m )
PP _ PP PP ~ PP
>‘2n+1,2m+1 - 72m+2)‘2n,2m+2 + )‘2n,2m - ’Y?nAanl,Qerl )

for0 <m <n-—1, n> 1. Furthermore, in the case P, = X,,, due to @, these relations
become

PX _ \PXx ~ PX
/\2n,2m = )‘2n71,2m71 - 72n—1)‘2n72,2m )
PX _ \PX ~ yPX
)‘2n+1,2m+1 A2n,2m - 72n)\2n—1,2m+1 ]

2.2 The four families of Chebyshev polynomials

There are four sequences of Chebyshev polynomials, they are called Chebyshev polyno-
mials of first (7)), second (P,), third (V,,) and fourth (W,,) kinds. W. Gaustchi [21]
named these last two sequences in this way, before they had been designated as airfoil
polynomials (see, e.g., [19]). Their trigonometric definitions are

1 1 sin(n + 1)t

Tn<x) = FCOsnt N Pn(flf) = ?T

1 cos(n + 1)t 1 sin(n + 1)t

Vo(z) = ————=22 | Wy(z) = ———72"
n(®) 2" cos %t nl 2" gin %t

where z = cost, t € [0,7], n > 0. Notice that, as in this work we always consider
monic polynomials, thus some normalization constants must appear in the preceding
definitions. From them, it is trivial to obtain explicit formulas for the zeros [46, pp.20-
21]

1
T, : plg") = cos ((k_ﬁ)w) , k=11)n; Py : {,(Cn) = Cos (nTl) , k=1(1)n, (16)

1
Vi p,(cn) = cos ((knjf%)ﬂ) , k=11)n; W, : p,(cn) = cos (nkjl> , k=1(1)n.(17)
2

Using some trigonometric identities, it can be shown that these families satisfy —
with the following recurrence coefficients [46]

—_
—_

T, Bn=0,n2>0 ) M= 5, Tl = ,nm>1,

P, ., =0,n>0 , ’Yn+1:%,n21, (18)
Vai fo=%.Ba=0m21 ., qua=g.n20,

Wit Bo=—3,Ba=0,n>1 |, %+1=%,n20



Therefore, {T),}n>0 and {P,},>0 are symmetric, {V,}n>0 and {W,},>0 are not; they
are all positive definite. As {P,},>0 has the most simple recurrence coefficients, then
it is natural to consider {7} }n>0, {Va}tn>0 and {W,}n>0 as perturbed of {P,},>0 as
follows [13]

(o) = P @), Vi) = P2 (5:0) @) Walo) = P2 (=5:0) @) (19)

With respect to the association, we have that T,gl) = Vn(l) = W,gl) = P,; moreover
Py) = P,, Vr >0, e.g., P, is a self-associated sequence [40].

The following CR that allow to express {7}, }n>0, {Vi}n>0 and {W,,},>0 in terms of
{P,}n>0 are well known [46, pp.4,8]

1

Thy2(x) = Poya(w) — an(x) , >0, (20)
Var1(@) = Paa(2) = 3 Palz) , n 20, (21)
Wit (2) = Posa(2) + %Pn(m) >0, (22)

One goal of this article is to generalize these CR putting in the first member of them
any perturbed polynomial P! (u,;r)(x) and P¢(\;7)(z) of the sequence of second kind.
The CC Cpm = Ay, and the CR of {P,}n>0 in the canonical basis are [48, p.223]

P2n(m) = Z CQn,QVxQV s (23)
v=0
- /n+v
CZn,ZV = (22(210 (n . V)a V= 0(1)’117 CZn,2u+1 = 07 Vv = 0(1)n -1 ; (24)
Popii(z) = Z Cont120+1227 T, (25)
v=0
-H)"Y /(m+v+1
Cont1,2041 = (22(71)”( n >, v=0()n, Cont1,2, =0, v=0(1)n .(26)

Another goal of this article is to generalize these well known CC and CR putting in
the first member of them any perturbed polynomial P! (y,;7)(z) and PZ(\.;7)(z) of the
sequence of second kind. From the above identities, we obtain, in particular, that

1"
Cnmn-1=0, Coppo= (22”) , Cong10=0,n>0, (27)
which implies, by , that

Y=o, (28)
k=1
2n (—l)n 2n+1
[T = 5o = Pu@#0. [] &7 = 0= Pounn(0)=0. (29)
k=1 k=1



We remark that Coy, 2,41 =0, v =0(1)n — 1, Copy1,20 = 0 and Poy11(0) =0, n > 0 are
assured by symmetry.

The four kinds of Chebyshev polynomials [21) 46] belong to the Jacobi class of clas-
sical polynomials {P}f"ﬁ) () }n>0 36, 37] orthogonal with respect to the form J(«, 3).
A Jacobi form is regular if and only if « # —n, f # —n, a+ # —(n+ 1), n > 1; it is
symmetric for a = [3; it is positive definite if and only if «+1 > 0 and S+ 1 > 0 and has
the following integral representation for Re(1 + «) > 0 and Re(1 + ) > 0 [10} 36, 37]

<J(a,B), f> (1+2)%(1 —2)°f(2)da .

1 I(a+6+2) /1
T e+ DG+ 1) )y
Let us note the Chebyshev normalized forms by 71 (o = 8 = —%), U (a=p3= %), T3
(a = %, 8= —%) and Ty (a = —%, 8= %) ; their integral representations are given by
[46]

_ 1 +1 f(x) B 2 1
<7d1,f>—; . ﬁdl‘ y <U,f>—7r/_1f(m)\/1:1:2dx, (30)

1
<75,,f>:1/ Fan <774,f>:1/1f(x) Lt 1)

m™J_1 1—=x m™J_1 1+$

Chebyshev forms are of second degree [4]. Perturbed Chebyshev polynomials are
also of second degree and consequently they are semi-classical [38] B9]; the PSDF -
Perturbed Second Degree Forms symbolic algorithm [12] allowed to explicit some of their
main properties, namely the second order linear differential equation [I3], [12]. Integral
representations of perturbed Chebyshev forms are given in the co-recursive case in [9]
and in the co-dilated situation of order 1 in [4I]. To the best of my knowledge, these
integral representations remain an open problem for orders of perturbation greater than
or equal to two.

From now on, {P,},>0 will note the sequence of monic Chebyshev polynomials of
second kind.

3 Connection coefficients and connection relations in terms
of the Chebyshev polynomials of second kind

In this section, we shall give the CC and the CR that allow to express { P! (1,;7)(x) }n>0
and {P4(r;7)(x) >0 in terms of { P, }n>0, for any order 7 of perturbation. That is, we
shall deal with

Ay = AP = X (P () <= P) and AL = APE = A, (PA(As7) = P)

We begin by two lemmas, where we rewrite the general recurrence relation —
in the two particular cases considered, replacing {8y }n>0, {¥n+1}n>0 and {B,}n>0,



{An+1}n>0 by their particular values obtained from , and and given by

1
5;:-:#@7512:07“7&74;7:1+1:Z7n207r2070r (32)
1 1
B,‘f:();fyf:)\,i,7g+1:1,n7ér—1,n20,r>0. (33)
Lemma 3.1 For the co-recursive case (r = 0),
An=1,1n>0; N g=—po; (34)
1
Nom = 1 (—M2im + M tmi1) F A1, 0Sm<n, n>2. (35
For the rth-perturbed by translation case (r > 1),
)\fmzl, n>0; )\570:0; (36)
1
Aitm = —Ha N + 1 (=X g+ M) F AL, 0SS m<r+1; (37)
t 1 t t t
)‘n,m = Z (7)‘n—2,m + )‘n—l,m—i—l) + )‘n—l,m—lv 0 S m < n,n 7& r+ 1’77’ 2 2. (38)

Figure 1: Representation of recurrence relations and for the rth-perturbed by
translation case for r > 1.

m—1 t m+1 m-1 t m+1
I )vr_l m 5 n—Z,m
r— n—
t t t t
/l”’m_l l”mﬂ 2’n—l,m—l A‘n—l Jm+l
r+1 n
t 1
)’r+1,m )‘n,m

Lemma 3.2 For the rth-perturbed by dilatation case (r > 1),
ML=1,n>0;M,=0; (39)

1
)‘g—l—l,m = Z (_)‘T)‘g—l,m + )‘g,m—i—l) + )‘g,m—l ) 0 <m<r+ 1 ; (40)

1
)‘;iz,m = 1 <_)‘;i7,—2,m + )‘friz—l,m—i—l) + Ai—l,m—la 0 <m< n,n 7é T+ 17” > 2(41)
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Figure 2: Representation of recurrence relations and for the rth-perturbed by
dilatation case for r > 1.

mjl d m+1 m—1 d m+1

A,d Ad )Ud ld

rom+l n—1,m+1

r+1 i n

Al Al

r+l,m n,m

The software CCOP - Connection Coefficients for Orthogonal Polynomials [44) [45]
(see, also, [42]) written in the Mathematica® language, includes an implementation of
the recurrence relations - that allows the symbolic recursive computation of the
first CC from the recurrence coefficients of the two polynomial sequences involved. In
the cases under study, CCOP produced the results given in Tables[I]and 2 for the pertur-
bation of order » = 3. From these results and others, we discover that CC are constant
by downward diagonal with very simple expressions and it was easy to infer the closed
formulas corresponding to an arbitrary order r of perturbation and any nonnegative
integers n and m. It was by this procedure that we formulate Theorems [3.3] and [3.4]
and Propositions and presented next. Tables [3] and [] generalize Table [I] for any
odd or even orders (r > 0) in the translation case; Tables [5| and |§| generalize Table |2| for
any odd or even orders (r > 1) in the dilatation case. In fact, there are slight differences
depending on the parity of r.
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Table 1: CC for the 3rd-perturbed by translation case with parameter us.

m |0 1 2 3 4 ) 6 7 8 9 10 11

n

0 |1

1 10 1

2 10 0 1

3 10 0 0 1

A0 0 0 |t

) 0 0 —Nf 0 — U3 1

6 0 -k oo _mlo 1

L Ous 6 0u3 5 Oua s 1

g 8 0 o4 (i@ 0 1 0_@ 0 4 0_@ 0'u3 ]; 1

100 0 064 —k3 016 —£3 ! —&s OM3 —usg 1

1110 0 0 064 —@016 —ﬂO4 — L8 0’“‘3_ 1
64 16 4 K3

Table 2: CC for the 3rd-perturbed by dilatation case with parameter As.

m 1 2 3 4 5 6 7 8 9
n

0 |1

10 1

2 |0 0 1

310 0 0 1

4 |0 0 a=2s) 1

5 10 12s) g 0=2) g 1

o |Ogm o aow o 0w

710 =) g 12s) | o I=2s) g 1

12




g
L]

(S\\l

i+
Lo

¢+ 1€

€+ 4T
¢+ 4T

&1'

[ +4g
4¢

— OO
S OO O
S OO O
SO0 O

o
o

o
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o Lo o] 49— o 0o - 0 0 0 0 0 0|g+dg
- 0 H— e 0| Hut— 0 " o 0 0|e+dz

| w— o 0 - 0 sl o 0 2 olgtuw

1ow— o g o| - 0 - 0 -1+

T 0 SH— 0 y— 0 =- 0|

T - 0 - 0 0 0| g+«

I 1l — 0 0 0 0| T+

I 0 0 0 0 g

I 0 0 0| 1—4

1 0 0 e

I 0 I

I 0

u
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T 0 o 0 =5 0 iy 0 0 0 0 0|1+
4 H‘T\sﬂ N+\Lw 4V I_IL
1 0 (*x—1) . 0 (*x—1) . wo (*x—1) (*x—1) , 0 0|¢ ¢
S T+ 4 4
! 0 o Ot O 0 0jT+%
4 T+, —u¥ 4V
I 0 = 0 ™D 1) 0 @1 e
I 0| = 0 0 0 0| g+
i4
T 0 g 0 0 0| T+
I 0 0 0 0 y
I 0 0 0| 1—4
I 0 0 4
I 0 I
T 0
u
I+ g C+ug THAT T+4T A Z+4 T+ T z I 0 w

0 < 4 I0] ‘T 4 ug = o4 10§ Y 1ojowrered yim osed uoyviwpp fig poqanized-yi. 9Y) 10§ D)) G O[qr],
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i e 0 55 0 0 @iy 0 0 0 0 0|1+
4 1+ 47 2+ 4V ¥ iy
1 0 &= (x—T1) . wo (x—T1) . wo ("—1) , 0 0]¢ ¢
T+, T+, 4
! 0 U e B U ) 0 0T+
.t T+, —u¥ 4
1 (x—T1) 0| ™—n 0 Tﬂ\lc 0 ™= e
I 0| = 0 0 0 0| g+
! 0 = 0 0 0 T+
T 0 0 0 0 4
T 0 0 0] T—«
T 0 0 4
T 0 T
T 0
u
T+ 4¢ C+d4g CT+4g T+4g 4G ¢ct4 T4 4 T —d 14 T 0 w

T < 30 ¢ ug = o4 10F Y 1ojetrered yirm osed uouvyvpp fiq paqanjiod-yjs 9y} 105 N 9 O[qR],
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Theorem 3.3 CC for the rth-perturbed by translation case (r > 0) written by diagonal

Diagonal 0: )‘;,n =1,n>0; (42)
Diagonal 2i —1: X, 51 =0,2i—1<n<r+i; (43)

Mun—2i+1 :—4% ,n2r4iyi=11)r+1; (44)
Diagonal 2i: A, 0, =0, n>2i, i=1(1)r; (45)
Diagonal m: )\fhn_m =0, n>m, m>2r+2. (46)

Proof. We shall do a demonstration by diagonal proving that the elements given by
these formulas are solutions of recurrence relations of Lemma [3.1l We remark that
involves five CC and four. We shall reason by induction: first we treat
the initial diagonals of orders 0, 1 and 2, after that, we deal with the diagonals
2i—1 and 2:¢ using as induction assumption the diagonals 2¢ —3 and 2i —2. In each
one, we begin by proving an initial element and thereafter we show that a generic
subsequent element coincides with the preceding one in the same diagonal.

Diagonal 0 : As both polynomials sequences are monic, is verified. Since
the perturbation occurs at order r of the recurrence coeflicients, it will only affect
polynomials of degrees greater than or equal to r + 1 (see ), in such a way that
P!(pr;7) = Py, n = 0(1)r, which is equivalent to

)\gvmzojogmgn_la)\Z’nzl,n:O(l)T, (47)

which correspond to the first  + 1 rows in all tables.

Diagonal 1 Diagonal 2
m=r,n=r+1 m=n—-1ln>r+2 m=r—1ln=r+1 m=n—-2n2r+2
r—1 r— 1 r n-3 1 n—1

r—l‘ r—l‘ ‘ n-2

0 1 0 1

r+l {n

0 0

0

r+l

—H,

Diagonal 1: Taking ¢ =1 in and , we get:

Afm—1: c1<n<ri N, 1 =—p ,n>r+1.
The first part is a consequence of . With respect to the second part, for
n = r + 1, we obtain )‘f“—f—l,r = —pu, that satisfy the recurrence 1’ for m = r as
follow

1 1
N1y = —#r)‘fxﬁ’z (At + A1) F A E = gy x1+7 (=0+0)+0,
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taking into account , and form=rand m=r—1. Forn > r+ 2, we use
the other recurrence for m =n — 1 and we get

1 1
)\fz,n—l =1 (_)‘Z—Q,n—l + )‘f’b—l,n)—i_)‘;—l,n—Q =1 (=0 + 0)+/\f~b—1,n—2 =...= Af“—i—l,r?
considering .

Diagonal 2: Supposing r > 1, taking i =1 in , we obtain >‘$wh2 =0, n>2
For n = 2(1)r, this is assured by (47). In order to prove it for n = r+ 1, we should
use the relation form=r—1

1 1
/\£’+1,r71 = _:ur)‘f",rfl—i_z (_)‘fﬂfl,rfl + )‘f",r)+>‘f“,r72 = 0= _HTX(H_Z (_1 + 1)+0 )

using forn =rand m=7r—2,r — 1, and . For n > r + 2, we use the
relation form=mn—2

1 1
t _ t t t _ t _
)‘n,n—2 - Z (_)‘n—Q,n—2 + )‘n—l,n—l) + >‘n—1,n—3 - Z (_1 + 1) + )‘n—l,n—S -
t _ ¢
)‘n—l,n—3 e T )‘T’—i-l,r—l )
considering (42]).
Diagonal 2i Diagonal 2i-1
n=r+1, 0<m<2r—n, m=r—i+l1, m=n-2i+l,n>2r+i+1
0<m<r-2 r+2<n<2r n=r+i
m—1 O m+1 m—1 0 m+1
1

rTi 0 r—3i+2

<

0 0 0 0

Diagonal 2i, i > 2: At this point, we can easily conclude that A\.yi,, = 0,
0 < m < r—2 by application of the relation , because all elements involved are
zero (from this point on, will not be needed anymore). The same situation
occurs for )\f%m =0,r4+2<n<2r,0<m < 2r—n using this time l) We have
just proved the finite triangle of zeros appearing after row of order r. Now, using
([38), it is trivial to realise that all diagonals of even order 2i (i > 2) are null, due
to the reason already invoked, therefore we have showed and a part of .

Diagonal 2i—1, 1 < i < r+1: The first part given by belongs to the triangle
of zeros. Let us work on the second part . We begin by proving the first

18
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nonzero element forn =r4+iand m=n—-—2t14+1=r —i+1, /\lﬁﬂﬂ,_i+1 = —J=1
We use the relation and we obtain

1
¢ _ ¢ t ¢
Artir—itl = 1 (_)‘r+2'72,r7i+1 + )‘r+i71,r7i+2) +Ntic1—i &

pr 1 Hr
=g (0-3) + 0
on accounting of , the finite triangle of zeros and , and by the induction
hypothesis for i — 1, e.g., the preceding odd diagonal of order 2i — 3. For the
rest of the diagonal, we write for m = n — 2i 4+ 1 and applying the induction
assumption, we get

‘ 1

t t t
An—2it1 = 1 (_)‘n72,n72i+1 + )‘nfl,n72i+2) + A2 =
L pr Hr t t t Hr
1 (41_2 - 4i_2) T Antn2i = Ancin-2i = o = Mgigpit1 = T
Diagonal 2r+3 Diagonal m
_ _ m=n-2r-3 m22r+4 n2m
m=0,n=2r+3 N
n—m-1 0 n—m+1

|n—2

0 0

n

TSR O B

Diagonal 2r + 3: We have to do a final effort to show that this diagonal is null
unlike the odd preceding one of order 2r + 1; after that, applying , it will be
trivial to realize that all odd diagonals of greater order are null and (46]) will be
entirely verified. Essentially this occurs because A5, ., | = 0 from In fact,
using for n = 2r + 3 and applying for ¢ = r + 1, two elements of the
diagonal 2r 4+ 1 appear and we obtain

1 Lpr
Nor43,0 = 1 (= Asri1,0 + Adpia1) + Aopio 1 = 1 (Z: - Z:) +0=0.

For the other elements of this diagonal 2r 4+ 3, from , for n > 2r + 4, follows

‘ 1

Ann—2r—3 = 1 (_A;—Q,n—Qr—3 + A;—l,n—2r—2) + )‘f’b—l,n—Qr—éL =
Lrpe  p
1 (Z: - Z:) F X204 = Ao tpe2r—d = - = Aoyry30 =0
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Theorem 3.4 CC for the rth-perturbed by dilatation case (r > 1) written by diagonal

Diagonal 0: )‘z,n =1,n>0;

Diagonal 2i — 1: )\Zm_ziﬂ =0,n>2i—1,i=1(1)r; (48)
Diagonal 2i: Afw,% =0,2i<n<r+i; (49)
(1—=X\) .

)\z,n72’i = 4i - y T >r+ 1, 1= 1(1)7’ ; (50)
Diagonal m: )\fw_m =0, n>m, m>2r+1. (51)

Proof. This proof is analogous to the demonstration of the preceding theorem, but this
case is more simple, because both sequences are symmetric and the two relations
of Lemma [3:2] involve the same four CC. In this case, it is trivial to realize that
all odd diagonals are null, because all CC involved in computations are zero; thus,
and for m odd are proved. We omit the details concerning the initial
triangle of zeros, which corresponds to a part of and to , because they
are trivial. With respect to even diagonals, we have to distinguish three situations
corresponding to diagonals of orders 2, 2i and 2r + 2. As before, we shall apply a
reasoning by induction.

Diagonal 2

m=r—ln=r+1 m=n-2n>r+1

p—

Diagonal 2: Taking i =1 in , we get \? = (1%""), n > r—+1. Let us prove

nn—2

the first element for n = r + 1 and m = r — 1 by the relation

(1 — >\r)

1
= (A x LD 0,

1
d d d d
)‘r+1,r—1 = Z <_>‘r)‘r—1,7"—1 + )‘r,r> + )‘T,r—2 s

on accounting of and already proved. For the other elements, we apply
the relation for m =n — 2 and using , we get

1 1
)‘i,n72 =1 <—)\z72,n72 + )‘Zfl,nfl) + )‘zfl,nfS =1 (-1+1)+ )‘zfl,nf:% =
(1-M\)
)‘g—l,n—S == )\f+1,r—1 = TT :
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Diagonal 2i — first nonzero element

Diagonal 2i
8 1-2

m=r—i m=n—2i r n-2

n=r+i n>r+i
i-1

1<i<r r—i- 1 0 r—i+l 1<i<r 4

1- /l

n- 21 n— 21+l

Diagonal 2i, 1 < i < r: We begin by proving the first nonzero element: taking
n=r-+1in , we get /\THT = (125‘”. Using forn=r+iand m =r—1,
we obtain
1
)‘;l—i-zr i = 4 ( )‘r—l—z 2,r—i + )‘;l—i-i—l,r—i—o—l) + )‘;l—i-i—l,r—i—l g
(1-X) _ Lfp, (0=A)

taking into account the triangle of zeros and the hypothesis of induction for ¢ — 1.
For the rest of the diagonal (n > r+1), we write for m = n — 2i and we apply
the induction assumption two times getting

1
/\nn 2% T ( AL 2n—2i T )‘Zfl,nfm#l) + )‘:llfl,nfﬂfl =
1 (I=X) (1=X\)
4<_ 4i—1r + 42 +)‘n 1,n—2i— 1=
(I—=X)
)‘(riL—l,n—Zz—l = = )‘g—l—i,r—l TT :
Diagonal 2r+2 — first element Diagonal 2r+2
m=0,n=2r+2 m=n—-2r-2
n>2r+2
1- 2 1-2,
4r
=2
. -2
N\ 4
n—2r—§3 0 ni—2r—l

Diagonal 27 + 2: As before, we begin by proving the first element. We write
for n = 2r 4+ 2 and m = 0, obtaining

1 I=X) (1=M\
)\2r+20 = (_)\gr,O + )\gr+1,1> + )‘(Qir—t—l,—l =1 <—( 1 ) t >) +0=0,
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from fori=r,n=2r and n = 2r + 1; and . For the other elements, we
write form=n—2r —2 and n > 2r + 2, and we use for ¢ = r getting

A =

n,n—2r—2

1

d d d _
Z <_)‘n—2,n—2r—2 + )‘n—l,n—2r—1> + )‘n—l,n—Qr—3 -

1 (1 - )\7") (1 — )‘r)
Z <_ 4r + 4r + )‘:llfl,n72r73 =

d _ _\d _
)‘n—l,n—QT—?) — >‘27"+2,0 =0.

After this, it is evident that all even diagonals of greater order are null, because
all CC involved in computations are zero; thus we have proved the remainder part

of.

Proposition 3.5 CR and

In order to obtain the CR , we have to consider in the preceding tables CC A, ,,, by
row, e.g., with n fixed and m = 0(1)n. Doing this, we easily obtain next two propositions.
In both cases, we remark that there is one set of r + 1 trivial initial CR ( and )
and another set of initial CR ((53) and ) corresponding to the above mentioned
triangle of zeros. Main CR (b4)) and give a perturbed polynomial in terms of r 4 2
and r+1 Chebyshev polynomials, respectively. From the degrees of polynomials involved
in these relations, considering n even or n odd, and taking into account the symmetry of
{P,}n>0, it is easy to realize a fact that we already know, that perturbed by dilatation
are symmetric, but the same is not true for perturbed by translation.

CC for the rth-perturbed by translation case (r > 0)

Pli(lir;r)@?) = Pk(x) ) k= 0(1)7’ ) (52)
Mg =13 MNyn=0,0<m<k—1.
k—r—1
. 1
Pl(pr;7) (@) = Pr(x) — i Y i De2in(@), k=r+1)2r, (53)
=0

)‘z,k:h )‘Z,k—2i—1:—ﬂr/4i , i=01)k—r—1;
MNogoio=0,i=00k—-r—1; X, =0,0<m<2r—k—1.

r
1
PTtL+2'I‘+1(Iu’T; r)(z) = Poyory1(x) — pir Z EPn+2(r—i) (), n>0, (54)
=0
Novoritmazrtt = L5 Niors 1oy = —#e/4", i =0(1)r ;

)\t

Proposition 3.6 CR and

n+2r+1,n+2(r—1)

,=0,4i=01)r—1; )\Z+2r+1’m:0, 0<m<n-1.

CC for the rth-perturbed by dilatation case (r > 1)

Pl(Ayir)(z) = Pyla) , k=0(1)r , (55)

Nk =15 Mn=0,0<m<k—1.
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k—r
1—\ 1
P(Arir)(z) = Pu(z) + 1 Z Fpkf%(x) y k=r+1(1)2r -1, (56)
=1
Agk =1; Agk_ml =0, i=11k—r;

Mpoi=0=A\)/4, i=10)k—r; M,,=0,0<m<2r—k—1.

1—A 1
P7?+2r(>‘r;r)(x) = Pn-‘r??“(x) + A Z Fpn+2(r7i) ($) ;n=0, (57)
i=1

d _ 1. d _ . .
)‘n+2r,n+2r =1 ’ )‘n+2r,n+2(r—i)+1 =0 )y U= (1)T7

X grmraey = (L= A)/4" i=11)r 5 Xy, =0, 0<m<n—1.

The following two corollaries give CR for perturbations by translation of first orders.
Corollary 3.7 CR for the co-recursive case
Py (103 0) = Py , Pryy (10;0) (2) = Poga(z) — poPal@) , n>0.  (58)
CR for the perturbed of order 1 by translation case
Fy(ui;1) =Py, Py (p1;1) = Pr s Py (1) () = Po(x) —mPi(z) 5 (59)

Pl o (u1;1) (2) = Pogs(z) — p1 Poya(z) — %Pn(x) ,n>0. (60)

CR for the perturbed of order 2 by translation case
By(um;1) =Py, Pl (p;1) =Py Py(p;1) = Po 5
Py (u131) () = Psy(a) = Po(x) , Pi(p1;1) (2) = Pa() — p Py(z) — %Pl(@ ;
Phis (11:1) (2) = Puss(@) = 1 Pa(e) = FoPoss(w) = 5 Pu() . n> 0.

Notice that corresponds to a well known relation [10, B35], furthermore, it gives as

particular cases and .

Corollary 3.8 CR for the perturbed of order 1 by dilatation case
Pl =R, Pl =P,
Py Oii1) (@) = Pasale) + 5 (1= A)Pa(a) , 0> 0. (61)
CR for the perturbed of order 2 by dilatation case
Pl(M;2) =Py, PE(\;2) =P, P{(\;2) = P»
P (00;2) (@) = Po(e) + (1~ M) Pile) | (62
Py (00:2) (@) = Pasa(e) +

Notice that admits as particular case .

(1= Ao)Poso(z) + — (1 — Xo)Po(z) , n > 0.(63)
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4 Connection coefficients and connection relations in terms
of the canonical basis

In this section, our goal is to explicit the CC for rth-perturbed by translation and by
dilatation of the Chebyshev polynomials of second kind in terms of the canonical basis:
d
NX = ALY = X (P (s ) <= X) and A = MDY = A (PYO ) = X)),

n,m n,m

Our starting point are the CR given by Propositions and and the CR and
the CC C,m = Cypm (P < X) stated by -. First, we need a lemma.

Lemma 4.1

Zaﬂsz_Zb Zau—i—Zb Zau,mznzo. (64)

pu=n v=0 v=n  p=v

Proof. The case n = 0 corresponds to a well known situation

ZaMZbl,_Zb Zau,m>0 (65)

For n > 1, adding and subtracting a same quantity, we can write

SO I SRS S SR

n=n v=0
b, — E a
p=0

Now, we apply two times to the last member of the preceding equality, and
then, in the first term obtained, we separate each of the two sums into two ones
considering that m > n, and we get the desired result

m m n—1 n—1
m :Zb,,ZaM—Zb,,Zau =
v=0 pu=v v=0 pu=v
n—1 n—1 m m m n—1 n—1
Zby{Zaﬂ—i—Za“} —1—261,2@#— ZbI,Za“ )
v=0 u=v u=n v=n pu=v v=0 p=v

|
—

n

AP —

M= 1} Mt
M= 1} M:

b, .

NE

Ay

0 v=0 0

v

I

4.1 Translation case

Theorem 4.2 CC )\fi(m = Am(P' < X) for the rth-perturbed by translation case
(r > 0) in terms of the canonical basis. For k = 0(1)r, it holds

Aoy, =Cry , v=0(1)k . (66)
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If k = 2K, then for k' ="+ 1(1)r, being r = 20" or r = 2r' + 1, it holds

Ay o, = Cowr 0, v =01k, (67)
K -1
Ao g1 = T k/ 0 Y A Coutrgvir  v=01)r -k, (68)
u=r—k’
K -1
N5 a1 = T k/ ) Z #Coypi12041 , v=r—kK + 1)K - 1. (69)

If k = 2K + 1, then for k' = ' ()r — 1, if r = 20'; or for ' =+ + 1(1)r — 1, if
r=2r"+1, it holds

/\ka’+1 ovi1 = Cowry12001 , v =0(1)K, (70)
k,/
fhr

)\%Hau T Z 4 Copop , v=01)r — k", (71)
pu=r—k’
k/

Ao p100 = — 4klz4 Copov » v=r—K +1(1)K . (72)
u=v

Forn >0, it holds

/\t)({n+¢~)+1,2u+1 = Cofnyr)+1,2041 » ¥V =0(1)n + 7, (73)
[ n+r
)‘t)((rt+r)+1 2w = _WJ:M Z A Coppy , v="0(1)n , (74)
pn=n
n+r
/\”({HJFT)Jrl g9y = —4(nir v=n+11)n+r. (75)
/\t)(il-i-r—&-l) 2w = 02(n+r+1),2u y V= 0(1)n +r+1, (76)
[ n—+r
T
At)(fw,,ﬂ) w41 — BICE) Z 4“02M+1,2u+1 , v=0(1)n, (77)
pu=n
[ n—+r
N1y 2ve1 = = Joutmy 2o V' Courrzwer s v=nt1(Untr . (78)
p=v

Proof. From , and immediately follow the initial conditions . For
deducing the remainder initial conditions —, we must consider two cases
corresponding to k = 2k’ (r = 2 and r = 27/ + 1) and to k = 2k’ + 1 (r = 2/
and r = 2r' +1). We are going to demonstrate the first case, the other is similar.
Taking k = 2k in (53)), we get

2k’ —r—1

1
Py (i) (@) = Po (@) = e D - Paw——1 k=7 +1(1)2r . (79)
=0
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If r = 27/, then 2k = 2r' +2(2)2r & kK =+ + 1(1)r. If r = 20" + 1, then
2k = 2r' +2(2)2r & k' = 1 + 1(1)r. In (79), we do the change of variable
p="k —i, i=0(1)2K —r —1 and we use (25); after that we apply Lemma [4.1]
thus the preceding sum becomes

k'—1 1 k-1 I
Z 4P > oy c g2t =
2,u+1 4(k’ 1) 2p+1,2v+1
,LL r—k’ u=r—k' v=0
r—k'—1 k-1 -1 k'—1
2v+1 2v+1
(k, 0 { g Z 4 Copi1 g1t + Z g 4 Copp1 g1t }
v=0 p=r—k v=r—k' p=v

Writing the first two polynomials of in the canonical basis by means of
and , we obtain

2k’ 2k’

> g ZC%' 21
v=0
rk’lk’l k-1 K1
w1 1
= 1{ E Z 41 Copi1 g1t + Z g 4FCoppi1 2pp12° +}
v=0 pu=r—k v=r—k' p=v

By identifying the CC in both sides of this equation, we achieve to identities

and .
Now, we apply the same technique for deducing -. Taking n < 2n in ,
we obtain

~ 1
Pt(n+r)+1<,ur7 )(:C) = PQ(nJrr)Jrl(x) — Hr Z EPQ(TVFTfi) (37) : (80)
1=0

In the preceding sum, we do the change of variable p = n +r — ¢, i = 0(1)r and
we use (23)); after that we apply Lemma thus we get

n+r n+r
n-‘rr Z 4 P2“ 4(n+r) Z Z 02“’ 21’:(}

n—

el (S o) + 5 (S wena))

Writing the first two polynomials of in the canonical basis by means of
and , we obtain

2(7’L+T‘)+1 n+r
Z )‘t)(il+r)+1 2 Z C2(n+r)+1,2u+1x2y+1 -
v=0 v=0
n—1 n+r n+r n4r
2 (o 4Oz )a™ + 2 (24’“‘02»211) ‘)
v=0 pu=n v=
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By identifying the CC in both sides, we achieve to identities —. In order to
demonstrate the identities -, we must take n < 2n + 1 in and apply
the same technique as before. We obtain

s
1
P2t(n+r+1)(u7“§ r)(z) = Pz(n+r+1)(35) — Uy Z EPZ(nJrrfi)Jrl(x) . (81)
i=0
Doing p=n+7r —i, i = 0(1)r and using , the preceding sum can be written
as

1 n+r n-+r

1
V=

We write the first two polynomials of in the canonical basis by means of
and , then we apply Lemma thus we get

2(n+r+1) n+r+1
tX _ 2v
Z )\ 2(n+r+1), - Z C(2(n—|—7"—|—1),21/x -
v=0
[ n—1 n4r n+r n4r
r 2v+1 2v+1
m{ Z (Z 4H02u+1,2u+1)$ vt + Z (Z 4H02u+1,2u+1)$ vt } .
v=0 pu=n v=n pu=v

By identifying the CC in both sides of this equation, we achieve to identities (76))-
@3). C

This theorem allows us to conclude that /\ffm coincide with C}, ,,,, when n and m have
same parity. Otherwise, if n and m have opposite parity, then )\ﬁle depend on the
parameter i, of perturbation. Replacing CC of Chebyshev Cay, 2, and Coy,41,2,+1 by their
expressions given by (24) and (26)) and doing some simple combinatorial simplifications
[48, 149, 0], we derlve next result that furnish explicit formulas for ALY in terms of
binomial coefficients.

Theorem 4.3 CC ALY = Ay (P! < X) for the r-perturbed by translation case (r > 0)
in terms of the canonical basis.
If k = 2K, then for k' = 0(1)r', being r = 21" orr = 2r' + 1, it holds

(=)= (K +v
Agk’ 2v = W k/ _ , V= 0(1)]{}/ s (82)

If k = 2K + 1, then for k' = 0(1)r', being r = 2r' orr = 21" 4+ 1, it holds

x (—D¥ v (K +v+1
A5y 1041 = 4(k/_,,)< Wy )V 0(1)k" , (84)

)\2k‘/+1 o — =0 , V= O(l)k/ . (85)
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If k = 2K, then for k' =" + 1(1)r, being r = 20" orr = 2r' + 1, it holds

X _ (- (K +v _ /
>\2]€’,2V = 74(,(/_]]) (k}l _ , V= 0(1)]{7 s (86)
k'—1
for L (pt+rv+1
Aoy apq1 = ~ =T Z (=1)* ( B ) L v=01)r—kK -1, (87)
n=r—k' p=v
k'—1
ME gy = = S e (PN o -1 (ss)
2K 20+ 4K —v=1) u=v n—v ’

If k = 2K + 1, then for k' = '(1)r — 1, if r = 20'; or for ¥ =" +1(1)r — 1, if
r=2r"+1, it holds

(~DF (k vt 1) v = 0K (89)

Ay =
2k'4+1,2v+1 Ak —v) K — v

k,l

Hr —v /‘L+V

A5 10 = ~ Z (=1)* (u N V) L v=01)r—K—1,  (90)
u=r—k'

k/

MT —v M+I/

R DNV (A FEE N T (o1)
u=v

Forn >0, it holds

X (=T it r4+ v 41 B _
Az(n+r)+1,2y+1 = 4("”'/)< Nt — , v=01)n+r; (92)
n+r
ALX — M Sy (M) =01 (93)
2(n+r)+1,2v — A(n+r—v) - v ) - )
pu=n
n+r
Nz =~ gy U (ATV) v =y (94)
2(n+r)+1,2v — A(n+r—v) v s = .
pu=v
‘X B (—)ntrHl=v i+ 14 v B '
/\2(n+r+1),2y_m ndrtl—v) v=01n+r+1; (95)
n+r
Hr e 1
Ag)((;z—i—r—&—l)ﬂy—i—l = T Z(—l)“ ( v > , v=01)n—-1; (96)
pu=n
n—+r
it = S (M) =+ o7)
2ntr+1)2041 T T (ntr—v) - v y v=n{l)n+r.
pu=v

Proof. Identities (82))-(85) follow from , and . Identities — are
derived from - replacing Cay, 2, and Cay41.2,4+1 by their expressions given
by and and doing some simple simplifications. [ |
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From the last two theorems, we easily obtain the following corollary that gives CC
for perturbations of first orders in terms C, ,, and in terms of binomial coefficients. In
simplifications, we use systematically the combinatorial identity [49] p.11]

()= (50) - ()

Corollary 4.4 CC )\ﬁi(m = Ay (P! + X)) for perturbed by translation. Recall that
)\fl)% =1, Yn > 0. For order 0 (co-recursive case) and n > 0

)‘O 0=
)‘2n+1 2v+1 — 02n+1,21/+1 ) Ag;(_:,_LQV = _,UJDCQnQV , V= O(l)n
)\ o - (_1)n+1—u n+v+1
2n+2,20 — 2n+2,21/—m n—vi1 R
A§§+2,2u+1 = —p0C2ny12041 , v =0(1)n

For order 1 andn >0

MY =Chy, v=01)k, k=0,1.

1
>‘22u_0221/77/—01<:>>\20——1 ; )\% —l1 .
_1)n—l/+1 n—l—y—|—2
Nnts et = Comta vl = Tt (n -v+ 1> =0t
_m CmED nky
)‘2n+3 2w = —Z(CQn,zu +4Con4220) = At \n—pa1) 0 VT 0(1)n ;
)\é)n(+3,2n+2 = —H1 .
(=)™ (n+v+2
Nvaze = Onvaze = ompam (4 o) v =000 425
0}
)‘2n+4 2w+l T Ty = (Cont1,2041 + 4Con432041)
pr(=1)""" (m+v+1
= 1) V=00 5 Ny =

For order 2 and n > 0

MY =Cro , v=0)k , k=0(1)2

Affguﬂ C32041,v =0, 1@)\31_—7, )\g?gz_mczyo_i’ )‘%:—M,
1 3
)‘421/_04,21/7 v=0(1 )2<:>)\40—* )\42— ——

427
Niy = _%(1 +4C3,) = % , AL = —pa -

(=1)n=v <n +v+ 3) |

)‘2n+5 2v+1 — 02n+5 2u+1 — m n— 49 B 0(1)n +2 :
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2
)\%%72,, = —% (Conow + 4Con12.95 + 42 Coptany)

(=) (n+v n+v+1 _ .
IVICEZE) {<n—1/>+<n—v+2>}’y_0(1)n’

_H2 H2
Ao 5.2n42 = 1 (14 4Conta2n42) = ?(n + 1), Moy ysonia = —H2 -
(_1)7171/+3 n+ V"_ 3 ‘
)‘2n+6 9 = Cont620 = A3 \n_p13)” =0(1)n+3;
>\t2iz(+6,2y+1 2 (02n+1 2v+1 + 402432041 + 42Conys 2u+1) ;

pa(=)"Vm+rv+1 n+v+2 B
IICE)) {< n—v J T n—v+2 }’V_O(l)n

M2 H2
(1+4Con+52043) = (20 +3) , A5 gonss = —i2 -

)\tX o
2n+6,2n+3 — 4

4.2 Dilatation case

Let us present analogous of preceding results for the dilatation case.

Theorem 4.5 CC )\szn = A (P? < X)) for the rth-perturbed by dilatation (r > 1) in
terms of the canonical basis. For k = 0(1)r, it holds

A = Chy , v=01)k , k=0(1)r . (98)

If k = 2K, then for k' ="+ 1(1)r — 1, being r = 2r" orr = 21" 4+ 1, it holds

Apoys1 =0, v=01K -1, (99)
1- /\ - ,
AJw 2y = Cor o + —— Z 4hCyy 0, , v =0(1)r — k', (100)
pn=r—k'
11—\ k' —1
Asiv 2 = Cot o0 + T/r > 4tChuay , v=r—K+ 11K -1. (101)
u=v

If k = 2K + 1, then for k' = '(1)r — 1, if r = 2¢'; or for ¥ ="+ 1(1)r — 1, if
r=2r"+1, it holds

)‘2k’+1 w =0, v=01)FK, (102)
Ly kol
)‘Qk’-i-l ov+1 = Corr+1,2041 + T z Z 4HCopi1 pvy1, v = 0(1)r — k' — 1,(103)
pu=r—k’'—1
k' —1

1—A
)‘gig+1,2u+1 = Copry1,204+1 + T TZ4“C'2H+1,2V+1, v=r—FKQ)kK —-1. (104)
n=v
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Forn >0, it holds

)\gﬁngr),Zqul =0,v= 0(1)n +r—1, (105)
ix 1— )\T n+r—1 .
Mafnsr) 2w = Cotan)2v + oy > 4Cyua , v=0(1)n, (106)
pn=n
X 1— )\T n+r—1 .
Ao(nr), 20 = Co(ntr),2v + ) Z #HCo0 , v=n+11)n+r—1. (107)
pu=v
)‘gffz+r)+1,2u =0, v=01)n+r, (108)
ax 1- 2",
>\2(n+7")+1,2y+1 :C2(n+r)+1,2u+1 + A(ntr) Z 4 02#+1’21,+1, V= 0(1)n, (1()9)
pu=n
1-\ n+r—1

Aty 1 2v41= Colnam) 412041+ 4(n+r; > 4 Coprr g1, v = n+ 1(1)n + r 100)
u=v

Proof. This demonstration is similar to the proof of Proposition[£.2], but in this case all
polynomials involved are symmetric. From , and immediately follow
the initial conditions . For deducing the remainder initial conditions —
(104), like before, we must consider two cases corresponding to k = 2k’ (r = 2r’
and r =2 +1) and to k = 2k’ +1 (r = 2" and r = 2r' +1). We are going to
demonstrate the first case, the other is similar. Taking & = 2k’ in , we get

1- 2k'—r
Pgy(Ari) = Poyr + 1 Y

=1

1
4(i-1)

Pygo_iy, k=7 +1(1)2r — 1. (111)

If r =21/, then 2k = 21" +2(2)2r —2 & K ="+ 1(1)r — 1. If r = 2’ + 1, then
2k’ = 20" +2(2)2r —2 < k' = '+ 1(1)r — 1. In (111), we do the change of variable
p=Fk —1i,i=1(1)2k" — r and we use (23)); after that we apply Lemma thus
the preceding sum becomes

1 kK —1 1 k'—1 "
I — Iz v _
A0 —1) Z 4 Py () = 400 —1) Z 4 Copwa™ =
pu=r—k' p=r—k' v=0
1 r—k'—-1 k'-1 k-1 k-1
Tl X X YO+ Y Y 4 O™
v=0 pu=r—FkK v=r—k' p=v

Writing the first two polynomials of (L11)) in the canonical basis by means of
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and l) taking into account the symmetry of PQdk,, we obtain

k/
2
Z Ay 9,82 = Z Copr 2p™" +
v=0

1— )\ r—k'—1 k' —1 k-1 k' —1
ol 2 (X o) 3 (3 4 )}
v=0 p=r—Fk’ v=r—k/’ p=v

By identifying the CC in both sides of this equation, we achieve to identities —
(101]).

Now, we apply the same technique for deducing (105)-(107). Taking n < 2n in
, we obtain

T

11—\ 1
(n+r)(/\r7 T)( ) = P2(n+r) (.73) + 4 Z 4(G-1) P2(n+r7i) (x) . (112)
=1

In the preceding sum, we do the change of variable p = n +r — i, i = 1(1)r and
we use ; after that we apply Lemma thus we get

1 n+r—1 1 n+r—1 "
1% — I v _
4(n+r—1) Z 4 PQM(Z‘) T glntr-1) Z 4 ZCZ%QV‘T -
u=n u=n v=0
n—1 n+4+r—1 n+r—1 n4r—1

2 (20 #oma)e + 3 (3 #uan)e®)
0 p=n v=n p=v

v=

Writing the first two polynomials of (112)) in the canonical basis by means of

and 1.) taking into account the symmetry of P 5(ntr) WE obtain
n+r n—+r
2
2 >\d 2(n+r), = Z 02(n+7“),21/:73 Y+ (113)
=0
n—1 n+r—1 n+r—1 n+4+r—1

L W){Z( Z WCyz )™+ 3 (D 4 Coz )2}
s

By identifying the CC in both sides, we achieve to identities (105])-(107]). In order
to demonstrate the identities (108])-(110)), we must take n < 2n + 1 in and
apply the same technique as before. We obtain

I— A 1
Pd(n+r)+1()\7., 7")(33) = PQ(n_Hn)_H(l‘) + 4 Z 4(1._1) PQ(n+r_i)+1(.T) . (114)
=1

Doing p =n+7r —i, i = 1(1)r and using , the preceding sum can be written
as
1 ntr—1 1 n+r—1 W

g 2 YPun@) = mrmy 2 4D Ounarna™ ™

u=n pu=n v=0
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We write the first two polynomials of (114)) in the canonical basis by means of
and , taking into account the symmetry of Pzd(n )1 then we apply Lemma
thus we get

n+r n+r
dx w41 w41

Z)‘Z(n+r)+1,2u+1x = 202(n+7~)+1,2y+1x 4t

v=0 v=0

1- 2\ n—1 n+r—1 n+r—1 n4r—1

4(77‘;{ > ( > 4“C'2u+1,2y+1)$2”+1 + ) ( > 4"C’2u+1,2u+1>$2”+1} :

v=0 pu=n v=n pn=v
By identifying the CC in both sides of this equation, we achieve to identities (108])-
(110]). m
dXx

Due to symmetry Aj7, vanish when n and m have different parity, otherwise depend
on the parameter A\, of perturbation. In this theorem, replacing Co, 2, and Copt1,2041
by their expressions given by and , we derive next result that gives explicit
formulas for A%(n-

Theorem 4.6 CC )\ﬁffn = A (P? < X)) for the r-perturbed by dilatation case (r > 1)
in terms of the canonical basis.
If k = 2K, then for k' = 0(1)r', being r = 2r" or r = 21" 4+ 1, it holds

(_l)k’fu k)/+V
)\gig,Ql/ = W K _u) V= 0(1)k/ ) (115)
AJpops1 =0, v=0(1)K —1. (116)

If k =2K' + 1, then for k' = 0(1)r’, being r = 2r" or r = 21" 4+ 1, it holds

X (—D¥ " (K +v+1
Aok 41,2041 = W( E— , v=0(1)n", (117)
Aiii12, =0, v=0(1)K . (118)

If k = 2K, then for k' ="+ 1(1)r — 1, being r = 2r' or r = 20" + 1, it holds

AJpopg1 =0, v=0(1)K -1, (119)
Mo = e (U s Y o () o)
2K T g (K —) K —v ' & pw—v)l’
p=r—
v=01r—-kK-1,
1 i (K +v i L (ntv

Ao o = m{(—l)k (k, - V) +(1=A) Z(—l)” (M B 1/)} , (121)

u=v

v=r—KQOkK -1.
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If k = 2K + 1, then for k' = '(1)r — 1, if r = 20'; or for ¥ =" +1(1)r — 1, if

r=2r"+1, it holds

Ao i1.0, =0, v =0(1)K', (122)
1 (K +r+1 s L (ptr+1
)‘g§+1,2v+1 = W{(—l)k ( K — ) +(1=A\) Z (=" ( h—v } ;
p=r—k’'—1
v=01)r—k -2, (123)
1 (K +v+1 i pw+v+1
dx K —v —v
>‘2k’+1,2u+1 = m{(—l) ( K — vy > + (1 - Ar) Z(_l)u ( p—v >} ’
u=v
v=r—kK-11)K —-1. (124)
Forn >0, it holds
Ninimaver =0, v=01)n+7r—1, (125)
n+r—1
1 ,f{n+r+v S+
dX o _1\ntr—v _ _1\H#V
M a = g O (T ) e > ()
v=01)n -1, (126)
n+r—1
1 _(n+r+v S nt+v
dX - - _1\n+r—v o _1\p—v
M2 = Ty { (Y (n o V) b (L= A) ; (—1) (M i V) 3
v=nln+r—1.
)‘gé;—&—r)—&—lﬂy =0 y V= 0(1)n +r, (127)
1 n+r+v+1
dX _ n+r—v
>\2(n+r)+172y+1 - A(n+r—v) {(_1) ( ntr—uv >
n+r—1
B IRV _ _
+(1= A ; (-1) < oy } L v=01)n—1,  (128)
1 n+r+v+1
dX o n+r—v
)\2(n+7')+1:21/+1 - 4(7Z+T—V) {(_1) < n+r—v >
n+r—1
1
EEDY e (U ) SRR B

Proof. Identities (115)-(118) follow from (66]), and (26]). Identities (119)-(129)
are derived from 1’ replacing Coy, 2, and Cop41,2,41 by their expressions

given by and and doing some simple simplifications.

From last two theorems, we easily obtain

dX
)‘n,m

for perturbations of first orders.

Corollary 4.7 CC )\%1 = A (P? < X) for perturbed by dilatation. Recall that

34



)\%i =1,Yn>0. For order 1 andn >0

MY =Chy, v=00)k , k=0,1.
Ag;)1(+2,21/+1 =0, v=01)n.

1-—XM
Ag7)1(—§-2,2y = 02n+2,21/ + 4

() () v

/\gﬁrs,zy =0, v=01n+1.

1—A
dXx 1
>\2n+372y+1 = 02n+3,21/+1 + 4 C1271—&-1,21/—}-1

(=D v 42 n+v+1 B
—QGZﬁr{n_V+1 —Q=a)0 },u_mmn.

For order 2 and n >0

CZn,Ql/

MY =Chy, =0k, k=0(1)2.

1= 1—A
A§S, =0, v=0,1; MY =Cs1+ 2= 1+ 42.
/\gr)f+4,2u+1 =0, v=001n+1.
1—A
)\%22_4’2]/ = 02n+4,2u + TQ{CQW,,ZV + 402,”_;'_2721/}
FD””{n+u+2 n+v
() —(1=A }, =0(1)n ;
4(n—u+2) n—v4+2 ( 2) n—val v ()n
1—A 1 2n+24+ A
)‘ga)z(+4,2n+2 = Copta2n42 + 1 2 — Z( —2n+3)+ (1 — )\2)) = _f? )
M s, =0, v=01)n+2.
1— X

ax
Aonts,204+1 = Conts 2041 + 2 {C2n+1,2u+1 + 402n+3,2y+1}

_(_1)n_V n+v+3 n+v+1 B ‘
_m{ n—v+2 —(1=29) n—vil },V—O(l)n,

1— )9 n+2 1-—X

dx _
Aomt5.2n+3 = Conts2n+3 + e 5 1

5 Some properties of zeros and intersection points

In this section, we are going to deduce some results concerning zeros and intersection
points of perturbed Chebyshev polynomials valid for any order r of perturbation. Our
goal is to explain the main properties observed in the graphical representations pre-
sented as illustration at the end of this work. Let us note the zeros of P! (u,;7)(z) and

PZ(\;7)(z), ordered by increasing size, by {§t,(€n) (3 7) Y r=1(1)n and {§d,(€n)()\r; ) e=1(1)ns
or or simply by {¢/{") }—1(1), and {Edl(cn)}kzl(l)n-
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5.1 Hadamard—Gershgorin location of zeros

Let us consider the symmetric tridiagonal Jacobi matrix associated with the MOPS

{Pu()}n>0 given by 'a

Bo o
a1 B g
J = ay P2 a3 ,

such that, 04721+1 = Yp+1, n > 0. Denoting by J,, n > 1, the n X n matrix constituted
by the first n rows and n columns of J, we have that, P,(z) = det(zl, — Jp), n > 1,
where I,, notes the identity matrix of order n. Thus zeros of P, are eigenvalues of J,,
n > 1 [10, p.30]. By definition the Gershgorin discs of any matrix A = (ai;)1<i j<n are
DZ(") ={zeC:|z—a;l < Z?Zl laij|}, 1 < i < n. The Gerschgorin discs of .J,, are

DY = {8} .

D" ={2eC:|z—fo| < ||} ,n>2;

D ={z€C:|z—Bi1| <|oia|+ i}, 2<i<n—1,n>2;
D ={z€C:|z—fn 1| <|om1]}, n>2.

The location of Hadamard-Gershgorin assures that all eigenvalues of J,, (zeros of P,(x))
are in

DM =y DM n>1

Y

and if there are m discs disjoints from the others, then their union contains exactly m
eigenvalues [23].

Gershgorin intervals of the Jacobi matrix, J, of Chebyshev polynomials of second
kind and their union are

1 2 2 11
DV = MW = {0} . D§):D§>:D<2>:[—§,§].

) _ 11wy cicm 1. pm 1 L1
Dy =] 2,2],DZ- =[-1,1],2<i<n-1; D)V =] 2,2],n_3.
DM =[-1,1], n>3

Let us denote the Jacobi matrices associated with { P (u;7)(z)}n>0 and
{PI(N\;7)(2)}nz0 by JH(ur;r) and J4(A.;7), the corresponding Gershgérin discs by
Df(n)(u,«; r) and D?(n)()\r; r), 0 < i < n, and their union by

DOy r) = Uy D i) DU (i) = UL D (i)
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From , and , we have

0 3
1 1
2 0 3
1 1 1
Jt(,ur;r): o 3 ’<—hner+1
1 1
2 0 3
0 3
1 1
z 0 3
1 Var
Jd()\'r): 2 \/(17 2 . < line r
" 5 0 3 "¢ liner+1
1 1
2 0 3

If ur, \r € R and A\, > 0, we are in the positive definite case, these matrices are real
(and symmetric), then their eigenvalues are real and distinct and Gershgorin discs are
intervals [23]. Perturbation by translation modify only the row of order r + 1 of 7, then

Gershgorin dics are

t(1 ¢ 1 1
DI (uo; 0) = {po} . DY (110:0) = [0 — 5o + 5] =2
1 1
DT (i) = [ — g b+ 35l D (7)) = [ = L +1], > 742, 7> 1;

DI (i) =D A r 41, 1<i<n,n>1,r>0;

(3

and their union is the following, for r = 0,

D' (193 0) = {0} ; D" (1103 0) = [—%7 %] U [1o — %,uo + %] ;
D) (1030) = [=1, 1] Uljio = 510+ 5], n 23

for r =1,
D013 1) = {0} 5 D 1) =[5, 5] U — 3,1 + 3]

11
2’2
D (py;1) = [-1,1] U [ — L,pm + 1], n >4

D) (uy;1) = | JUlpr — 1, +1]
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for r = 2,

11 1 1
D' (p2;2) = {0} 3 D' (p;2) =[5, 515 DOz 2) = [~ U — 5oz + 5
D (ug;2) = [, 1] Ufpp — Lpa + 1], n >4
and for r > 3,
11
DO (pursr) = {0} 5 DO(psr) = [=5. 51 D) = =11, k=3(1)r
1 1
DD (pyr) = [=1,1] U [ — o Hr + 5]7

D™ (19;2) = [~1,1] U [t — Lo +1], n>7 42

Perturbation by dilatation affects rows of orders r» and 4+ 1 of 7, then Gershgorin discs
are

Vi VAL

Df(l)()\r;r) ={0},r>1; Df(n)()q;l) = [—777] s 22
1 ro 1 r
Df(n)(Ar;T) = [- +2\K’ +2\K] snz2r+l,r>2;
e Vi VA
Dri;r)()\r;r):[— 5 ' o |, r>1;
n 1+ )\r 1+ Ar
Df‘l—(i-l)()\r;""):[_ 2\/7’ 2\ﬁ], nzr+2,r=>1;

D?(n)()\r;r)zl)gn),i;ér, i#r+1,1<i<n,n>1,r>1;

and their union is the following, for r=1,

DI i 1) = {0) 5 DI ;1) = [ Yo, Y
11 T+vVA 1+v\ T+vVA 1+vN
D (Alal) [ 272}U[ 2 ’ 2 } [ 2 ) 2 ]7
DA (1) = (1,10 [ VA TEVAY sy
for r = 2,
DI (Xg;2) = {0} ; DM@ (Ny;2) = [—%, %] :
DA (33 2) = DIV (g52) =[5, 2o (e LE VA LE VA 14V
2°2 2 2 2 2
DU (Ag:2) = [~1,1] U [ +2‘/E, L +2\/E] S n>5;
and for r > 3,
Dd(l)()\r;r) = {0} ; Dd(Z)(AT;r) = [—%, %] ; Dd(k)()\r;r) =[-1,1], k=3(1)r;
1 r 1 .
DU (A1) = [-1,1] U [— +2\/)T, +2\/)T] ,m>r+1.
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Depending on the values of parameters of perturbation (u, and A,), we can obtain some
more information about the location of zeros, provided by next two propositions.

Proposition 5.1 For the rth-perturbed by translation case (r > 0). If u, € R, u, # 0,
r >0, it holds

1. Forr =0, it holds:

(a) Forn =1, D" (ug;0) = {po}.
(b) For n =2, it holds the same as 2.(a) (see next), but with pg instead of pi.
(c) Forn >3, it holds the same as 3.(a) (see next), but with pg instead of p,.

2. Forr =1, it holds:

(a) Forn =2, it holds:

~If -1 < py <0, then D' (py;1) = [ — 1, 3]

-If0 < iy <1, then D@ (ug;1) = 1, + 1]

~If > 1 or py < =1, then [—3, 3]0 [u1 — 3, 1 + 3] = 0, there is one zero
1
2

of Pi(p1;1)(x) in [y — &, 1 + 5], the other one is in [—3, 3].

N[

(b) Forn =3, it holds:
-If =3 <y < =3, then DO (g 1) = [y — 1, 3]
SIf -1 < <1 then DO (pg; 1) = [ — 1, + 1.
- If 5 < pp <3, then DO (ug; 1) = [—4, o + 1].
- If py > % or pp < —%, then [—%, %] N[ —1,u1 + 1] = 0, there is a unique
zero of Pi(p1;1)(z) in (w1 — 1, w1 + 1], the others ones are in [—%, %]

(c) Forn >4, it holds the same as 3.(b) (see next), but with uy instead of .
3. Forr > 2, it holds:

(a) Forn =r+1, it holds:
- If =3 < pp < =3, then D (ppsr) = [y — 3,1].
- If_% < pr < %’ then Dt(n)(ﬂr;r) = [-1,1].
- If% < pr < %7 then Dt(n)(ﬂr;r) =[-1Lu + %]
- If py > % or iy < —%, then [—1,1] N [, — %7/% + %] = (), there is a unique
zero of PL(pr;r)(2) in (e — 3, i + 3], the others ones are in [—1,1].
(b) For for n >r+ 2, it holds:
- If =2 < pp < 0, then D™ (pp;7) = [y — 1,1].
- If0 < pp <2, then D (pps ) = [—1, pp + 1.
- If pr > 2 or pp < =2, then [=1,1] N [y — 1, pr + 1] = 0, there is a unique
zero of PL(ur;7)(x) in [ur — 1, uy + 1], the others ones are in [—1,1].

Proposition 5.2 For the rth-perturbed by dilatation case (r > 1). If A, € R, A, > 0,
Ar#E 1, r>1, it holds
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1. Forr =1, it holds:
If Ay > 0, then DI (A3 1) = -1 1/
If0 < A\ < 1, then DU (\;1) = [—1,1], n >
If A > 1, then DI (Aq;1) = [ 102 LivA1) )y >y

2. Forr =2, it holds:
If Ay > 0, then DI®) (\g;2) = DN (Ny; 2) = [ 1EYA2 1+vAz)
If0 < Ao < 1, then DU (\y;2) = [-1,1], n > 5.
If Ay > 1, then DI (Xy;2) = [~ 1522 Liva) ) > 5

3. Forr > 3, it holds:
If0 < A\ < 1, then DU (\s7r) = [-1,1], n > r + 1.
If A > 1, then DA (N r) = [ 122 16V >y g,

)

From these two propositions and , we can deduce the following Hadamard—Gershgorin
location of zeros for the others families of Chebyshev

(), D) DO@1 = (0}, DO =YV
To@), n>3 : (M (2:1) = [ ”*f”\f} n>3.

M) , o) (;o) -{3 } D (50) =50,
Vilz), n>3 : ”><;0>: 1], n>3.
Wi(z) , Walz) < % 0> = {—;} , D' <— ,0> = [—1,;] 7
Wo), n>3: D ( ;,)—[—1,1],n>3

Notice that from —, we know that the sets of zeros of {T},}n>0, {Vn}n>0 and
{Wy}n>0 are contained in [—1,1].

Remark 5.3 For degree n < 3, we could investigate the location of zeros of first poly-
nomials from their explicit expressions that depend on the parameters of perturbation.

5.2 Zeros at the origin

From the CC in terms of the canonical basis given by Theorems [4.3] and [4.6| and Viete’s
formulas , we can derive some information about zeros of perturbed Chebyshev
polynomials at the origin.
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Proposition 5.4 For the rth-perturbed by translation case (r > 0), it holds
k)
A1 =0= Zé‘t( o()r (130)

)‘nn 1= —NT@Z§tEn):Mr>n2T+1- (131)

2n
-1 n om -1 n
Ao = (223 o Hgt,g ) = (222 = Pl () (0)#0, n>0. (132
k=1

If r =2r"+1, then

2n+1
Mao=0e [[ &8 =06 Phyy(uir)©0) =0, n>0.  (133)
k=1
If r =20, then
2k'+1 (@)
"+
Mo =0e [[ &7 =0 Phyy(usr)(0) =0, ¥ =0(1)r -1, (134)
k=1
[yl 2l - 1
M o= e TL €8 =, L Pl ) 0) # 0. > #/(135)
k=1

Proof. We calculate A% o and X nn—1 using mainly Theorem and we establish the

relationship with the sum and the product of zeros {f A } k=1(1)n Dy means of Viete
formulas . From the product, we conclude about P! (p,;7)(0).

From and , we get (130). From and , we obtain ((133]), for

n = 0(1)r"; and (134). These results stem from the fact that first » + 1 perturbed
polynomials coincide with Chebyshev polynomials, as stated by .

Taking v = k' — 1 in , we get )‘55/,%'—1 = —u,. Doing v = k' in ,
we have )\éf,ﬂ oy = —pr. Taking v = n+r in and in , we obtain

tX _ )
Ay nr)+1,2(ntr) = —Hr and Nty Sn+r1)2(ntr)r1 = —Hr- Thus " is proved.

Taking v = 0 in (82)), (86) and (95)), we obtain (132)) for n = 0(1)r’, for n = r'+1(1)r

and for n > r + 1, respectively, e.g., for n > 0.
Doing ¥ =0 in , we get

/’[/7‘ k:, (_1>T7k‘l/’l’7’ Qk/_r
Nos10 = ~ 5 Z (=)= BT Z (=1)*.
p=r—k’ u=0

If r = 2r/, then Zi(j"“)( 1)* =1 and we obtain (135)), for n = 7/(1)r — 1. If
r=2r'+1, then Z _T )+1( 1) = 0 and we obtain (133)), for n ="+ 1(1)r — 1.

41



At last, taking v = 0 in , we have

n+r

(=1)"pr -
tX
Az 2(nt+r)+1,0 — 22(n+r) Z ©92(n+tr) Z(_l)u )

pu=0

If r = 27/, then Z% (—1)* = 1 and we obtain (135), for n > r. If r = 2r' + 1,

then ZQT H( 1)* = 0 and we obtain , for n > r. We remark that in 1 ,

Pliq (ur, r)(z) is not symmetric.

Proposition 5.5 For the rth-perturbed by dilatation case (r > 1), it holds

2n+

(2n+1)
P2dn+1()\r;7")(0)—0‘:> H &% O<:>>‘2n+10_0
i=1

nn 1_0_Z€d >0.

If r =21/, then

dx d(2n)
Agn.o = an H &

If r =2r"+1, then

(_1)k, ad d(2k") ’ /
Mivo =g = [[¢% K =0()r
=1

(—1)¥ LA
)‘2k'0— )\r:Hde )»k/:T/+1(1)7"—1a

22k:’
=1

dXx _ d(2n)
)\Q(n—i—r),o - 22(n+r Hf

Forr>1,

P (A7) (0)#0, n>0.

Proof. The symmetry of the sequence {Pd()\r, 7)(2) }n>0 implies that

>0.

(136)
4.6

(136)

(137)

(138)

(139)

(140)

(141)

(142)

and

are verified. We calculate )\d ‘o and )\n n—1 using mainly Theorem The rest of

the proof is similar with the precedlng one.
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5.3 Location of extremal zeros of perturbed Chebyshev polynomials

We notice that for any monic polynomials, we have

lim P,(z) =400, lm P,(z) =400, lim Pyyi(x) = —o0. (143)

T—r—+00 T—r—00 T—r—00

From symmetry follows that Ps,41(0) = 0 and real zeros are symmetric with respect to
the origin. Regular orthogonality ensures that two polynomials of consecutive degrees
can not have a common zero [10]. In the positive definite case, all zeros are distinct real
numbers and an interlacing property holds between zeros of P, and P,1; also there are
some monotonicity properties to consider [10]. Semi-classical character, in particular,
classical character, by means of the structure relation

B(2) Pl (#) = 5 (Cot () = Cofa) Pasi () + st D1 Pa(a)

Dy41(z) #0,n > 0[35, p.123], guarantees that zeros are simple [34], pp.235-236]. Cheby-
shev forms are classical and they admit integral representations with positive weights
n [—1,1] [46], thus they are positive definite and then zeros of Chebyshev polynomials
satisfy all cited properties in [—1, 1].

Next two propositions provide some information about the location of the smallest
and the greatest zeros (the extremal zeros) of perturbed Chebyshev polynomials with
respect to the extremal zeros of Chebyshev polynomials of second kind with the same
degree. Results are obtained from the CR of Propositions [3.5 and [3.6] and depend on
the signs of y, and 1 — \.. Let us note the zeros of P} (,ur, r)(z) and PE(\;7)(z) by

{{tl(k)}izl(l)k and {§d }, 1(1)k> ordered by increasing size.

Proposition 5.6 For the rth-perturbed by translation case (r > 0). If u, € R, for
k>r+1, it holds

1. sgn[ (Nr» )(fk )] = —sgn(p).
2. sgn[Pi(psr)(EM)] = (1) Fsgn(p).
3. If u. > 0, then:
() 3i,1<i<k: &P > P prg ey =o.
(b) The number of zeros of Pt(,ur; r)(x) greater than f,gk) s odd.

(¢) Vo < & (1) Pl(urir)(x) > 0.
(d) There are no zeros of Pl(ur;r)(x) less than §§k)

4. If pur <0, then:

(a) ¥y 2 6" Pllurir) () > 0.
(b) There are no zeros of P(p,;7)(x) greater than §,gk).
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(c)3i,1<i<k: & < e®: pturet®) =o.
(d) The number of zeros of Pl(pr;7)(z) less than £§k) is odd.

Proof. Let us deal with the CR . Similar reasonings can be applied to the CR ([54))

leading to exactly the same conclusions. We remark that in the polynomials
under sum have degrees smaller than the degree k of Py(z) and of Pf(u,;r)(z)
and have opposite parity with respect to it; moreover all their zeros belong to
]f%k), flik)[. Next, we will evaluate at the first, fﬁk), and the last, §,ik), zeros of

Py(x), and at any = < dk) and any y > £l(€k), and we note the signs of polynomials
at those points according with ((143]).

k—r—1

k k 1 k
Piurir) (&) = P& = D i Pain(§) (144)
=0 =0 >0
k—r—1 N
Piurir)(y) = Puly)—mur Y 5 Paialy) Vy> &7, (145)
>0 =0 >0
. ) 2k—r—1 .
2 2 2
By(ursn)(&™) = Pul&™)—nr D 5 Poeaia (&) (146)
N——— : N—
-0 =0 <0
k k — k
2k+1 2k+1 2k+1
Pl ()€ = Pus (@) = 37 5 Paas(6™ ) L (147)
N - N e
=0 =0 >0
2k—r—1 1 N
2
Py (urir)(@) = Pa(@)—ur Y 7 Pozimi(@), Ve < ™, (148)
>0 =0 <0
2k—r 1 .
2k+1
Pl (@) = Powa(@) —ar Y 55 Pav-ai(@), Vo < &7, (149)
<0 =0 >0

From the above considerations, we can easily deduce the following conclusions.
Item 1 follows from ((144)), and item 2 follows from (146))-(147). If u, > 0, then:

(144) = PL(urir)(67) <0 = 3.(a) = 3.(b), by (143); (146)-(149) = 3.(c)
= 3.(d). If p, < 0, then: = P,ﬁ(ur;r)(flik)) > 0 with d@ = 4.(a)
— 4.(b); (146) = PL (1 7)(€) < 0 and (147) = Pl (s ) (€77T)) > 0,
then, by (143), we have 4.(c); 4.(c) => 4.(d), again by (143). ]

Proposition 5.7 For the rth-perturbed by dilatation case (r > 1). If \, € R, for
k>r+1, it holds

1. sgn[PEsr)(EM)] = sgn(1 = A,).

2. sgn[PIf()\r;T)(fgk))] = (=1)Fsgn(1 — \,.).
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3. If \r <1, then:
(a) ¥y > & PlOwsT)(y) > 0.
(b) There are no real zeros of PA(A\;7)(z) greater than flgk)
(c) ¥ <&M (~1)F PO ) (@) > 0.
(d) There are no real zeros of PE(\y;7)(x) less than fgk).
(e) All real zeros of PE(\r;7)(x) are in ]é’“),g,(f)[.

4. If A\, > 1, then:

() 3i,1<i<k: ™ > e®pdix @™y =0 and PO (—e4M) =0,

k k k
el <) b,

(b) The numbers of real zeros of PA(A\y;7)(x) less than dk) and greater than f,gk)
are odd (they are necessarily equal).

Proof. As perturbed polynomials PZ(\,;7)(z) are symmetric, their zeros are sym-
metric with respect to the origin. This fact is important in item 4 and allows to
obtain 3.(d) from 3.(b). We deal with the RC (5€]), the same can be done with
(7). We remark that in the polynomials under sum have degrees smaller
than the degree k of Pg(x) and have the same parity of it; moreover all their zeros

belong to ]ék), f,gk) [. We will evaluate 1) at the first and the last zeros of Py(z),
and at certain z and y, and we follow the same method of the proof of preceding
proposition. [ ]

About similar properties of extremal zeros for perturbed orthogonal polynomials with a
different type of perturbation of the second recurrence coefficient 4, = 7, + A, see [28].
5.4 Zeros and interception points of perturbed Chebyshev polynomials

We point out some results about zeros and interception points of perturbed polynomials
with different parameters of perturbation and same degree; for that we need to use the
explicit formulas of zeros of Chebyshev polynomials of second kind .

Proposition 5.8 For the rth-perturbed by translation case (r > 0).
1. It holds,

Pl (up;r) = Py r
P (pp;r)(x) = Po(z) — pr Pr(2)Pypq1(x) , n>r+1. (150)

2. Forn >r+1, the polynomials

Ph(uesr) s Ph(pnsr) s Poy pir # pihy pr 20, . 0, (151)

intersect each other at the zeros of P, and at the zeros of Pp_r_1.
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o

. &€ is a double interception point of if and only if £ is a common zero of P,
and Py,_,_q.

4. Form=1i(r+1)+r,i>1,r > 1; all zeros of P, are double interception points
of - in fact they are double common zeros (see item 8) - and the number of
distinct interception points isn —r — 1.

5. If r is even, then: if n is even, then the origin is a simple interception point of
;if n is odd, then the origin is mot an interception point of .

If r is odd, then: if n is even, then the origin is a simple interception point of
; if n s odd, then the origin is a double interception point of .

6. £ is a common zero of if and only if £ is a common zero of P, and P, or &
is a common zero of P, and P,_,_1.

7. &€ is a double common zero of if and only if £ is a common zero of P,, P,
and Pp_,_1.

8. Forn =i(r+1)4+r,¢>1,r > 1, all zeros of P. are double common zeros of
1151)).

9. If n and r are odd, then the origin is a double common zero of . Ifn is odd
and r is even, or if n is even, then the origin is not a common zero of .

Proof.

1. From PL(ur;7)(z) = Py(z) — uTPT(:c)PT(Ltl_)l(x) [32, p.205] and , we ob-

tain immediately the relation (150)), taking into account that { P, },>¢ is self-

associated, thus Péi:l_)l =P, ,_1.

2. From , we consider A'(x) = P! (uq;7)(x) — Py(z), B (x) = Pt (pl;r)(z)—
Py(z) and C*(x) = Pi(pr;r) (@) — Poprsr)(z). 3 & A€ = 0A BYE) =
0N CHE) =0 Pr(§)Par1(§) =0 Pr(§) =0V Poy1(§) = 0.

3. ¢ is a double interception point of if and only if A%(£) = 0A(AY)(€) =0,
BY(&) = 0A (B (€) =0 and Ct(&) = 0 A (CY)'(€) = 0. These conditions are
equivalent to

Pr(é) =0 Vv Pn—r—l(é) =0 (152)
P& Po—r-1(§) = —Pr()Py__1(8). (153)

If £ is not be a zero of P, P,(§) # 0, then by , we must have P,_,_1(§) =
0; in that case we know that P, () # 0, because zeros of Chebyshev
polynomials are simple. Then, would be equivalent to a contradiction.
The same reasoning can be applied if if we suppose that £ is not be a zero of
P,_,—1. In conclusion, we must have P.(§) =0A P,—,—1(£§) = 0.

46



4. All zeros of P,(z) are also zeros of P,_,_i(x) if and only if Ji > 1: n =
i(r+1)+r, r> 1. In fact, from (L6), the zeros of P.(z) and of P,_,_1(z)
are respectively & = cos(kf7), k = 1(1)r and §,(€n_r_1) = cos(k-"-), k =

1(1)n—r, forn > r+1. Thus, it must 3i > 1: J5 =i & n—r=i(r+1).

The number of distinct interception points is equal to the number of distinct

zeros of P.(z)Py—r—1(x), e.g., deg Pp(x) + deg Py—y—1(z) — 7 = n —1r — L

Remark that, it must ben —r — 1 > r.

5. Writing (150) for r — 21/, n — 2n’, we obtain P} (o, ;2r')(x) — Pops(x) =
—popr Popr () Popyr —9p—1(x). Now, from symmetry, we know that Py (z) is
even, so the origin is not a zero, and Ps,/_97_1(x) is odd, so the origin is a
zero and it is simple, then we get the conclusion. The other cases are similar.

6. Follows from ((150)).

7. A double common zero is a special double interception point. Then the result
follows from items 3 and 6.

8. We would like to apply item 7 concerning all zeros of P,. All zeros of P, are
also zeros of P, if and only if 35 > 2: n=j(r+1)—1,r > 1if and only if all
zeros of P, are also zeros of P,,_,_1, because n = j(r+1)—1= (j—1)(r+1)+r
and we can take ¢ = j — 1 in such a way item 4 is also verified.

9. From symmetry, the origin is a zero of P,,(z) if and only if m is odd. The
parity of P,,_,_1 is determined by the parity of n and r. If n and r are odd,
then n —r — 1 is odd, and the origin is a common zero of P,., P, and P,_,_1;
then we get the first part of the result from item 7. If n is odd and r is even,
then n —r — 1 is even and, from item 6, we get the conclusion. If n is even,
we apply again item 6.

Proposition 5.9 For the rth-perturbed by dilatation case (r > 1).
1. It holds,

Pg()\T;T)EPn, OSTLST,
1-— A\

P\ 7)(z) = Po(z) + P y(x)Pyra(z), n>r+1. (154)

2. Forn >r+1, the polynomials
Pivir) s BEOGiT) s Py M #E N, A £ L ALAL, (155)
intersect each other at the zeros of P._1 and at the zeros of Pp_,_1.

3. € is a double interception point of if and only if & is a common zero of Pr_1
and P, _,_1.
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4. Form=r(i+1),1>1,r >1; all zeros of P,_1 are double interception points of
and the number of distinct interception points ism —r — 1.

5. If r is even, then: if n is even, then the origin is a double interception point of
; if n is odd, then the origin is a simple interception point of .
If r is odd, then: if n is even, then the origin is is not an interception point of
; if n is odd, then the origin is a simple interception point of .

6. £ is a common zero of if and only if € is a common zero of P, and P._1 or
& is a common zero of P, and P,_,_1.

7. Forn=jr—1,45>2,r>1, all zeros of P._1 are common zeros of .

8. € is a double common zero of if and only if £ is a common zero of P._1, P,
and Pp,_,_1.

9. All zeros of P._1 can not be simultaneously double common zeros of .

10. If n is odd, then the origin is a simple common zero of . If n is even, then
the origin is not a common zero of .

Proof. It is analogous to the proof of the preceding proposition. Nevertheless, we
point out some details in some items.

L. From PI(\:7)(2) = Po(w)+(1=A )y P (@) P4, () [B2 p.206] and (L8],

n—r—1

we get the recurrence relation 1) because PT(LT;IJI =P, 1.

4. All zeros of P, are also zeros of P,y if andonly if 3:>1: = =i &
n—r =1ir < n =r(+1). Now, apply item 3. The number of distinct
interception points is deg P._1(z) + deg Py—p—1(x) — (r — 1) = n —r — 1.
Remark that it must be n —r — 1> r — 1.

9. In fact, from item 8, all zeros of P._; are common zeros of P, and P,,_,_q if
andonly if 3i,j €N, i > 1, j>2 n=r(i+1)=jr—1j=i+1+1
from items 4 and 7. But in that case j ¢ N.

10. Follows from the symmetry of all polynomials involved. If n is odd, then
polynomials are all odd, and we get the first part of the result. We are
going to show that the origin can not be a double common zero of . If
r is even, then r — 1 is odd, but n — r — 1 is even, so the condition of item 8
fails. If r is odd, then r» — 1 is even, then that condition fails again. If n is
even, the origin is not a zero of P,.

Remark 5.10 Comparing with (@, or (@) with , we immediately obtain

the following linearization formula for the Chebyshev polynomials of second kind

r

1
Pr(z)Pyir(z) = Z Epnﬂ(r—z‘)(x) ,n=>20,r>0.
i=0
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Here r is just a degree and lost the meaning of order of perturbation. This formula is a
particular case of a linearization formula for Gegenbauer polynomials given in [16, [57).

6 Graphical representations

In this section, we present some graphical representations with comments in order to
illustrate results for zeros and interception points given in the preceding section. Figures

and [6] concern Propositions[5.6land Figures[7] [8] [0] and [I0]refer to Propositions
and In all figures, we can observe properties satisfied by perturbed polynomials

at the origin given in Propositions [5.4] and

Acknowledgements

I am very grateful to Pascal Maroni for several discussions during the development
of this work.

The author was partially supported by CMUP (UID/MAT/00144/2013), which is
funded by FCT (Portugal) with national (MEC) and European structural funds through
the programs FEDER, under the partnership agreement PT2020.

References

[1] Abd-Elhameed, W.M., Youssri, Y.H., El-Sissi, N., New hypergeometric connection
formulae between Fibonnaci and Chebyshev polynomials, Ramanujan J., pp. 1-15,
2015.

[2] G. E. Andrews, R. Askey, R. Roy, Special Functions, Cambridge University Press,
71, 1999.

[3] I. Area, E. Godoy, J. Rodal, A. Ronveaux, A. Zarzo, Bivariate Krawtchouk polyno-
mials: Inversion and connection problems with the NAVIMA algorithm, J. Comput.
Appl. Math., 284 (2015) 50-57.

[4] D. Beghdadi, P. Maroni. Second degree classical forms, Indag. Math., (N.S.) 8(4)
(1997), 439-452.

[5] I. Ben Salah, On the extended connection coefficients between two orthogonal poly-
nomial sequences, Integral Transforms Spec. Funct. 26 (11) (2015), 872-884.

[6] K. Castillo, F. Marcelldn, J. Rivero, On co-polynomials on the real line, J. Math.
Anal. App., (2015) 427(1) 469-483.

[7] K. Castillo, Monotonicity of zeros for a class of polynomials including hypergeomet-
ric polynomials, Appl. Math. Comp., 266 (2015) 183-193.

49



8]

[11]

[12]

H. Chagarra, W. Koepf, On linearization and connection coefficients for generalized
Hermite polynomials. J. Comput. Appl. Math., 236 (1) (2011) 65-73.

T. S. Chihara, On co-recursive orthogonal polynomials, Proc. Amer. Math. Soc. 8

(1957) 899-905.

T. S. Chihara, An Introduction to Orthogonal Polynomials, Mathematics and its
Applications, Vol. 13. Gordon and Breach Science Publishers, New York- London-
Paris, 1978.

L. Comptet, Advanced Combinatorics. The Art of Finite and Infinite Expansions,
D. Reidel Pub. Comp., Dordrecht, Holand, 1975.

Z. da Rocha, A general method for deriving some semi-classical properties of per-
turbed second degree forms: the case of the Chebyshev form of second kind. J.
Comput. Appl. Math., 296 (2016) 677-689.

7. da Rocha, On the second order differential equation satisfied by perturbed Cheby-
shev polynomials, J. Math. Anal., 7(1) (2016) 53-69.

J. Dini, Sur les formes linéaires et les polynémes de Laguerre-Hahn. Thése de doc-
torat. Univ. P. et M. Curie, Paris VI (1988).

J. Dini, P. Maroni, A. Ronveaux, Sur une perturbation de la récurrence verifiée par
une suite de polynémes orthogonaux. (French) [A perturbation of the recurrence re-
lation satisfied by a sequence of orthogonal polynomials] Portugal. Math. 46 (1989),
269-282.

J. Dougall, A theorem of Sonine in Bessel functions, with two extentions to spherical
hamonics. Proc. Edinb. Math. Soc., 37:33-47, 1919.

W. Erb, Accelerated Landweber methods based on co-dilated orthogonal polyno-
mials, Numer Algor (2015) 68: 229-260.

M. Foupouagnigni, W. Koepf, A. Ronveaux, Factorization of the fourth-order dif-
ferential equation for perturbed classical orthogonal polynomials, J. Comput. Appl.
Math., 162 (2004), 299-326.

J. A. Fromme, M. A. Golberg, Convergence and stability of a collocation method
for the generalized airfoil equation, Appl. Math. Comput. 8 (1981) 281-292.

M. Foupouagnigni,W. Koepf, D.D. Tcheutia, Connection and linearization coeffi-
cients of the Askey-Wilson polynomials, J. Symb. Comput. 53, 96-118 (2013).

W. Gautschi, On mean convergence of extended Lagrange interpolation, J. Comput.
Appl. Math., 43 (1992), 19-35.

50



[22]

23]

[24]

W. Gautschi: Orthogonal Polynomials: Computation and Approximation. Numer-
ical Mathematics and Scientific Computation. Oxford Science Publications. Oxford
University Press, New York (2004).

G.H. Golub, C.F. Van Loan, Matrix Computations, The Johns Hopkins University,
1996.

E. Godoy, I. Area, A. Ronveaux, A. Zarzo, Minimal recurrence relations for con-
nection coefficients between classical orthogonal polynomials: continuous case. J.
Comput. Appl. Math., 84 (2) (1997) 257-275.

E. K. Ifantis, P. D. Siafarikas: Perturbation of the coefficients in the recurrence
relation of a class of polynomials, J. Comput. Appl. Math. 57, 163-170 (1995).

M. Ismail, D. R. Masson, J. Letessier and G. Valent, Birth and death processes and
orthogonal polynomials, in: P. Nevai, Ed., Orthogonal Polynomials: Theory and
Pratice (Kluver, Dordrecht, 1990) 229-255.

M. E. Ismail, Classical and Quantum Orthogonal Polynomials in One Variable.
Encyclopedia of Mathematics and its Applications, 98. Cambridge University Press,
Cambridge, 2005.

E. Leopold, The extremal zeros of a perturbed orthogonal polynomials systems, J.
Comp. Appl. Math., 98 (1998) 99-120.

J. Letessier, Some results on co-recursive associated Laguerre and Jacobi polyno-
mials, STAM J. Math. Anal. 25 (1994) 528-548.

S. Lewanowicz, Recurrence relations for the connection coefficients of orthogonal
polynomials of a discrete variable, J. Comput. Appl. Math., 76 (1996) 213-229.

W. Koepf, D. Schmersau, Representations of orthogonal polynomials, J. Comput.
Appl. Math. 90, 1998, 57-94.

F. Marcelldn, J.S. Dehesa and A. Ronveaux, On orthogonal polynomials with per-
turbed recurrence relations, J. Comput. Appl. Math. 30 (1990) 203-212.

P. Maroni, Le calcul des formes linéaires et les polynémes orthogonaux semi-
classiques. (French) [Calculation of linear forms and semiclassical orthogonal poly-
nomials] Lecture Notes in Math., 1329 (1988), 279-290.

P. Maroni, Sur la suite de polynémes orthogonaux associé a la forme u = 6.+ \(x —
¢)~L (in French) [On the sequence of orthogonal polynomials associated with the
form u = 0, + A« — ¢) L], Period. Math. Hung. 21 (1990) 223-248.

P. Maroni, Une théorie algébrique des polynémes orthogonaux. Application aux
polynoémes orthogonaux semi-classiques (in French) [An algebraic theory of or-
thogonal polynomials. Applications to semi—classical orthogonal polynomials]. In

51



[40]

[41]

[42]

[45]

[46]

[47]

[48]
[49]

[50]

C. Brezinski et al. Eds., Orthogonal Polynomials and their Applications (Erice,
1990), IMACS Ann. Comput. Appl. Math., 9, Baltzer, Basel, (1991), 95-130.

P. Maroni, Variations around classical orthogonal polynomials. Connected problems,
J. Comput. Appl. Math., 48, 133-155, 1993.

P. Maroni, Fonctions eulériennes. Polynomes orthogonaux classiques. Techniques de
I'Ingénieur, traité Généralités (Sciences Fondamentales), 1994.

P. Maroni, An introduction to second degree forms, Adv. Comput. Math., 3 (1995),
59-88.

P. Maroni, Tchebychev forms and their perturbed as second degree forms, Ann.
Numer. Math., 2 (1-4) (1995), 123-143.

P. Maroni, M. I. Tounsi, The second—order self associated orthogonal sequences, J.
Appl. Math., 2004:2 (2004) 137-167.

P. Maroni, M. Mejri, Some perturbed sequences of order one of the Chebyshev
polynomials of second kind, Integral Transforms Spec. Funct. 25 (1) (2014), 44-60.

P. Maroni, Z. da Rocha, Connection coefficients between orthogonal polynomials
and the canonical sequence: an approach based on symbolic computation, Numer.
Algorithms, 47-3 (2008) 291-314.

P. Maroni, Z. da Rocha, Connection coefficients for orthogonal polynomials: sym-
bolic computations, verifications and demonstrations in the Mathematica language,
Numer. Algor., 63-3 (2013) 507-520.

P. Maroni, Z. da Rocha, Software CCOP - Connection Coefficients for Orthogonal
Polynomials, Numer. Algor., (2013), http://www.netlib.org/numeralgo/, na34
package.

P. Maroni, Z. da Rocha, Software CCOP - TUTORIAL. Numer. Algor., 40 p. (2013),
http://www.netlib.org/numeralgo/, na34 package.

J. C. Mason, D. C. Handscomb, Chebyshev Polynomials, Chapman & Hall/CRC,
Boca Raton, FL, 2003.

F. Peherstorfer, Finite perturbations of orthogonal polynomials, J. Comput. Appl.
Math. 44 (1992) 275-302.

J. Riordan, An Introduction to Combinatorial Analysis. Dover, 1958.
J. Riordan, Combinatorial Identities, John Willey and Sons, Inc., 1968.

J. Riordan, Introduction to Combinatorial Analysis, Dover ed., N.Y., 2002.

52


http://www. netlib.org/numeralgo/
http://www. netlib.org/numeralgo/

[51]

[52]

[53]

A. Ronveaux, S. Belmehdi, J. Dini, P. Maroni, Fourth-order differential equation
for the co-modified semi-classical orthogonal polynomials, J. Comput. Appl. Math.,
29 (2) (1990), 225-231.

A. Ronveaux, A. Zargi, E. Godoy, Fourth-order differential equations satisfied by
the generalized co-recursive of all classical orthogonal polynomials. A study of their
distribution of zeros, J. Comput. Appl. Math., 59 (1995), 295-328.

G. Sansigre, G. Valent, A large family of semi—classical polynomials: the perturbed
Tchebychev, J. Comput. Appl. Math., 57 (1995), 271-281.

G. Szego, Orthogonal Polynomials, fourth edition, Amer. Math. Soc., Colloq. Publ.,
vol. 23, Providence, Rhode Island, 1975.

H.A. Slim, On co-recursive orthogonal polynomials and their application to poten-
tial scattering, J. Math. Anal. Appl. 136 (1988) 1-19.

M. Foupouagnigni, W. Koepf, D. D. Tcheutia. Connection and linearization coeffi-
cients of the Askey-Wilson polynomials. J. Symbolic Comput., 53:96-118, 2013b.

D. D. Tcheutia, On Connection, Linearization and Duplication Coeffi-
cients of Classical Orthogonal Polynomials. PhD thesis, Universitit Kas-
sel (2014). https://kobra.bibliothek.uni-kassel.de/handle/urn:nbn:de:
hebis:34-2014071645714

Weisstein, Eric W. ”Vieta’s Formulas.” From MathWorld—A Wolfram Web Re-
source. \protecthttp://mathworld.wolfram.com/VietasFormulas.htm]l

A. Zhedanov, Rational spectral transformations and orthogonal polynomials, J.
Comput. Appl. Math., 85 (1997), 67-86.

53


https://kobra.bibliothek.uni-kassel.de/handle/urn:nbn:de:hebis:34-2014071645714
https://kobra.bibliothek.uni-kassel.de/handle/urn:nbn:de:hebis:34-2014071645714
\protect 
http://mathworld.wolfram.com/VietasFormulas.html

o1}
— =
S
E—

4000 -

3000 (-

2000 -

1000 -

15000 -

10000 -
10000 -

5000 -
5000 -

Figure 3: Some perturbed of order 0 by translation with negative parameters pg =
—5(1) — 1 (in black), positive parameters po = 1(1)5 (in red) of Chebyshev polynomials
of second kind (in bleu) of degrees n = 5, 6.
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Figure 4: Some perturbed of order 1 by translation with negative parameters pg =
—5(1) — 1 (in black), positive parameters po = 1(1)5 (in red) of Chebyshev polynomials
of second kind (in bleu) of degrees n = 5, 6.
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—5(1)-1<1
(in black) and A\ = 3(1)7 > 1 (in red) of Chebyshev polynomials of second kind (in bleu)

of degrees n =5, 7, 6 and 8.

Figure 5: Some perturbed of order 1 by dilatation with parameters \;
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Figure 6: Some perturbed of order 2 by dilatation with parameters A\ = —5(1)—1< 1
(in black) and A2 = 3(1)7 > 1 (in red) of Chebyshev polynomials of second kind (in bleu)
of degrees n =5, 7, 6, 8.
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Figure 7: Some perturbed of order 5 by translation with parameters puf = —5(1) —
1 < 0 (in black) and ps = 1(1)5 > 0 (in red) of Chebyshev polynomials of second kind

(in bleu).
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Figure 8: Some perturbed of order 6 by dilatation with parameters \j; = —5(1)—1< 1
(in black) and A\g = 3(1)7 > 1 (in red) of Chebyshev polynomials of second kind (in bleu).

n =13 n = 14 ; 2 simple common zeros
5 simple common zeros 0 is a double interception point
all interception points are simple other interception points are simple

| 0.0002 -

V/ ~0.0004 -
—0.0002 -
n = 15; 0 is a simple common zero n = 16; no common zeros
-0.5 and 0.5 are double inter. p. 0 is a double interception point
other interception points are simple other interception points are simple
0.00006 -
0.0001 - | /
/\ 0.00004 /\

\ ) ’ | | ““ &/ \%/ ~0.00002 - \/g v
M s ‘; Vi Y
I \V —0.0001

n = 17; 5 simple common zeros n = 18; no common zeros
all interception points are simple all zeros of Ps(x) are double inter. p.
The zeros of Ps(x) are —@ ~ —0.87, —%, 0, %, g ~ 0.87.

59



Figure 9: Some perturbed of order 5 by translation with negative parameters uf =
—5(1) — 1 < 0 (in black) and positive parameters, us = 1(1)5> 0 (in red) of Chebyshev

polynomials of second kind (in bleu) of degree n = 17. All zeros of Ps(x) (—@ A

-0.87, —3, 0, 3, @ ~ 0.87) are double common zeros of Pf,(ut;5)(z), Pir(us;5)(z)
and Py7(z). There are 11 distinct interception points. There is a zero of Pl (uk;5)(x)
on the left of -1. There is a zero of P{;(us;5)(z) on the right of 1. Other zeros are in
[—1,1]. All zeros are real and simple. Polynomials are not symmetric.
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Figure 10: Some perturbed of order 6 by dilatation with parameters Ay = —5(1) —
1 <1 (in black) and A\¢ = 3(1)7 > 1 (in red) of Chebyshev polynomials of second kind

(in bleu) of degree n = 18. All zeros of Ps(x) (—§ ~ —0.87, —3, 0, 1, @ ~ 0.87)
are double interception points of P& (N\5;6)(z), Pk(Xe;6)(x) and Pig(x). There are no
common zeros. There are 11 distinct interception points. P&k (\g;6)(z) has 6 real zeros
in [~1,1] and it has 6 pairs of complex conjugate zeros. P&(\g;6)(x) has 16 real zeros
in [—1,1], it has a zero on the left of -1 and a zero on the right of 1. Polynomials and

zeros are symmetric.

0.00006

—0.00006

0.0004 -

0.0002 -

-0.0002

10+

n I L
-11 -10 11

—10F

61



	1 Introduction
	2 Theoretical background
	2.1 Connection coefficients for perturbed orthogonal polynomials
	2.2 The four families of Chebyshev polynomials

	3 Connection coefficients and connection relations in terms of the Chebyshev polynomials of second kind
	4 Connection coefficients and connection relations in terms of the canonical basis
	4.1 Translation case
	4.2 Dilatation case

	5 Some properties of zeros and intersection points
	5.1 Hadamard–Gershgörin location
	5.2 Zeros at the origin
	5.3 Location of extremal zeros
	5.4 Zeros and interception points

	6 Graphical representations

