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HEXAGONAL PROJECTED SYMMETRIES

JULIANE F. OLIVEIRA, SOFIA S.B.S.D. CASTRO, ISABEL S. LABOURIAU

ABSTRACT. In the study of pattern formation in symmetric physical systems a 3-dimensional structure
in thin domains is often modelled as 2-dimensional one. We are concerned with functions in R3 that
are invariant under the action of a crystallographic group and the symmetries of their projections into
a function defined on a plane. We obtain a list of the crystallographic groups for which the projected
functions have a hexagonal lattice of periods. The proof is constructive and the result may be used in
the study of observed patterns in thin domains, whose symmetries are not expected in 2-dimensional
models, like the black-eye pattern.

1. INTRODUCTION

Regular patterns are usually seen directly in nature and experiments. Convection, reaction-diffusion
systems and the Faraday waves experiment comprise three commonly studied pattern-forming systems,
see for instance [2], [I1], [3].

The pattern itself and its observed state can occur in different dimensions. This happens for instance
when an experiment is done in a 3-dimensional medium but the patterns are only observed on a surface,
a 2-dimensional object. This is the case for reaction-diffusion systems in the Turing instability regime,
[11], which have often been described using a 2-dimensional representation [8]. The interpretation of this
2-dimensional outcome is subject to discussion: the black-eye pattern observed by [8] has been explained
both as a mode interaction, [5], and as a suitable projection of a 3-dimensional into a 2-dimensional
lattice [4]. In her article, Gomes shows how a 2-dimensional hexagonal pattern can be produced by a
specific projection of a Body Centre Cubic (bcc) lattice.

In the study of quasicrystals, projection is a mathematical tool for lowering dimension, [I0], [6]. In
contrast the work of [9] applies it to fully symmetric patterns.

Pinho and Labouriau [9] study projections in order to understand how these affect symmetry. Their
necessary and sufficient conditions for identifying projected symmetries are used extensively in our results.
In particular, it follows from their results that the lattice of periods of the projected functions is not
obtained by deleting the last coordinate of the original.

Motivated by the explanation of [4] we look for all 3-dimensional lattices that exhibit a hexagonal
projected lattice. We illustrate our results using the simple cubic lattice.

2. PROJECTED SYMMETRIES

The study of projections is related to patterns. Patterns are level curves of functions f : R**! — R.
In our work we suppose that these functions are invariant under the action of a particular subgroup of
the Euclidean group: a crystallographic group.

The Euclidean group, E(n+1), is the group of all isometries on R™"*!  also described by the semi-direct
sum E(n + 1) 2 R""! 4+ O(n + 1), with elements given as an ordered pair (v, ), in which v € R"*! and
d is an element of the orthogonal group O(n + 1) of dimension n + 1.

Let T be a subgroup of E(n + 1). The homomorphism

¢: T’ —= On+1)
(v,0) — 5

has as image a group J, called the point group of I, and its kernel forms the translation subgroup of T'.
We say that the translation subgroup of I' is a n + 1-dimensional lattice, L, if it is generated over the
integers by n + 1 linearly independent elements Iy, - - , 1,1 € R"*!, which we write:

'C = <llv T 7Zn+1>Z
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A crystallographic group is a subgroup of E(n + 1), such that its translation subgroup is a n + 1-
dimensional lattice.

This concept is a generalization, given by [9], of the 3-dimensional crystallographic group as defined
by [1], page 55.

To get symmetries of objects in R"™1, consider the group action of E(n + 1) on R™™! given by the
function:
(1) E(n + 1) X Rn+1 N Rn+1

((’U,(S),(.’L‘,y)) — (’U’é) ’ (m,y) :U+5<$,y)

In [1], the reader can see that the action restricted to a point group of a crystallographic group
leaves its translation subgroup L invariant. The largest subgroup of O(n+1) that leaves L invariant forms
the holohedry of L and its denoted by Hy. The holohedry is always a finite group, see [I0], subsection
2.4.2.

Crystallographic groups and symmetries of pattern formation are associated by the description of group
of symmetries on space of functions. To see this, observe that induces an action of a crystallographic
group I' on the space of functions f : R**! — R by:

(v- )z, y) = f(y  (z,y)) for y €T and (z,y) € R"**
Thus, we can construct a space Ar of I'-invariant functions, that is

Xe={f:R"™ =R v - f=[ Vyerl}

In particular a I'-invariant function is L-invariant.

A L-symmetric pattern or L pattern consists of the level curves of a function f : R**! — R with
periods in the lattice L.

In [4] the black-eye pattern is obtained as a projection of a function, whose level sets form a bec pattern
in R3. In terms of symmetries, the black-eye is a hexagonal pattern, as we can see in [4], it is the level
sets of a bidimensional function with periods in a hexagonal plane lattice, that is, a lattice that admits
as its holohedry a group isomorphic to the dihedral group of symmetries of the regular hexagon, Dg.

For yy > 0, consider the restriction of f € A to the region between the hyperplanes y = 0 and y = yp.
The projection operator IL,, integrates this restriction of f along the width y, yielding a new function
with domain R"™.

Definition 1. For f € &r and yo > 0, the projection operator 11, is given by:
Yo

I, (f)(z) = [z, y)dy

0

The region between y = 0 and y = yo is called the projection band and IL, (f) : R® — R is the
projected function.

The functions II, (f) may be invariant under the action of some elements of the group E(n) =
R™ 4+ O(n). The relation between the symmetries of f and those of I, (f) was provided by Pinho and
Labouriau [9].

To find the group of symmetries of the projected functions I, (A1), the authors consider the following
data:

e for o € O(n), the elements of O(n + 1):

(I, 0 (a0 d . )
g = 0 _1 , O 1= 0 1 an O_ 1= 004

e the subgroup T of I', whose elements are of the form

(o (g 5 ))s acom o=21 ) errs

e and the projection b : T' — E(n) 2 R™ + O(n) given by:

p(en(§ 5 )) =

The group of symmetries of IT, (AT) is the image by the projection h of the group Iy, defined as:
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o If (0,y0) € £L then T'y, = r.
o If (0,y0) ¢ L then Iy, contains those elements of I' that are either of the form ((v,0), cy) or of
the form ((v,yo), a—)
The group I'y, depends of how the elements of I' are transformed by the projection II,,. The criterion

that clarifies the connection between the symmetries of X and II, (A1) is provided by the following
result:

Theorem 1 ( Theorem 1.2 in [9]). All functions in IL,, (Xr) are invariant under the action of (v,a) €
E(n) if and only if one of the following conditions holds:
I ((’U,O), Oé+) € F;
I ((U7y0)a Oé_) € F;
III (0,y0) € L and either ((v,y1),a4) €T or (v,y1),a—) € T, for some y; € R.

3. HEXAGONAL PROJECTED SYMMETRIES

As we saw in the last section, there is a connection between a crystallographic group I' in dimension
n + 1 and the group of symmetries of the set of projected functions II,, (Xr). In this work we aim to
know which crystallographic groups in dimension 3 can yield hexagonal symmetries after projection. In
other words, we want to describe how to obtain hexagonal plane patterns by projection.

Given a crystallographic group I', with a n+ 1-dimensional lattice L, whose holohedry is H, we denote
by IL,, (L) the translation subgroup of the crystallographic group of symmetries of I, (Xr), whose point
group is a subset of the holohedry of II, (£). From theorem 1 we obtain

Corollary 1. Let T bea crystallographic group with lattice L C R™, Suppose L= Iy, (L), and let Hz
and Hy be the holohedries oflj and £ C R™L | respectively. If o € Hz then either oy € He ora— € Hp.

Proof. To prove our claim, it is sufficient to apply theorem 1 to the case L=C+ Hz. Since o € Hy,
there exists v € R™ such that f is (v, a)-invariant for all f € II, (Ar). By theorem 1, one of the three
conditions holds. Then, depending on whether (I), (II) or (III) is verified, either (w, @) or (w,a_) is in
T’ where, w € {(v,0), (v,y0), (v,y1)}. By definition of holohedry, we have either a; € H, or a— € Hp.

U

Remark 1. We note that there is a non-trivial relation between the lattice £ of periods of the projected
functions and that of the original one. In fact, consider a (n + 1)-dimensional lattice L and £ = II,,, (£).
If v € £ then (v, 1) is a symmetry of I, (Xr). Applying theorem 1 with o = I,,, one of the following

holds for each v € L:
I ((v,0),4) = ((v,0),In41) € T, or equivalently (v,0) € L;
I ((v,y0),a—) = ((v,90),0) €T then ((v,90),0)? € T implying that (2v,0) € L;
IIT (0,y0) € £ and either (v,y1) or (2v,0) is in L, for some y; € R.
While condition I implies that £ N {(z,0) € R"**} C £, the other conditions show that this inclusion
is often strict. Furthermore, conditions IT and III show that we may have no element of the form (v, 1)

in L and yet v € L. So, the lattice of periods of the projected functions is not obtained by deleting the
last coordinates of the original.

The next proposition provides sufficient conditions for a multiple of the projected lattice to exist as
the sublattice of a suspended lattice L in R**+1.

Proposition 1. Consider a crystallographic group T with a lattice £ C R and let L= I, (L) =

(li,--+ ,ln)z C R™ be the translation subgroup of 1L, (Xr). Suppose for each l; one of the following
conditions holds:

i ((13,0), Lsr) €T;
iii ((j,y1),0) €T, for some y1 € R;
iii (0,y0), and (15, %yo) € L, for some p, q nonzero integers.

Then there exists r € Z such that L, = {r- (v,0); v € Landr e Z} is a sublattice of L.
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Condition (iii) is a stronger version of condition IIT in theorem 1. The other condition follow from
theorem 1.

Proof. If one of the conditions 4 - i is true, for some j € {1,---,n}, then, using remark 1, either
(lj,O) or (2[1,0) S ﬁ
If condition ¢v holds for some j € {1,---,n}, then (0,y0), (I;, %yo) € L, where pj;, g; are nonzero

integers. Since L is a lattice (qjl~j, 0) e L.
Therefore, for each j, we can chose r; = 2¢; such that (r;l;,0) € £. Let r be the least common
multiple of the {r;}"_;, then (rl;,0) € L for all j, finishing the proof.

O

For three-dimensional lattices we have the following stronger result. This gives the full description of
a 3-dimensional lattice which can be projected onto a prescribed 2-dimensional one.

Theorem 2. Let £ C R3 be a lattice such that its projection is a plane lattice £ = IT,, (L) generated by
two linearly independent vectors
l~1 cmdl; :pl~1, forpe Hz.
There exists v € Z\{0} such that the three-dimensional lattice L has a sublattice £, = ((rly,0), (rl3,0))z
if and only if for each v € {l1, la} one of the following conditions holds:

a. ((v,0),I3) €T
b. ((v,y1),0) €T, for some y; € R;
c. (v,y1) € L, for some y; € R.

Proof. That the conditions are necessary is immediate from remark 1. Let us prove that they are sufficient.

Suppose that for each v € {l~17 l~2} one of the conditions a to ¢ is verified. We will prove that there
exists r € Z \ {0}, such that £, is a sublattice of L.

Since Iy = ph7 it is sufficient to show that one of r(ll, 0) or r(l;, 0) is in L. To see this, suppose, without
loss of generality, that r(ll7 0) € £. Then since p € Hz, by corollary 1, either p, € Hg or p_ € Hp. As
o4 (rl1,0) = p_(rly,0 0) = (’/‘lg, 0), it implies that (I, ) € L and therefore, £ has a sublattice L.

If for some v € {ll, 12} one of the conditions a or b is true then, by remark 1, (rv,0) € £, for r =

1 or r = 2. Hence, all that remains to prove is the case when 11 and 12 only satisfy condition c.
By hypothesis,

(2) (l:ayl) and (i;a y2) are in £7 for some Y1, Y2 eR
this implies that

(3) (I + 1o,y +12) €L
Using and corollary 1
either p+(l:7y1) = (Evyl) € Lor p*(fl’yl) = (ZNQ’ _yl) €L
If (I, y1) € L then
(I2, 1) + (l2,y2) = (2l2, 91 +y2) €L
thus, using
(Ii + 12,91 +y2) — (2o, y1 +y2) = (lh —12,0) € L
Since {l1, I} is a basis to £ and p € Hj then
p(l —ls) = miy +nla, m, n€Z
where m, n are not both equal to zero. Suppose that n # 0, then
(4) n(ly —I2,0), (mly +nly,0) € £
implying that the sum of these last two vectors ((n+m)ly,0) € £. Therefore, if n # —m, £, is a sublattice
of L, where r = m +n € Z. If n = —m, we subtract the two expressions in to get (2nl1,0) € L.
If (lQ, —yl) € L then _ _
—(l2, —y1) + (I2,y2) = (0,y1 +y2) € L
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thus, using
(L +1lo,y1 +y2) — (0,1 +12) = (I1 +12,0) € £
An analogous argument applied to p(l; + l2, 0) finishes the proof.
O

Let £ C R? be a lattice and P C R? be a plane such that PN L # @. Given v € PN L there is a
rotation v € O(3) such that y(P — v) is the plane X0Y = {(x,9,0); z, y € R}. Then we define the
yo-projection of L into P as the lattice 7’1(2) C E(2) where L is the symmetry group of Iy, (Xyz_v))-

We say that the yo-projection of L into the plane P is a hexagonal plane lattice if and only if
the lattice £ admits as its holohedry a group isomorphic to Ds.

Our main result is the following theorem.

Theorem 3. Let £L C R? be a lattice. The yo-projection of L into the plane P is a hexagonal plane lattice
if and only if:
(1) PN L contains at least two elements;
(2) there exists 8 € Hy such that:
— B has order 6;
— P is B-invariant.

Proof. Suppose first that (0,0,0) € PN L. To show that the conditions (1) and (2) are necessary let us
consider, without loss of generality, that P = X0Y. Therefore, the conditions hold by theorem 2.

To prove that the condition (1) and (2) are sufficient consider 8 € Hp, then either § is a rotation or
3 is a rotation-inversion. In both cases we can write 8 = (—I3)*y, k = 0, 1, where « is a rotation and
I3 is the identity. Observe that, since the order of § is six, the order of vy should be either three or six.

By [7], theorem 2.1 and the proof of the crystallographic restriction theorem, in the same reference,
there exists only one subspace of dimension 2 invariant by 8. Such a plane is the plane perpendicular to
the rotation axis of 7. So, let P be this plane.

Since PN L # {0}, let v be a nonzero element of minimum length in P N £ and the lattice £ =
{v, Bv}z = {v,yv}z. If v has order 6 then £  is a hexagonal plane lattice. If v has order 3, notice that
—v, =YV € ﬁ/, because £ is a lattice, hence L is also a hexagonal lattice.

If (0,0,0) ¢ PN L, note that the proof can be reduced to the previous case by a translation.

O

Remark 2. Theorem 3 shows that the only possibility to obtain patterns with hexagonal symmetry,
by yo-projection, is to project the functions f € X, in a plane invariant by the action of some element
B € H, with order six. After finding one of those planes, in order to obtain projections as in definition
1, we only need to change coordinates. The reader can see an example with the bee lattice in [4].

Moreover, by theorem 2, if L is a lattice such that the projection, £ = II,,(£), of L into the plane
X0Y is a hexagonal plane sublattice then L has a sublattice £, = {r - (v,0); v € Landr € Z}. This
implies that Vf € X, we have L, periodicity.

As a consequence of theorem 3, we are able to list all the Bravais lattices that may be projected to
produce a 2-dimensional hexagonal pattern.

Theorem 4. The Bravais lattices that project to a hexagonal plane lattice are:

1. Simple cubic lattice;

2. Body-centred cubic lattice;
3. Face-centred cubic lattice;
4. Hezagonal lattice; and

5. Rhombohedral lattice.

Moreover, up to change of coordinates, for the first three lattices the plane of projection must be parallel
to one of the planes in Table 1. For the hexagonal and rhombohedral lattice the plane of projection must
be parallel to the plane X0Y .

Proof. 1t is immediate from theorem 3 that we can exclude the following Bravais lattices: triclinic,
monoclinic, orthorhombic and tetragonal, since the holohedries of these lattices do not have elements of
order six.



6 J.F. OLIVEIRA, S.B.S.D.CASTRO, I.S.LABOURIAU

TABLE 1. Two-dimensional spaces perpendicular to the rotation axis of each one of the
rotations ;. Here we denote by (v),v € R? the subspace generated by v.

Rotation Rotation Axis Perpendicular Plane
M (LL-1) h={(zyz2)z=v+y}
V2 (1,-1,-1))  P={(z,y,2);z=2—y}
V3 (1,-1,1))  Ps={(z,y,2);2=—z+y}
V4 <(1a171)> P4={(a:,y7z) Z:—((E—‘ry)}

)

To see if the other Bravais lattices have hexagonal projected symmetries, we need to examine the
rotations of order three and six in their holohedries and see if the plane perpendicular to their rotation
axes intersects the lattice.

The group of rotational symmetries of the cubic lattice (as well as the body centred cubic lattice and
the face centred cubic lattice) is isomorphic to Sy, the group of permutation of four elements. So, in the
holohedry of the cubic lattice we only have rotations of order one, two or three. Consider a systems of
generators for a representative for the cubic lattice L, in the standard basis of R3, given by:

(1,0,0), (0,1,0), (0,0,1)

Then, the matrix representation of the rotations of order 3 in H, are:

0 -1 0 0 1 0
= 0 0 1], = 0 0o -1 ],
-1 0 0 -1 0 0
0 0 1 010
3= -1 0 0|, m=[0 0 1
0 -1 0 100

Two-dimensional spaces perpendicular to the rotation axis of each one of these rotations are given in
Table 1.

This means that for the fist three lattices in the list, the projection of functions f € X, into a plane
have hexagonal symmetries only if the plane is parallel to one of the plane subspaces given in table 1.

Consider now a 3-dimensional hexagonal lattice. Its group of rotational symmetries has order twelve
and it has a subgroup of order six consisting of the rotational symmetries of the rhombohedral lattice.

Let the representatives for the hexagonal and rhombohedral lattices, be generated by:

1 v3
(1,0,0), (5, g,O), (0,0,¢) ¢#0, £1.

1 V3 1 V3

(1707 1)a (*57 7, 1)7 (757 *77 1)

respectively. Then, the twelve rotations in the holohedry of the hexagonal lattice are generated by:

Lo 1 0 0
Py = @ % 0 andy,=1 0 -1 0
0 0 1 0 0 -1

The generators of the group of rotational symmetries of the rhombohedral lattice are then p? and ~,.
We conclude that the only rotations of order 6 in the holohedry of the hexagonal lattice are p, and
p>, and of order 3 p? and p?.
Therefore, the yo-projection of the hexagonal and rhombohedral lattices is a hexagonal plane sublattice
if and only if the yg-projection is made into a plane parallel to the plane X0Y.
O
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4. HEXAGONAL PROJECTED SYMMETRIES OF THE SIMPLE CUBIC LATTICE

We conclude the article with an example to illustrate the hexagonal symmetries obtained by zg-
projection of functions with periods in the simple cubic lattice, for all zy € R.

Consider a three-dimensional crystallographic group, I' = £ 4+ H., where L is the simple cubic lattice
generated by the vectors (1,0,0),(0,1,0) and (0,0, 1) over Z, and H its holohedry.

Without loss of generality, let us see the projection of I" on P; (see Table 1).

From theorem 3, the cubic lattice has a hexagonal plane sublattice that intersects P;. This sublattice
is generated by:

(5) (0,1,1), (1,0,1)

To make our calculations easier and to set up the hexagonal symmetries in the standard way consider
the new basis {(0,1,1),(1,0,1),(0,0,1)} for the lattice L. Now multiply E by the scalar % in order to
normalise the vectors of . With these changes the crystallographic group I' has the new translational

subgroup generated by the vectors:
1 1 1 1 1
U1 = 07777a Vg = 77Oa77 V3 = Oa077

Projection of I on Py, as in definition 1, can be done after a change of coordinates that transforms P;
into X0Y. Consider that change given by the orthonormal matrix

)

0 L L
V22
A-| =z =2 L
Vi V3 VB

Then, in the new system of coordinates X = Ax, we obtain the base for the simple cubic lattice given
by:

1 ﬁ 0),13 = (1 [ ;\/6)
97 9 ) 3 = 9’ 6 ) 6
Observe that we changed the position of L as prescribed by theorem 3.

We proceed to describe the symmetries of the space I, (AT), for each zy € R. For this, we need to
write up the subgroups I' and ', of T'. Denote by 2., = L, +J, the subgroup of E(2) of all symmetries
of Hzo (XF)

It is straightforward to see that the elements of I with orthogonal part a4 are in the group

(6) l1 =(1,0,0),l2 = (

f = {((U,Z),p); (U,Z) €L, pe ‘/]\}

where J is the group generated by

i =¥ 0 -1.0 0
v= @ 1 0 and k= 0 1 0
0o 0 -1 0 01

ind the group I’Zoihas a subgroup H = £ + J, for all zy € R, where £ is the translation subgroup
L = (I, la)z and J is the subgroup generated by ((0,0,0),x) and ((0,0,0),—y). Using statement I of
theorem 1, for all zg € R all the functions f € I, (A1) are (1,0), and (3, @) periodic and invariant for

the action of
, -1 0 , _1 V3
_ A 2 2
()Y

In Table 2 we list the group I';,, for each 2y € R, and describe the respective projected symmetries.
We assume that all the functions f : R?® — R in X, admit a unique formal Fourier expansion in terms
of the waves

wk(xv Y, Z) = exp(27ri<k, (x’ Y, Z)>)
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TABLE 2. Projection of I' = £ + H, for each 2y € R.

20 €R I, ‘ Y., =Ly + Iz
20 = 3—\/%, n € Z\{0}
) Lz =((3,), (3, =¥z
then (0,0, 2) € £ r., =1 Joo =D = (7, &)
20 = 3%17 n € Z\{0}

I'., contains L., =((1,0), (%, ?»Z
then (3., 22 € £ | (5.8 21 | T = (3. 28):7). #)
20 = 37\‘/%1, n € Z\{0}

I'., contains L., =((1,0), (%, g»z
then (3, =2, 325y € £ | (3, =2, 225),9) | T, = (3, =)0 %)
For zy different

L., =((1,0),(3,%))z
of the cases before r.,,=H T = (=7, &)

where k is a wave vector in the dual lattice, £L* = {k € R3; (k,l;) € Z, i = 1, 2, 3}, of L given in (@,
with wave number |k|, (z,y,2) € R? and (-,-) is the usual inner product in R3. Thus,

f(xa Y, Z) = Z kak(xa Y, Z)
keL*
where zj is the Fourier coefficient, for each k € £*, and with the restriction z_j = Z.
Therefore, we can write
Xe=PVe

kel
for B
Ez{k:(kl,kz)EE; ki1 >0or ky =0 and k2>0}
and
Vi = {Re(zwy(z,y,2)); 2€ C} = C
Note that AT is a subspace of X..
A straightforward calculation shows that the function

(7) u(z,y,z) = Z exp(2mik - (z,y, 2))
|k|=v2
is I-invariant.
The contour plot of the projections of u are shown in the next figures, with respective symmetries
given in Table 2.
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