ON THE PROJECTION OF FUNCTIONS INVARIANT UNDER
THE ACTION OF A CRYSTALLOGRAPHIC GROUP

ELIANA M. PINHO, ISABEL S. LABOURIAU

ABSTRACT. We study functions defined in (n + 1)-dimensional domains that
are invariant under the action of a crystallographic group. We give a com-
plete description of the symmetries that remain after projection into an n-
dimensional subspace and compare it to similar results for the restriction to a
subspace. We use the Fourier expansion of invariant functions and the action
of the crystallographic group on the space of Fourier coefficients. Intermediate
results relate symmetry groups to the dual of the lattice of periods.

1. INTRODUCTION

We study real functions with domain R"*! that are invariant under the action of
a crystallographic group I', whose subgroup of translations is a lattice £. We work
in Xr, the space of I'-invariant functions, that in particular are L-periodic, and
that have formal Fourier expansion in terms of the waves wy(x,y) = e2™ <k (@¥)>
with z € R” and y € R, k € R*H1,

A crystallographic group T is a subgroup of the Euclidean group E(n + 1), the
semi-direct product E(n+1) 2 R""1 x O(n+1). We denote its elements v = (v, §),
where v € R and § € O(n+1). We identify all elements of the form (v+1,6) € T,
! € £ and denote them all by (vs, 9).

Given a € O(n), we define the elements of O(n + 1):

(I, © (a0 R B
g = 0 _1 5 a4 = 0 1 arn a_ =004 = 0 _1 .

For yo > 0, consider the region in R™™! lying between the hyperplanes y = 0
and y = yo. The projection operator I, integrates f along the width y, yielding
a new function with domain R"™:

I, (f)(2) = / " fay)dy.

Our main result, Theorem 1.1, relates the symmetry of the functions f € Xr to
the symmetry of the projected functions II, (f) in the space II,, (Xr):

Theorem 1.1. All functions in11,,(Xr) are invariant under the action of (vq, o) €
R"™ x O(n) if and only if one of the following conditions holds:

(I) ((UQ,O),Oé_,_) € F:
(II) ((UaayO)ua—) € F;
(IIT) (0,y0) € L and either ((va,y1),a4) € T or ((Va,y1),a—) € T, for some
y1 € R.
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Consider the subgroup I'g of elements of I' with orthogonal part a4 for some
a € O(n) of the form

((vmya),<g g)) with g =+1

and let I'; be the subgroup of I'y given by:

o If (0,y0) & L then I'; contains those elements of 'y where either y, = 0
with # =1 or where y, = yo with § = —1.
e If (0,y0) € L then I'y =T.
The following corollary to Theorem 1.1 states that the elements in I" that effec-

tively contribute to the symmetry of II,, (Xr) are those in I';. It also describes
how elements of I'; are transformed by the projection:

Corollary 1.1. Let X be the group of symmetries of Il (Xr), i.e., the largest
subgroup of E(n) = R™ x O(n) that fizes all the elements in I, (Xr). Then X is
the image of I'x by the homomorphism

Ty — E(Mn)=ZR"x O0(n)

(o) (G 5)) — aad

whose kernel is given by elements such that v, =0 and o = Id,,.

The result was motivated by the study of patterns in reaction-diffusion experi-
ments on thin layers, where the observation method carries information from the
depth of a layer and thus corresponds to a projection whose role in the formation
of a pattern is not always clear (see De Kepper et al. [6], Borckmans et al. [2]
and other articles by the same authors). Gomes [8] proposes that some of these
patterns may arise as the projection of a three-dimensional structure. Knowledge
of projected patterns is useful when deciding whether this is the case, as in Zhou
et al. [15]. When the thickness of the layer acts as a bifurcation parameter, as ob-
served by De Kepper et al. [6], then the symmetries of the pattern may be subject
to change as thickness varies.

Restricting a pattern to a slice allows its visualisation in a lower dimension. In
Parker et al. [11], for instance, patterns are drawn through restriction to a hyper-
plane, but projecting a slice would codify more of its symmetries since invariant
functions when restricted to a hyperplane have less symmetry than their projec-
tions, as we show in Theorem 5.1 in section 5, below.

Symmetries that do not remain after projection may give rise to structures of the
projected functions that cannot be described as the invariance under an element of
the Euclidean group. An illustrative example of the second case is the quasiperiodic
structure obtained by the canonical projection of a periodic one, see Senechal [13,
section 2.6].

Structure of the paper. After definitions, notation and some preliminary results
in section 2, the bulk of the paper contains the proof of Theorem 1.1. Each one of
the conditions (I), (IT) and (III) of Theorem 1.1 is sufficient by basic properties of
the integrals. Thus, we omit the proof of sufficiency for Theorem 1.1, see Pinho [12]
for details.

In order to prove that the conditions of Theorem 1.1 are necessary we establish
first, in Proposition 3.1, an equivalence between the (v, «@)-invariance of all the
functions in IT,, (Xr) and properties of I' and of the dual lattice £*. This is done
in section 3 using the induced action of I" in the space of Fourier coefficients of I'-
invariant functions, that appears as relations on the coefficients that may be traced
after projection.
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Then, in section 4, we show that these properties impose restrictions on I' and
on L by implying the presence of some particular elements in I'; establishing The-
orem 1.1.

Finally, in section 5 a similar study is carried out for the symmetries of the
restriction of invariant function to a hyperplane. This is useful in comparing the
restriction and projection of a pattern. The main result of this section, Theorem 5.1,
may be proved using simpler versions of the arguments developed for the projection.

The formulation of the results for sufficiently large spaces of I'-invariant functions
highlights their common characteristic, the symmetry.

2. NOTATION AND PRELIMINARY RESULTS

The reader is referred to Armstrong [1] for results on Euclidean and plane crys-
tallographic groups, to Senechal [13] and Miller [10] for results on lattices and
crystallographic groups and to Golubitsky et al. [7] for results on symmetry. A
detailed description appears in Pinho [12].

The action of an element (v, d) of the Euclidean group E(n+1) on (z,y), € R,
y € R is given by (v,9) - (z,y) = v + §(z,y) with the group operation (vi,d1) -
(’U2,62) = (’Ul + 61’1}2,5152), for (’Ul,él), (’U2,52) S E(TL + 1)

A crystallographic group I' < E(n + 1) with lattice £ is a group such that the
orbit of the origin by translations {v : (v,Id,+1) € T'} is a Z-module generated
by n + 1 linearly independent vectors Iy, ...,l,41 € R*™ L ={l1,...,l,1}z =
{E?jll mgl; cmy; € Z} . We also use the symbol £ for the subgroup of translations
of T isomorphic to (£, +).

The projection (v, ) — 0, of I" into O(n + 1), has kernel £. Its image, J = {J :
(v,6) € T for some v € R""1}, called the point group of £, is isomorphic to the
finite quotient I'/L and is a subgroup of the holohedry of L, the largest subgroup
of O(n + 1) that leaves £ invariant. Thus, JL ={6l:0 € J,l € L} = L.

The set of all the elements in I" with orthogonal component § € J is the coset
L (v,6)={(+wv,0):1€e L} for any v € R"™! such that (v,d) € I'. We use the
symbol (vs, §) for any element of that coset, i.e., vs is the non-orthogonal component
of (v,6) € T defined up to elements of £. The group I is thus characterized by the
n + 1 generators of £ plus a finite number of elements (vs,d), with § € J.

The action of I' in R"*! induces the scalar action on functions: (v - f)(z,y) =
f(yt - (z,y)) for v € T and (z,y) € R", see Melbourne [9]. A function f is
[-invariant if (v - f)(z,y) = f(x,y), for all y € T and all (z,y) € R*%.

The dual lattice of £ is the set of all the elements k € R®! such that wy is
L-periodic, given by £* = {k € R"" :< kI, >€ Z, i = 1,...,n + 1}, where
< -,- > denotes the usual inner product in R**!. It may be written as £* =
{l5,..., 1} 41}z, where I € R""! is the dual basis satisfying < [J,1; >= §;; for all
1,7 €{1,...,n+ 1}. The lattices £ and L* have the same holohedry.

The formal Fourier expansion of a function f € Xt is

fay) = wilz,y)C(k)

keLl*

where C : L* — C are the Fourier coefficients. We assume that in X this
expansion is unique. For a real function f we have C(k) = C(—k). From the action
of I on X1 we get:

(vs,0) - f(z,y) = Zkec* wsk(z, y)wsk(—vs)C(k), by orthogonality of 4,
= > e wk(@, y)wr(—vs)C (67 k), because 6L* = L*.
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By the unicity of the Fourier expansion, this induces an action of I' on the space
of Fourier coefficients (vs,d) - C(k) = wi(—vs)C(§71k). Analogously, the (vs,d)-
invariance of f implies C(k) = wi(—vs)C(§71k) for all its Fourier coefficients.

The simplest I'-invariant functions are the real and imaginary components of
Ii(z,y) = > 5c5 wor(x, y)wsk (—vs), for k € L*, and we will assume that they lie in
Xr. Each function I, for k € £*, is the sum of the elements in the I'-orbit of wy.

If f € Xp then the projected function satisfies I, (f)(z) = [° e v wi (@, y)C(k)dy.
When the integral and the summation commute, then

I, (x) = Zkeﬁ* oyo wi(z,y)C(k)dy
= Zkeﬂ* Wk (‘T)C(kl ) k2) foyo Why (y)dy,

where k = (k1,ke), with k&; € R™ and k2 € R. Grouping terms with common n
first components in £*, we obtain

My, (f)(z) = Zkleﬂ’{ w, (7) Zkg;(kl,kz)ea* C(k1, k2) foyo Wi, (y)dy
=2 pecs Wk (@)D (k1),

where L] = {ky : (k1,k2) € L} and D(k1) = 324,k kyecr C (k1 k2) 5wy (y)dy.
Note that the coefficients D (k1) depend on yo.

The functions IT, (f) may be invariant under the action of some element (vq, @)
of E(n) 2 R"™ x O(n). For f € Xr this is equivalent to

Z wi, (®)D(ky) = Z wi, (a7 ) wr, (—a vy D (k).

/€1EL‘,’1k k1 El:f

This equation imposes restrictions on the coefficients D(k1), see Lemma 3.3 below.
Summarising, we assume Xr is a vector space of functions such that:

(1) T'is a (n+1)-dimensional crystallographic group with lattice £, dual lattice
L* and point group J,
(2) if f € Xr then:
(i) f:R"™ — R is [-invariant,
(ii) f has a unique formal Fourier expansion in waves wg(z,y), k € L*,
(iii) the integral and the summation commute in the projection of f,
(3) Re(Iy),Im(Iy) € Xr forall k € £L* with I(z,y) = > sc5 wok (2, y)wsr (—vs).

3. SYMMETRY OF II, (Xr) RELATED TO I" AND L*

For simplicity of notation we write (vy,ay) for (ve,,ay) and (v_,a_) for
(Vo_,—). The simultaneous presence of the reflection (v,,0) and of (v, o)
in a group I' imposes strong restrictions on £*. One of these restrictions is the
subject of the next Lemma.

Lemma 3.1. If both (vy,0) €T and (v4,ay) €T then 2(cvy —vy) € L.

Proof. Since (vy,0) - (v4,04) = (Vg + ovg,a_) and (vi,a4) - (Vs,0) = (v +
Q4 Vs, — ), then v = vy + oV — V4 — @4V, € L. As oL = L then v —ov = 2(ovy —
v4)+(Idy 41—y —o+a_)v, also belongs to £. Using —ay—o+a_ = —Id,, 11 we get
v —ov =2(ocvy —vq) or, equivalently, 2 < k,ovy —vy >€Z  forall ke £*. O

Proposition 3.1. All functions in I, (Xr) are invariant under the action of
(va, @) € R™ X O(n) if and only if one of the following conditions holds:
(A) (v4,a4) €T and
for each k € L* either < k,(0,y9) >€ Z — {0} or < k,vy — (vq,0) >€ Z,
(B) (v—,a-) €T and
for each k € L* either < k,(0,y9) >€ Z — {0} or < k,v_ — (vVa,Y0) >€ Z,
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(C) both (vs,0) € T and (vy,a4) € I'. Moreover, if < k,ovy — vy >€ Z then
one of the conditions (Ci), (Cii) or (Ciii) below holds and, if < k,ovy —
vy > 41 € Z, one of the conditions (Ci) or (Civ) holds:

(1) < k5 (Ovy()) >€Z— {0}7

(i) <k,vy — (va,0) >€ Z,

(il) <k, v —(0,50) > +1 € Z,

(iv) <k,v_ — (va,Yy0) >€ Z and
either < k,v, — (0,y0) > +1 € Z or < k,v, — (0,y0) > —1 € Z.

A more concise formulation of this result is possible using the subsets of £* that
we proceed to define. Let M*, M?* and M* be the modules

M ={ke Ll :<kovy—vy >€Z},
P ={kelr i <kvy — (va,0) > Z} , M* ={ke L :<kv_— (va,y0) >€ Z}
and let

1
N*—{k€£*2<k,av+—v+>+§€Z}
N ={keLl*: <k, (0,y0) > Z—{0}}

Yo

1
N;—{keﬁ*:<k,vg—(0,y0)>+§€Z}

1
N§={/€€£*2<k,va—(0,yo)>izez}~

The last four sets are not modules. The smallest modules generated by them are

Ns=N*UM* N =Nj UM;  NF=N;juM;  Ni=N;UNj,

where N* = £* under the conditions of Lemma 3.1, all the unions are disjoint and
M and M are the modules

My, ={k €L : <k, (0,y0) >= 0} and My ={k € L" : < k,v, — (0,y0) >€ Z}.
In the sequel we will use:
Properties of N} and Ng Let mqy,mo € Z.

*

(1) If g1,92 € N then m1g1 + mag 6{ /Xl/i if 'm1+ ma even

if mi+meo odd
” NF if my+ma even

(2) 1f 91,92 € N3 then magy + magz € { Nz if mi+mg odd
Lemma 3.2 (Properties of the bases for £ and £* and notation). Let {l1,...,lnt+1}
be a basis for L and {ZT, . .,l:‘lJrl} be its dual basis. The matrices M with rows
li,... lny1 and M* with rows I3, ... [} 1, are related by M* = (M_l)T and sat-
isfy:

(1) If (vs,0) €T then, given the real numbers r1, ..., pi1, we may write vs =

Z;:rll sil; with (s; —r;) € [0,1] for alli € {1,...,n+ 1}.
(2) If (0,a) € L for some a # 0 then we may choose the basis {l1,...,l,4+1} for

L such that
(i) M = ( ,3 b ) where A is an nxn matriz with rows ay, . . .,a, € R"
and B = (bl,...,bn)T, with b= = for some m € Z and b; € R.

(ii) M* = ( _lgTA* (l) ), where A* = (A’l)T has rows aj,...,a}
b b

n
with < af,a; >=0;; fori,j € {1,...,n}.
(iii) The set {a1,...,an} is a basis for a lattice in R™ and {af,...,a’} is
a basis for its dual.
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(iv) If = (a},0) forie {1,...,n} and M ={l3,...,0}}.
(3) If o lies in the holohedry of L then L contains an element of the form (0, a),
a # 0 and each entry b; of B may be taken to be either zero or b/2.

Proof. (1) The set {l1,...,l,11} is a basis for R"*! and so vs = Z?:ll s;l; with
sieRforallie{l,...,n+1}. As vs is defined up to elements of £ then we may
restrict each s; to an interval [r;, r; + 1[, where r; € R.

(2) Given (0,a) € L, a # 0, then (0,b), b # 0, the smallest element of £ in the
direction of (0, a), is a generator and (0,a) = m(0,b) for some m € Z. Moreover,
there are elements Iy, ..., 1, in £ such that £ = {l1,...,1,,(0,b)},. Forl; = (a;, b;),
withi € {1,...,n}, and (0,b) = l,,41 we obtain the matrix M and M* has the form
given in (2ii). Property (2iv) follows by definition of My .

(3) For (c,d) in £ with d # 0, since 0L = L then (¢,d)—o(c,d) = (0,2d) € £ and
property (2) is valid. For I; = (a;,b;), with ¢ € {1,...,n}, the elements [; — ol; =
(0,2b;) lie in £ and so (0,2b;) = m(0,b) for some m € Z. Therefore l; = (a;, 22),
and either I; = (a;,0) or l; = (ai, g) up to multiples of (0,b) = l,,41. O

With the notation above Proposition 3.1 takes the equivalent form:

Proposition 3.2. All functions in I, (Xr) are invariant under the action of
(va, @) € R™ X O(n) if and only if one of the following conditions holds:
(A) (vy,ay) €l and L* = N UMY,
(B) (v—,a_) €Tl and L* =N} UM*,
(C) both (vs,0) and (v4,ay) belong to T' and, moreover,

M*C (Np UMY UNG) and N* C (N U (M* NNZ)).

There are three main steps in the proof of Proposition 3.1. First, in Lemma 3.3,
we write the (v, @)-invariance of the projection of f € X as conditions relating
the operator II,, to the projection of the dual lattice £* and to the coefficients of
the formal Fourier expansion of f in waves. Second, we prove that the conditions
(A), (B) and (C) are sufficient, by writing explicitly the restrictions they impose
on L£* and on the Fourier coefficients. Finally we conclude that the conditions
of Proposition 3.1 are necessary by the (v, a)-invariance of the projection of the
I-invariant functions Ij.

The tools used in this proof are properties of waves and of Fourier coefficients,
due to the symmetries in I' and to the symmetry (vq, @) € R™ x O(n), together
with properties of the modules and subsets of £L* defined above. For al} = {ak; :
k1 € L5}, we have:

Lemma 3.3. Let f € Xr and (va, ) € R" x O(n). The projection I, (f)(x) is
(v, @) -tnvariant if and only if for each ki € L the following conditions hold:

(1) if k1 € L3 NaLly then D(k1) = wi, (—va)D(a k1),
(2) if k1 ¢ L3 NaLly then D(ky) = 0.

Proof. Notice first that the equality
Iy, (f)(@) = (va, @) - Ty, (f) (@) = Ty, (f) (@™ 2 — a7 va)
is equivalent to
) > o @D) = Y el o) (—a~ ) Dlk),
ki€L; k1€L]
where, by orthogonality, the right hand side equals Zkleﬁ’{ Wak, (T)wWak, (—va)D (k1)
and, for ki = ki, is given by chleaa’{ w;ﬂ(:c)wl;l(—va)D(afllél). Thus, by the

unicity of the Fourier expansion, expression (1) is valid for all z € R™ if and only
if, for any k1 € L7, the conditions hold. O
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Proof of sufficiency in Proposition 3.1. We write D(k1) — wy, (—va)D(a~ k1), in
the form
Yo
Sl k)Gl k) / s (9)dy,
ka:(k1,ka)ELH 0

which is zero since, by conditions (A), (B) or (C), either [ wg,(y)dy = 0, if <
k,(0,y0) >€ Z — {0}, or G(ky, k2) vanishes. Below we compute G(k1, k2) explicitly
for each case.

Suppose either condition (A) or condition (B) happens. Since ay (either o
or a_) is in J then arL* = {axk : k € L*} = L£*, which implies oL = Lj.
Therefore, for any f € Xr, the projection II, (f)(z) = Zkleq wi, (x)D(ky) is
(Ve @v)-invariant if and only if condition (1) of Lemma 3.3 holds for all k; € L.

The (v, o )-invariance of f implies C'(k) = wi(—v+)C(ai k) for all its Fourier
coefficients. Writing £3 = {ka : (a7 'k1, £ko) € L*} then D(a k) is

Yo Yo
Z C(oflkl,:lzkg)/ Wik, (y)dy = Z wk(vi)C(kl,kg)/ Wik, (y)dy.
ka€LY 0 ko€l 0

As {kq : (k1,ke) € L*} = L7 then, using in the minus sign case the property

@) / Y s ()Y = W (—0) / " )y,

we obtain G(k1,k2) = 1 — wi(vy — (va, 1)), with B4 = 0 and S_ = yo, which is
zero for < k,v — (v, B+) >€ Z.

When (C) happens then ¢ € J and so (k1,—ka) € L* if (k1,k2) € L*. Thus
D(kl) is

1 Yo Yo
3 % (cum) [Monmays ot [T o)
ko:(k1,k2)ELH 0 0

and D(a~'k;) has a similar expression. By property (2), and by the invariance of
f under the action of (vy,ay) and (v_,a_), as a— = cay € J, we obtain

2G (K1, k2) = 1 4w (Vo )wk, (=y0) — Wy (—va) (Wi (V) + wi(v-)wk, (—v0)) -
The hypotheses of Lemma 3.1 are valid and (see the proof of Lemma 3.1)
(3) wr(v_) = wi (v )k (ovs).
If < k,ovy — vy >€ Z then wi(ovy —vy) =1 and 2G(k1, k2) equals, using (3),
1+ wi (Vg )Wk, (=40) = Wiy (=va)wr(v4) (1 + wr(ovg — v )wr (Vo )wr, (=10))
= (1 —wi(vy = (va,0))) (1 + wk(vs = (0,0))) =0
because either 1—wy(v4 —(v4,0)) = 0, by condition (Cii), or 14wk (vs—(0,40)) = 0,
by (Ciii).
If < k,ovp — vy > +3 € Z then wy(ovy )wy(—vy) = —1 and

Wiy (—va)wi(v4) = —wr, (—va)wr(ov)
= —wk, (—va)wk(v_)wi(—vs), by expression (3)

= —wr(v- = (va,¥0))wk (=05 + (0,50))-
Thus 2G(k1, k2) is 1+ wi(ve — (0, y0)) +wk (v— — (va, Yo)) (Wk(—vs + (0,90)) — 1) =0
because, by condition (Civ), w(ve — (0, o)) = £i and wi(v— — (va, yo)) = 1. Notice
that we use the property wy(—v) = wi(v) in order to obtain this result. O
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Proof of necessity in Proposition 8.1. We will show that if the hypothesis of Propo-
sition 3.1 holds for the projection of the real and imaginary parts of I (z,y), then
one of the three conditions (A), (B) or (C) must hold.

The functions Ij are given by a summation over a J-orbit on L£*. Its projection
into £} is a new orbit that may be used as an index for the summation of II,, (Ix)
writing it in a form suitable for the use of Lemma 3.3.

For § € O(n+1) and k € £*, let 0k = (k1, ko), where k; € R” and ky € R. With
the notation dk|; = k; and dk|y = ks, we have IT,, (I)(z) = > sex Wokl, (x)D'(6, k),
where D'(8,k) = wsi(—vs) foyo Wskl, (¥)dy. This corresponds to a summation over
the projection of the orbit Jk given by: Jk|; = {0k|1 : & € J} C L}. Grouping
terms with the same first n components we obtain

Oy, (I)(x) = > wp(z) > D'(6k)
/;16;”{}‘1 %22(1}}1,]}}2)6.]]6
For k = (k1, k2), the Fourier coefficient of IT,, (I} ) associated to wg, is ZéeJId(k) D'(d,k),
where J/(k) is the subset of J that preserves ki, given by J¥4(k) = {§ € J : k|, = k1}
and J*(k) = {6 € J: 6kl1 = a k1 }.
Since by hypothesis II,,(Ix) is (v, @)-invariant, then by Lemma 3.3 , for all

k = (k1,k2) € L£*, the following invariance conditions hold:

(a) if k1 € L1 NaLl] then 5 jm ) D'(6, k) = wiy (—va) ooy D' (6, k),

(b) if k1 ¢ L1 NaLy then 3 5 juq, D'(6, k) = 0.

Although these conditions involve the sets J®(k) and J¥(k) for all k € £*, we will
show that for this proof we will only need to consider the sets:

I ={Hdp41,0}NT and J*={ai',aZ'}NJ.

In Lemma 3.4 we describe all the possibilities for J and J* and obtain in each
case some consequences for £* in terms of the subsets defined before the statement
of Proposition 3.2. In Lemma 3.5 we study the set of all k£ € £* such that either
J¥(k) # J¥ or J*(k) # J*. Finally, conditions (A), (B) and (C) are obtained in
Lemma 3.6. O

Properties of J(k) and J*(k). Let k € L*.
(1) Ji(k)y={6€J: 6k =kV ok = ok} and
Jok)={6€J: 6k =ai'kVik=a"k}.
(2) J¥ c JH(k), J* C J*(k) and J¥(0,0) = J*(0,0) = J.

Proof. Property (1), for J¥(k), follows by orthogonality of J, since any element of
the orbit J(k1, k2) whose n first components equal k; is of the form (k1, +k2). For
Jo(k), the elements on J(ki,ks) with n first components a~1k; are of the form
(a=Yky,4ko), by orthogonality of J and of a.

Property (2) follows directly from the previous one and from the definitions of
J and J«. (]

The next lemma describes, under the hypothesis of Proposition 3.1, the set
O ={ker: JUk)=T" A JKk) =T}

according to each of the cases for J and J®. This allows us to restate the invariance
conditions (a) and (b) in simpler form in terms of subsets of L*.

Lemma 3.4. Suppose that the invariance conditions (a) and (b) hold for all k =
(k1,k2) € L*. Then we have one of the following cases:

(1) 34 = {Hdpi1}, I =0 and O C N*

Yo’

(2) I = {Idy41,0}, I* =0 and O* C (N}, UNZ),
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(3) I = {Idy1}, I* = {a;'} and OF C (N, UML),
(4) I3 = {Idny1}, I* ={a"'} and O* C (N, UM*),
(5) I = {Idy41,0}, I* = {a;' al'},
(O N M*) C (Mg, UMLUNS) and (O* NN*) C (N U (M* NNZ)).
Proof. Cases (1) to (5) enumerate all the possibilities for J* and J*. This happens
because J¥ is a group; if ajrl,a:l € Jthen ara”! =0 € J and if ¢ € J then
either J* = () or J has two elements.
The equations in (a) and (b) may be written in the form G(k1, k2) Oyo wi, (y)dy =
0 for k = (k1,k2) € O, as in the proof of sufficiency. Thus one of the sufficient
conditions appearing in all five cases is foyo wi, (y)dy = 0, implying k € N;O. For
each case we compute G(k1,k2) and the constraints that follow when it vanishes,
for k = (kl,kg) e O*.
If (vy,0) € T then (vy,0) - (Vo,0) = (V6 + 0Ve,I) € T implying v, + ov, € L
and therefore we have

(4) wi(—ovs) =wi(vy) if ke L and (vy,0) €T.

If J* = ( then, for all k = (k1,ks) € O*, the conditions in the hypothesis of
the lemma become 5.5 D'(6,k) = 0. Thus, either G(ki,k2) = 1 or G(k1,k2) =
1+ wi(ve — (0,y0)) according to the absence or presence of ¢ in J and using (2),
orthogonality and property (4) in the second case.

Cases (1) and (2) follow because 1 + wy(vs — (0,y0)) = 0 implies k € N,

In the remaining cases either oy or a_ belongs to J. Thus, af] = L] and
condition (a) must be verified for all k; € £]. For k € O* this means

(5) > D'(6,k) = wr, (—va) Y D'(8,k).
seJid seJe

In case (3), G(k1,k2) = 1 —wi, (—va)wa?k(oa;lmr) = 0 is equivalent, by orthog-
onality, to 1 — wg, (—va)wk(v4) = 0, which implies k € M.

For case (4), condition (5) leads to G(k1, k2) = 1 —wi, (—va)wk (v_)wi, (—yo) = 0,
which implies k € M* .

For case (5), condition (5) defines, by orthogonality and properties (2) and (4),
2G(k1, k2) = 1+ wi(vo )wk, (=90) — Wi, (—va) (Wi (v4+) + wi(v-)wk, (—yo)) - In this
case we are under the conditions of Lemma 3.1 and so O* € (M*UN™*). If k =
(k1,k2) € M* then G(k1, ko) = 0 is equivalent, as shown in the proof of sufficiency,
to (1 — wr(vy — (v4,0))) (1 + wik(ve — (0,90))) = 0 and the result follows. For k =
(k1,k2) € N*, by the proof of sufficiency the term 2G(k1, k2) equals 1 + w (v, —

(0,90)) + wi(v- = (vas0)) (w0 — (0,50)) — 1) For wi(ve — (0,50)) = 21 and
wr(v— — (Va, Y0)) = 22, quation G(k1, ko) = 0 is equivalent to (1+21)/(1—27) = 22
because z; = 1 is not a solution of G(k1, k2) = 0. Therefore, |(1+21)/(1 —Z1)| =1
which implies Re(z1) = 0 < wi(ve — (0,y0)) = +i and 23 = wk(v— — (Va,Y0)) = 1,
leading to k € (M* NNF). O
Let P* be the complement of O* in L*:
Pr={keLl: JUEk) #I" v I (k) £ I}
In Lemma 3.6 we reformulate the cases of Lemma 3.4 in terms of £* instead of
O*. The first two cases of Lemma 3.4 cannot occur since P* is too small. In
the remaining cases we show that P* may be ignored and, therefore, that £* can

replace O* in the expressions given. Thus, the estimate of the size of P* in the
next lemma is an essential step.

Lemma 3.5. P* is the intersection of L* with the union of a finite number of
vector subspaces of R™! with codimension at least one.
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Proof. P* is the union of the submodules

U M U U M;
seJ—JH 6eJ—Jo
where M, = {k € L*: 6 € J¥(k)} and M, = {k € L*:6 € J*(k)}. This union
is finite because J is finite. Moreover, for all £ # Id,4+1 € O(n + 1), Fix(§) =
{(x, y) € R () = (a, y)} is a proper vector subspace of R"*1.

Let 6 € J—J9 Ifk € M;)Id then either 0k = k or 0k = ok < o0k = k,
which implies Mj ;; = £* N (Fix(d) U Fix(0d)) . Moreover, neither 6 = Id, 41 nor
06 = Id, 11, by the hypothesis § € J—J. Thus, the codimensions of the subspaces
Fix(d) and Fix(cd) are at least one.

Analogously, if § € J —J% and k € Mj , then either dk = o'k < ardk =k or
6k = a_'k & a_6k = k. Therefore, M; ., = LN (Fix(ayd) UFix(a-4)), where
both Fix(a40) and Fix(a_J) have codimensions at least one due to the hypothesis
deJ—Jo. O

Lemma 3.6. Suppose that the invariance conditions (a) and (b) hold for all k =
(k1,k2) € L*. Then we have one of the following cases:
(A) J* = {a;l} and L* = N, UMY,
(B) J* ={a_'} and L* = N UM*,
(C) J* = {ai',aZ'},
M*C (N UMS UNG) and N* C (N U (M* NNE)).

Notice that the conditions in Lemma 3.6 are the same of Proposition 3.1 as
§~1 € J* is equivalent to (vs,d) € T for some vs € R"!, by definition.

Proof. At first, we prove the statement:
(6) If (0,a) € L for some a # 0 then M; ¢ P~

If (0,a) € L for some a # 0 then property (2) of the bases, in Lemma 3.2, ensures
that M; has n linearly independent generators, [; = (aj,0) for i € {1,...,n},
where {a7,...,a;}g = R™. If My C P* then, by Lemma 3.5, the module M; is
a subset of one of the subspaces forming P*. Therefore, there is either an element
§ € J —J such that 6(k1,0) = (k1,0) for all (k1,0) € M, or some § € J — J«
such that 6(k;,0) = (™ 'k1,0) for all (k;1,0) € M; . By orthogonality of J the
first case implies either § = I or § = o, which is equivalent to § € J®. Similarly,
the second case implies § € J*, by orthogonality of § and «, and the statement is
proved.

For any element k # (0,0) of the dual lattice £*, let g # (0,0) be the smallest
element of £* in the direction of k. Thus, there are elements ¢1,...,9, € L* such
that £* = {g,91,...,9n} - Let M} be the submodule M} = {g1,92,...,9n}y C L*
and, given h € My, let Q;:yh be the set Q;:yh ={k+mh:meZ}.

We claim that there is some A € M such that Q,’;hﬁ’P* is a finite set. Lemma 3.5
asserts that P* C |-, H;, where each H; is a subspace of R"*! of codimension
one. Let p € N and consider the subset of k + M} with p" elements:

Each H; has at most p"~! elements in W, and so W,,NJ;~, H; has, at most, mp"~*
elements. For p > m we have p™ > mp"~! and there is some h € M* such that
k+h ¢ J;~, H;. For this h, let r be a line containing Qj. - Since for each i, rN H;
is either r or a finite set, and r contains at least the element k + h ¢ H;, it follows
that (J;~, (r N H;) is a finite set. The claim is proved because Q. » NP is a subset
of Ur, (r N Hy).
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Let k be any element of £*—{(0,0)} and choose some h € Mj such that Qj , "P*
is a finite set. For simplicity of notation we write Q* instead of Q;; -

Since J\ﬁ is a module, the intersection Q* ﬂ./\/;o is either the empty set or a set
with only a point or an infinite set of equally spaced points with a characteristic
period, 7,,. For the set Q* NA* there are also the three possible results. Although
N is not a module, the smallest difference between two elements of Q* NN defines
a period 7, € MZ, by the properties of N} stated before Lemma 3.2. An analogous
construction may be done for the sets @* N M7, Q* N M* and Q"N (./\/l*_ ﬂ]\/;)
Thus, if these sets have more than one element we may define characteristic periods
T4+, 7— and 75, respectively.

Under the hypothesis of the Lemma, one of the cases (1) to (5) of Lemma 3.4
must happen.

If case (1) happens then £* = N UP*, which implies My C P*. Moreover,
o ﬁ./\/';0 must be an infinite set because Q* NP* is, by construction, finite. Thus,
there exists the period 7,, implying that Q* — Ng is either the empty set or an

infinite set. Since (Q* - /\K) C (Q* N'P*) is finite, it follows that L* = N;O, which
implies that (0,y0) € £. However, by the statement (6), under this condition, M
cannot be a subset of P* and so case (1) cannot occur.

In case (2), £* = N, UNFUP* which implies M}, C (N UP*). Moreover, there
is an element (0, a) € £, with a # 0, due to the existence of o in J, (see properties (2)
and (3) of Lemma 3.2), and thus M; NN # (). Suppose ke M — P* and
k # (0,0). Thus, k € N} and 2k € M, . However, by the properties of N,
2k ¢ N* and, by Lemma 3.5, 2k ¢ P*. Therefore, case (2) is also impossible.

For case (3) we follow the arguments of case (1). As £* = N, UM% UP*
then O* N (N;O U Mj) is an infinite set and at least one of the periods 7,, or
74 must exist. The least common multiple of the existing periods is a period of
Q*N (N, UM? ) which implies that Q* — (NV;: U M? ) is the empty set. Therefore
ke (N, UM:?) and condition (A) follows by definition of & and because (0,0) €
M.

fn a similar way, with M* and 7_ instead of M* and 7, we prove that case (4)
of Lemma 3.4 leads to condition (B).

In case (5) (Q* N M*) — (N UM UNZ) must be the empty set by the nec-
essary existence of, at least, one of the periods 7,,, 7+ or 7, and, analogously,
(Q*NN*) — (N, U (M* NNZ)) is empty due to the least common multiple of
the periods 7, and 75. Besides, either k € (Q* N M*) or k € (Q* NN*) and, as
(0,0) ¢ N*, condition (C) follows. O

This completes the proof of Propositions 3.1 and 3.2.

4. PROOF OF THEOREM 1.1

In this section we show that conditions (A), (B) and (C) of Proposition 3.1 imply
the cases (I), (IT) and (IIT) of Theorem 1.1.

Proposition 3.1 states that elements of I' ensuring symmetry after projection have
orthogonal components a4 or a—. Information on the non-orthogonal components
(vy,v_ € R"1) appears as constraints on the structure of £*.

We translate restrictions on I' and £* into restrictions on I" and £. The main
tool will be to obtain restrictions on a basis of £* to find a suitable basis for L.

Each condition of Proposition 3.2 is now treated in a separate lemma.

Lemma 4.1. If (vy, ) € T and L* = N; UM then one of the conditions holds:
L ((UQ,O),Q+) € F:
III. (0,y0) € £ and ((va,y1),a4) €T for somey; € R .
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Proof. Tf L* = Ni U M’ then either L* = /\ﬁ or L* = M’ . In the second case
< k,vy — (va,0) >€ Z for all k € L*, i.e. ,u; — (v4,0) € L, and so
(—v4 + (va,0),I) - (04, a4) = ((va,0), ay) €T
If £* = N then (0,5) € £ and we may use the basis {If,...,0},,} for L
having the properties (2) in Lemma 3.2. As M; C M, it follows that < [}, v} —
(v, 0) >€ Z for all i € {1,...n}. Now we show that vy — (va,y1) € L for some
11 € R. For any element k € £* and any y; € R,
<I€,U+—(’Ua,y1)> = <k,v+—(va,0)>—<k,(0,y1)>
= mi+me <l 1,04 — (Va,0) > —mgy—";yl,

with my, mo € Z. Taking, for instance, y1 =<1 1,04 — (va,0) > £ we obtain <
ky, vy — (o, y1) >€ Z. Thus, (—vy + (Va,y1), 1) - (v4, 1) = (Va, 1), a4) €T, O

Lemma 4.2. If (v_,a_) € T and L* = N; UM?* then one of the conditions holds:
II. ((va,y0),a—) €T,
III. (0,y0) € L and ((va,y1),a—) €T for some y; € R .

Proof. The proof is analogous to that of Lemma 4.1 with v_ — (v4,yo) instead of
U+_(Uo¢70) and Y1 =< 12+1=U——(Umy0)> y_m0+y0- O
Lemma 4.3. If both (vs,0) and (vy, a4 ) belong to T, and if both

M*C (Ny UML UN) and N* C (N, U (M NNG)),
then one of the following conditions of Theorem 1.1 holds:
L ((UQ,O),Q+) € F:

1L ((’Ua,yo),()éf) er,
III. (0,y0) € L, either ((va,y1),a4) €T or ((va,y1), =) €T, for some y1 € R.

Proof. Let vy = (v1,v2) with v; € R™ and vy € R. Since o € J, the bases for £
and L£* satisfy properties (1) to (3) in Lemma 3.2. In particular, Iy = (a1,b;) and
(0,b) € L. We claim:
(a) vy + ov, € L.
(b) ovy — vy = —(0,2v3). Therefore
(i) (0,4v2) € £ and
(i) if (0,2v2) € £ then N* = 0.
(c) Mz, C (M5 UN).
(d) Either v1 = v, or we may choose a1 = 2 (v1 — Vq).
(e) In both cases of property (d), I € M* for alli € {2,...,n}.

We now prove these claims. For (a) see (4). Since Lemma 3.1 holds, (b)
follows from the definitions of M* and N*. The hypothesis of Lemma 4.3 im-
plies (c) since My —and N* are disjoint, by claim (b) and by property (2iv)
of the bases (Lemma 3.2). This implies that for all ¢ € {1,...,n}, either <
(a},0),v4 — (va,0) >€ Z or < (a},0),vo — (0,y0) > +53 € Z. If I € N then
20F ¢ N¥ and so, for all i € {1,...,n},

2 < (a;,0),v4 — (Va,0) >=<a;,2(v1 —vy) >€ Z,
therefore, 2(v1 — vo) = Y1y mia; with m; € Z for i € {1,...,n}. If v1 # v,, we

w for some m € Z, by the property (2iii) in Lemma 3.2. If

may choose a1 = 2
Vo = Y14 Ti0;, with r; € R, by property (1) in Lemma 3.2, vy may be writen as
Z?:ll sil; with 2 (r; — s;) € [0,2[ for i € {1,...,n}. Thus, m =1 and (d) follows.
For (e) notice that vq — v, is either zero or a;/2. Therefore, for i € {2,...,n}
<Ii,v4 = (va,0) >=<aj,v1 — vy >=0.

The two cases of Property (d) above are now treated separately.
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Suppose v1 = vo. Then vy — (vy,0) = (0,v2) and I7,. .., 1} lie in M7,

If Iy ., € MY then £* = M and, as in Lemma 4.1, ((va,0),a4) € T, ie,
condition (I) holds.

If 17, € N then, by property (2iv) of the bases (Lemma 3.2), £* = N} and
this implies (0, yo) € £. Condition (III) follows since ((vq,v2),a4) € T

Now suppose that
(7 Ly ¢ (MLUN,) = L+, ¢ (MLUN,) iefl,....n}

If (0,2v2) € £ we take 2v = b. Since N* = (), then (7) implies that I}, , € N}
and If € M for i € {1,...,n}. Moreover, if v, = E?;Lll sil;, with s; € [0,1]
for i € {1,...,n}, then sp41 —yo/b+1/2 € Z and s; = 0 for ¢ € {1,...,n}.
Therefore, up to multiples of (0,b), we have v, = (0,y0 + b/2) = (0,yo + v2) and
((0,y0 + v2),0) - ((va,v2), 1) = ((Vas Yo), =) € T, i.e., condition (II).

If (0,2v2) ¢ L then (7) implies I}, € M* and I; € M* for i € {1,...,n}.
Thus, £L* = M* and, as in Lemma 4.1, ((va, %), @—) € T', completing the proof in
the case v1 = vq,.

Now suppose v1 # v, and let a; = 2(vy — vq). Since lj ¢ M, from (c) we get
5 € N and I} € M for i € {2,...,n}. Then v, = 377" s;l; may be writen as
s1=1/2and s; =0 for i € {2,...,n}. Thus, vy = 11/2 + s,+1(0,b) and, by (a),
(a1,0) € £, ie, by =0. Asvy = (a1/2,0)+5n41(0,0) = v4 — (v, 0)+(0, sp41b—02),
it follows from (a) that (—ovy + (va, Sny1b — v2),0) € T.

If I, € N, then (0,0) € £. Condition (TII) follows from

(—ovi + (Va, Spt1b — v2),0) - (4, 1) = ((vVas Sp1b — v2), ) €T

Now suppose that Iy, ¢ N, and, consequently, that Iy +1; ., ¢ N fori e
{1L,...,n}. If 15 € M7 then < 17 1,11/2+ (0,v2) >=wv2/b € Z and (0,v2) € L,
since (0,b) € L. Moreover, as If ¢ M’ , we must impose I + I} | € N, which
implies s,+1 + y0/b € Z. Therefore, choosing s,,+1 = yo/b, we get

((OaUQ)vj) ’ (_UU+ + (Umyo - 1)2),0’) ’ (U+,a+) = ((vavyo)va*) el
For (0,2v2) € L, the only missing case is I; | € N, where s,1+y0/b+1/2€ Z
and, up to multiples of (0,b), sp4+1b — v2 = yo. Condition (II) follows because
(—U’U+ + (UmyO)vo) : (U+7O‘+) = ((va,yo),a_) erl.

If (0,2v) ¢ L then both I*  ; and I 4+ 17 | lies in M* for i € {1,...,n} and
condition (II) follows. O

5. RESTRICTION

In this section we present results for the restriction of functions in Xt analogous
to those obtained for the projection.

For r € R, let @, be the operator that maps f(z,y) to its restriction to the affine
subspace {(z,r) : € R"} given by ®,(f)(x) = f(z,r). If f € Xr then, formally,
for D(k1) = 3 4, (b, kayec Ok, k2)w, (1), the restriction of f is

Or(f)@) = D wi(e,r)Ck) = 3 wi(2)D(k1)
keL ki€L]
where £ = {ky : (k1,k2) € L*}.
Theorem 5.1. All functions in ®,.(Xr) are invariant under the action of (vq, ) €
R" x O(n) if and only if one of the following conditions holds:

(I) ((va70)’a+) € F;
(I1) ((va,2r),a_) eT.
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Given f € Xr, the formal Fourier series for ®,.(f) is similar to that of I, (f),
with wg, (r) in the restriction corresponding to foyo Wk, (y)dy in the projection. Thus,
results concerning @, are similar those proved in the previous sections for IL,,. In
particular, the proof of Theorem 5.1 is analogous to that of Theorem 1.1. The
condition wg, (1) = 0 is never verified and so the sets N; and M; ~disappear and
we don’t have an analogue to the condition (0,y0) € £. Moreover, the expression

Yo Yo
/ Wiy (Y)dy — Wi, (o) / Wk, (y)dy =0
0 0

has the analogue wy, (1) — wk, (2r)w_g, (r) = 0.
The following analogue of Proposition 3.1 is used to prove Theorem 5.1.

Proposition 5.1. All functions in ®,.(Xr) are invariant under the action of (va, @) €
R"™ x O(n) if and only if one of the following conditions holds:
(A) (vy,aq) €T and L = M7,
(B) (v—,a_) €T and L* = M*,
(C) both (vo,0) and (v4,aq) belong to T, M* C (ML UNZ) and N* C
(M= NNZ).

The analogue of Lemma 3.4 is, for D'(6, k) = wsg(—vs)wskl, (7):

Lemma 5.1. Suppose that
(a) if k1 € LT Nl then 3 seympy D'(0,k) = wi, (—va) Xosego i) D'(6, k) and
(b) if k1 ¢ L1 NaLi then Y gy D'(6,%) = 0,
for all k = (k1,k2) € L*. Then one of the following cases holds:
(1) J¥@ ={Idy 41,0}, J* =0 and O* C N7,
(2) I = {Idy41}, I = {ai'} and O C M7,
(3) JH = {Id,41}, J* = {aZ'} and O* C M*,
(4) I = {Idpi1,0}, 3% = {a;', al'}, (O* N M*) C (M3 UNS) and (O* NN*) C
(M* NNE).

The proof of Proposition 5.1 also uses the analogue of Lemma 3.6. Under the
conditions for the restriction, property (6) in the proof of Lemma 3.6, concerning
the set M, does not hold. By Lemma 5.1 the case (1) of Lemma 3.6 disappears.
For case (2) of Lemma 3.6 the dual lattice is £* = N} U P* and the arguments

concerning My~ and N;U must be replaced by: if k ¢ P* then ke N}. However

both 2k ¢ P* and 2k ¢ N*, by definition of P* and the properties of A*, and so
this case is not possible.
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