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Abstract
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1 Introduction

Mathematically, a coupled cell network can be idealized as a directed graph representing
schematically a set of dynamical systems (the cells) that are coupled together, and the
couplings among them. The nodes of the graph represent the cells and edges represent
couplings. Here we consider that each cell represents a system of ordinary differential
equations (ODEs).

Networks appear in many areas of science. For example, many biological systems can
be modelled by networks of nonlinear dynamical systems. See Stewart [13] and references
therein.

The dynamics of a network of dynamical systems is constrained by the topology of
the graph. In particular, new phenomena can be typical for a given architecture, see
Golubitsky et al. [9]. It follows then that one important aspect in the study of networks
of dynamical systems is the understanding of the role of the network architecture in the
dynamics.

Following Stewart et al. [14] and Golubitsky et al. [11], we associate to each coupled
cell network a class of ODEs compatible with the structure of the network — the class
of coupled cell systems. More precisely, to each coupled cell we associate a choice of
cell phase space which we assume is a finite dimensional real vector space, the overall
phase space of the coupled cell system being the direct product of the cell phase spaces.
Cells represented by the same symbol have the same phase space and internal dynamics;
different couplings correspond to different edges.

To each cell ¢ we can associate the set of edges with head cell ¢. Two cells in a network
are said to be isomorphic if there is an edge-type preserving isomorphism between their
sets of edges. The symmetry groupoid of a network is given by all those isomorphisms
between any two isomorphic cells in the network. The structure of a network can thus be
described in terms of the symmetry groupoid associated to the network. A vector field
corresponding to the coupled cell system is called admissible and respects the topology of
the network — it is equivariant by its symmetry groupoid. For a survey of this formalism

see Golubitsky and Stewart [10]. See also an alternative approach of Field [8].



The number of coupled cell networks grows exponentially with the number of cells
and the number of edges. See Aldosray and Stewart [1] for the enumeration of networks
in which there is a single type of node and a single type of edge and all the cells are
isomorphic.

We follow the definition of coupled cell network introduced by Golubitsky et al. [11]
where self-coupling and multiarrows are permitted. As pointed in [11], it is possible
for two non-isomorphic coupled cell networks to generate the same space of admissible
vector fields, that is to be ODE-equivalent. See Dias and Stewart [7] for the definition of
ODE-equivalent coupled cell networks.

In [7] it is shown that two coupled cell networks are ODE-equivalent if and only if
they are linearly equivalent. Basically, the ODE-equivalence reduces to linear equivalence,
where two networks (with suitably identified phase spaces) are linearly equivalent if they
determine the same space of linear admissible vector fields.

As every coupled cell network in a given ODE-equivalence class determines the same
dynamical behaviour we look for the set of coupled cell networks in the ODE-class that
are more amenable to treat. We aim to find a kind of canonical normal forms — a set
of networks such that the number of edges is minimal among all the networks of the
ODE-equivalence class, which we call the minimal subclass.

Using the results of Dias and Stewart [7] on ODE and linear equivalence of networks
this problem can be posed in terms of the network adjacency matrices. That is, the
problem of finding all the minimal networks in a given ODE-equivalence class corresponds
to find all the minimal bases (with nonnegative integer entries) of the real vector space
generated by the adjacency matrices of the networks in the ODE-class. The minimal
bases define the adjacency matrices of the minimal networks.

For the coupled cell network represented in Figure 1 it is an easy linear algebra exercise
to prove that the coupled cell network in Figure 2 is the unique minimal network in its
ODE-equivalence class.

In general, the problem of finding the minimal subclass gets much more complicated.
For example, the minimal subclass of the coupled cell network in Figure 3 is given by the

minimal networks represented in Figure 4. In this case, the network has more than one
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Figure 1: Coupled cell network GGy with one cell-type and one edge-type.
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Figure 2: Minimal network G4 of the ODE-equivalence class of the coupled cell network

in Figure 1.

edge-type and the cells are all isomorphic. In general, an adjacency matrix of a network
with isomorphic cells is a R-linear combination of the adjacency matrices of any network
in its ODE-class. Given a graph with isomorphic cells in an ODE-class, we consider
the lattice consisting of the vectors with nonnegative integer entries in the real subspace
generated by the adjacency matrices of the graph. The minimal networks are obtained by
finding vectors (adjacency matrices) with shortest length in a cone of that lattice (whose
rank grows with the number of edge-types).

In this paper, we describe the minimal subclass of a given coupled cell network and
present an algorithm that computes it. The minimality of coupled cell networks basically
reduces to the minimality of homogeneous networks, that is, networks whose cells are all

isomorphic. We start by addressing the case of homogeneous networks (Theorem 8.7 and



Figure 4: Minimal networks of the ODE-equivalence class of the coupled cell network of

Figure 3.

Algorithm 8.8).

The rest of the paper is organized in the following way: Sections 2, 3 and 4 review
the basic concepts on coupled cell networks. Section 5 relates ODE and linear equiva-
lence of networks. The definition of minimality of networks appears in Section 6. The
minimality of homogeneous networks is addressed in Section 7, answered in Section 8
and illustrated in Section 9. The special case of identical-edge homogeneous networks is
treated in Section 10. Finally, in Section 11 we solve the general case using the results of

Section 8.



2 Coupled Cell Networks

A coupled cell network can be represented schematically by a directed graph (see for e-
xample Tutte [15]) whose nodes correspond to cells and whose edges represent couplings.
See for example Figure 1 above. We employ the definition, introduced by Golubitsky et

al. [11], which permits multiple arrows and self-coupling.

Definition 2.1 [11] A coupled cell network G consists of:
(a) A finite set C = {1,--- ,n} of nodes or cells.

(b) An equivalence relation ~¢ on cells in C.

The type or cell label of cell ¢ is the ~c-equivalence class [c]¢ of c.
(c) A finite set & of edges or arrows.

(d) An equivalence relation ~g on edges in £.

The type or coupling label of egde e is the ~pg-equivalence class [e]g of e.

() Twomaps H: € -Cand 7 : £ —C.
For e € £ we call H(e) the head of e and 7 (e) the tail of e.

(f) Equivalent edges have equivalent tails and heads. That is, if e1, e € € and €1 ~g eq,
then
H(e1) ~c Hiez)  T(e1) ~c T(e2)

We WriteG:<C,g,Nc,NE). &

Remark 2.2 Observe that in this definition of coupled cell network, self-coupling is per-
mitted since H(e) = T (e) for e € £ is permitted. Also multiarrows are permitted since
we can have H(e;) = H(ez) and 7 (e;) = 7T (e2) for ey # ey. This definition of cou-
pled cell network has several technical advantages over the original version introduced by

Stewart et al. [14]. See [11] for details. &

In a graphical representation of a coupled cell network, identical cells and identical

edges are represented, respectively, by the same symbol. Multiple couplings of the same



type between two cells are represented by just one arrow with the number of couplings
attached to it. Figures 1 and 2 show examples of coupled cell networks of three identical

cells with self-coupling and multiarrows.

3 Symmetry Groupoid of a Coupled Cell Network

Let G = (C,&, ~¢,~pg) be a coupled cell network as in Definition 2.1. We define now the

‘symmetry groupoid’ Bg of G.
Definition 3.1 [11] Given ¢ € C, the input set of ¢ is
I(c)={e€&: H(e) =c}

An element of I(c) is called an input edge or input arrow of c.
The relation ~; of input-equivalence on C is defined by ¢ ~; d if and only if there

exists an arrow type preserving bijection
B 1(e) — I(d)
That is, for every input edge i € I(c)
i~p (i)
Any such bijection [ is called an input isomorphism from cell ¢ to cell d. Denote by
B(c, d) the set of all input isomorphisms from cell ¢ to cell d, and define

Bo= | Bled)

cd e C

where U indicates disjoint union. A natural product operation can be defined on B¢ in
the following way: [, € B(c,d) can be multiplied by (; € B(a,b) only when b = ¢, and
in this case $y4; € B(a,d) is the usual composition of functions. It follows that Bg is
a groupoid whose objects are the nodes of G, and the Bg-morphisms are the elements
of the sets B(c,d) with the product operation between the morphisms as defined above.
Some references on groupoids are Brandt [2], Brown [3] and Higgins [12]. We call B¢ the
symmetry groupoid of the network GG. Note that for any ¢ € C, the subset B(c, ¢) is always
non-empty. Moreover, it is a group and it is called the vertex group corresponding to c.

&



Structure of B(c,d)

Let B(c,d) C Bg. We can specify the structure of the set B(c, d) in terms of the structure

of G. We distinguish three cases:
1. If ¢ 47 d then B(c,d) = 0.

2. If ¢ = d we can define an equivalence relation =. on 7 (I(c)) by
T(j) = T(j2) <= J1~pJ (3.1)

where ji, jo € I(c). If Ky, Ks,. .., K, are the =.-equivalence classes (on 7 (I(c))),
then

B(c,c) =Sk, X -++ X Sk, (3.2)

)

where each Sk, comprises all permutations of the set K;. If we extend by the identity
on T (I(c)) \ K, then there is a natural embedding of Sk, x - -+ X Sk, , and hence
of B(c, ¢), in the group S, where n(c) = |7 (I(c)) | denotes the cardinality of the
set 7 (I1(c)).

3. If ¢ £ d and ¢ ~; d (so that B(c,d) # 0), then for any § € B(c,d) we have

B(e,d) = 8B(c,c) = B(d,d)

See [14], end of Section 3, for details and proofs of the above facts.

Example 3.2 The symmetry groupoid of the coupled cell network GG; in Figure 1 is given
by B, = Uedeq1,2,31B(c, d) where

B(e,d) ={p: [ is a bijection from I(c) to I(d)}

Note that there is only one edge-type. Moreover, we have |7 (I(c))| = |7 (I(d))| and so
B(c,d) # 0 for every pair of cells ¢, d. This generalizes to any ‘identical-edge homogeneous

network’ (see Definition 7.1). <&



4 Vector Fields on a Coupled Cell Network

We make now precise the connection between coupled cell systems and coupled cell net-
works. Again we follow Stewart et al. [14]. Let G = (C,&,~¢,~g) be a coupled cell
network with symmetry groupoid Bg. We now define the class F&, of admissible vector
fields corresponding to G, given a choice of ‘total phase space’ P. This class consists of
all vector fields that are ‘compatible’ with the labeled graph structure. A coupled cell sys-
tem associated with the coupled cell network G is a set of ordinary differential equations
(ODEs) coupled together where the couplings correspond to the edges of the network and
the nodes correspond to cells. To obtain these ODEs we must associate variables x,. with
cells ¢, that is, we must choose a phase space for each cell.

For each cell ¢ € C define a cell phase space P,, which for simplicity we assume is
a nonzero finite-dimensional real vector space. If cells ¢ and d are in the same ~(-
equivalence class, we require that P. = P; and we identify the two spaces canonically.

Define the corresponding total phase space to be

p=]]~

ceC

and employ the coordinate system

T = (‘CEC)CGC

on P.
Let D = (dy,...,ds) be any finite ordered subset of s cells in C where the same cell

can appear more than once in D. Define
PD:Pdl X"'Xpds

and write
rp = (Tay, -, Tq,)
where x4, € Py;.

Given ¢ € C, denote by 7 (I(c)) the ordered set of cells (7 (i1),...,7 (is)) where the
arrows iy, run through I(c). Suppose that ¢ ~; d. Note that given any bijection 5 € B(c, d)



then for all i € I(c) we have i ~g (i), and so 7 (i) ~¢ 7 (f(i)). Consider now the ordered
sets Dy = T (I(c)) = (7 (i1),...,7 (is)) and Dy = T (I(d)) = (T (6(i1)),...,T(B(is))) of
C. We can define the pullback map

ﬂ* : PD2 — Ppl

by
(87(2) 73y = 2756
for all T(]) € Dl and z € PDQ. Thus 5177'(1(0)) = (:ET(il), e ,xT(iS)) and ﬁ* (ZET(I(d))> =

(xT(ﬁ(il))’ SR xT(ﬁ(is)))'

For a given cell ¢ the internal phase space is P. and the coupling phase space is

Prae) = Pray x - X Pray
where as before 7 (I(c)) denotes the ordered set of cells (7 (i1), -+, 7 (is)).

Definition 4.1 [11] A vector field f: P — P is Bg-equivariant or G-admissible if:

(a) Forall ¢ € C the component f.(x) depends only on the internal phase space variables
z. and the coupling phase space variables x7(;()); that is, there exists a smooth

function fc : P, x Pr(i(cyy — P. such that

~

fc(x) = fC(xC’ 33'2’([((:)))

(b) For all ¢,d € C and 3 € B(c,d)

~ A~

fa(xa, Tr100))) = fe(xa, B (27(102))))
for all z € P.

&

Theorem 4.2 Let G = (C,&,~¢c,~E) be a coupled cell network and Bg the corresponding
symmetry groupoid. A wvector field f : P — P for a given choice of the P, is Bg-

equivariant if and only if for each ~-equivalence class Q of C, given (any) c € Q:
(a) f. is B(c,c)-invariant.

10



(b) For d € Q such that d # ¢, given (any) 5 € B(c,d), we have

A~ ~

fa(za. vr1y) = fe(2a, B (211007 )

Proof This is a generalization of [14, Lemma 4.5] and is proved the same way. O

Definition 4.3 Let G be a coupled cell network. For a given choice of the P,, define F, g
to consist of all smooth G-admissible vector fields on P which is a vector space over R.
Let PL be the subspace of F£ consisting of the G-admissible polynomial vector fields on

P, and let £ be the subspace of Pg consisting of the G-admissible linear vector fields

on P. &

Remark 4.4 Let G be a coupled cell network and P a given choice of the total phase
space consistent with G. By Theorem 4.2, every smooth equivariant vector field f € F5
is determined uniquely by its components f. where ¢ runs through a set of representatives
for the ~j-equivalence classes (that is, the connected components of the groupoid Bg).
The only constraints on f. are that it depends only on z., x7(;()) and is invariant under
the vertex group B(c,c¢). Thus every smooth equivariant vector field f is determined
uniquely by a finite set of B(c,c)-invariant functions, where ¢ runs through a set of
representatives for the connected components of the groupoid. Moreover, if d ~; ¢ then
fa is related to f. by a pullback map g* for 8 € B(c, d). In particular, if there is only one
~r-equivalence class for Bg then each G-admissible vector field is uniquely determined

by a single mapping f. at some node ¢, which has to be invariant under the vertex group

B(e,c). &

5 ODE-equivalence and Linear Equivalence

As pointed by Golubitsky et al. [11], in the class of coupled cell networks that permits
self-coupling and multiarrows, it is possible for two non-isomorphic coupled cell networks
G1 and G5 to generate the same space of admissible vector fields. This comparison of
admissible vector fields for two coupled cell networks involves identifying cells in the two

networks, a step that it is formalised in general in terms of a bijection between the two

11



sets of cells. We follow the definition of ODE-equivalent coupled cell networks given by
Dias and Stewart [7].
In what follows, given a coupled cell network G; and a choice of total phase space P;

for GG;, we denote by P, . the cell phase space corresponding to cell ¢ of C;.

Definition 5.1 [7] Two coupled cell networks G and Gy are y-ODE-equivalent if:

1. There is a bijection v : C; — C, that preserves cell-equivalence and input-equivalence,

such that:

2. If we choose cell phase spaces P, # 0 for G;, and define the corresponding choice of
cell phase spaces for G by
P2,'y(c) = Pl,c

so that the corresponding total phase spaces are

P=][P. P=]]Powo

cECl 6661

then:

3. The condition
Fo = Fi (5.3)

is satisfied.

Two coupled cell networks G and G5 are ODE-equivalent if they are v-ODE-equivalent

for some bijection ~. <&

Remark 5.2 The cells of G5 can be renumbered so that v = id. In this case, we omit

explicit reference to 7. &

We define now the notion of ‘linear equivalence’ between two networks. In [7] it is
shown that two coupled cell networks are ODE-equivalent if and only if they are linearly
equivalent. Basically, the ODE-equivalence reduces to ‘linear equivalence’, where two net-
works (with suitably identified phase spaces) are linearly equivalent if they determine the

same space of linear admissible vector fields. Moreover, when deciding linear equivalence,

12



it can without loss of generality be assumed that each cell phase space is one-dimensional
since if (5.3) holds for some choice of nonzero cell phase spaces P,., then it holds for all

such choices (that are consistent with the structure of G).

Definition 5.3 Two coupled cell networks G and Gy are y-linearly equivalent if there is
a bijection v : C; — Cq that preserves cell-equivalence and input-equivalence such that if

item 2. of Definiton 5.1 is satisfied then:

3. The condition
Lo = L (5.4)

is satisfied.

Two coupled cell networks Gy and G5 are linearly equivalent if they are ~v-linearly

equivalent for some 7. &

Note that this definition is independent of the dimensions of the P.. Also, we may
renumber the cells to make v the identity.
Throughout, we denote by M, «,(Z¢) the set of the square matrices of order n and

nonnegative entries, and by Id,, the identity matrix in this set.

Example 5.4 The coupled cell network G5 of Figure 2 is an example of a network linearly
equivalent to the network G of Figure 1. Both graphs have only one cell-equivalence
class and one input-equivalence class. Trivially, the identity function on C; = {1,2,3}
preserves both cell-equivalence and input-equivalence. Moreover, if we take P, = P, = R?

then Egll = Egz since
L8 =R {Idgs, ln} = £E = R {Idgs, ha} (5:5)
where Idgs denotes the identity function on R?,

hi(x1, 22, 23) = (227 + 922 + 923, 1221 + 229 + 623, 1521 + Hx3)

h2(1’1,$2,$3) = (3%2 + 3ZL’3,4JI1 —+ 21’3, 5ZL’1 + 133)

13



and (1,79, z3) € R®. Note that (5.5) is equivalent as saying

2 99 03 3
R<Ids, | 12 2 6 =R<Ids, | 4 0 2 (5.6)
150 5 50 1

The next theorem reduces ODE-equivalence to linear equivalence, and says that the

cell phase spaces may be assumed one-dimensional in that context.

Theorem 5.5 [7] Let v : C; — Cy be a bijection that preserves cell-equivalence and

input-equivalence. Then the following conditions on two networks G, Go are equivalent:
(a) Gy and Gy are v-ODE-equivalent.
(b) Gy and Gy are vy-linearly equivalent.

(c) With the identification v : C; — Ca, the spaces Egl and 522 are equal when all cell

phase spaces are taken to be R.

Proof See Theorem 7.1 and Corollary 7.9 of [7]. O

Example 5.6 We return to Example 5.4. Recall (5.5). From the above theorem it follows
that the two coupled cell networks of Figures 1 and 2 are ODE-equivalent. &

6 Minimality
In this section we compare ODE-equivalent networks in terms of the number of edges.

Definition 6.1 Let G be an n-cell coupled cell network. We denote by [G] the class of
all coupled cell networks that are ODE-equivalent to G. By Theorem 5.5 we have that

|G] coincides with the class of all coupled cell networks that are linearly equivalent to G.

&

14



Note that for a given n-cell network G = (C, £, ~¢, ~g), the set
{(C1,E1,~cr,~E,) € [G] : card (&) < card(€)} C G,

where card(€) denotes the cardinality of the set of edges &, is finite. In particular, it
follows that the set
{eard(&1) = (C1, &1, ~ey, ~Ey) € (G}

has a minimum. We introduce now some notation:
Definition 6.2 Given an n-cell network G and the corresponding ODE-class [G], let
mie) = min {card(&1) : (C1,E1,~¢y, ~E) € [G]}

and

Min[g} = {(017817’\’017’\’&) & [G] : card(é’l) = m[G]}
We call Minjg the minimal subclass of [G]. <&

The minimal subclass Ming of [G] is thus the subclass of networks of [G] such that the
number of edges is minimal among all the networks of [G] — the subclass of the canonical
normal forms. In this paper, we describe the minimal subclass Min of [G], given an
n-cell network G. More precisely, we give an algorithm that computes Ming. We start
by adressing the question for networks with only one ~-equivalence class (Sections 7-10).
It follows then as a corollary an algorithm that computes Ming for any ODE-class [G]
(Section 11).

Example 6.3 Consider the graph G of Figure 1. For this example we have mg,) = 18
and Minig,) = {G2}, where G is the coupled cell network of Figure 2. See Section 10
for details. <&

7 Homogeneous Networks

In this section we adress the minimality of networks in terms of the number of edges for

ODE-classes associated with networks that have only one ~;-equivalence class.

15



Definition 7.1 An homogeneous network is a coupled cell network with only one input-
equivalence class. An identical-edge homogeneous cell network is an homogeneous network
in which all edges in £ are equivalent. A nonidentical-edge homogeneous cell network is

an homogeneous network with more than one edge-equivalence class. &

Note that homogeneous networks have only one cell-equivalence class since these have
only one ~-equivalence class and by definition the equivalence relation ~; refines ~.

The graphs of Figures 1 and 2 are examples of identical-edge homogeneous coupled
cell networks. Figure 5 shows an example of a nonidentical-edge homogeneous network

with 2 edge-types.

Figure 5: An example of a nonidentical-edge homogeneous network G.

Definition 7.2 Let G = (C, €&, ~¢,~g) be an homogeneous network with n cells, say
C ={1,...,n}, and m edge-types, with [e1]|g, - -, [em]E, the ~g-equivalence classes. We
define the adjacency matriz of G with respect to [¢)]g, for [ = 1,--- m, to be the n x n
matrix Mg,y with rows and columns indexed by the cells of G in the following way: the
(4,7)-entry of Mg,y corresponds to the number of edges of type [e;]g from cell j to cell
i. Thus the sum of the jth entries of row i of the matrices M, for [ =1,---,m, gives

the number of input edges of cell ¢ with tail cell j. <&

Example 7.3 The adjacency matrices of the coupled cell network G of Figure 5 with

16



respect to the two edge-types are

2 99 10 25 10
Me.ny=1 12 2 6 | and Mg, 2= | 10 20 15
15 0 5 20 10 15

7.1 Linear Equivalence of Adjacency Matrices

We start by relating the adjacency matrices corresponding to linearly equivalent homo-

geneous networks. Definition 5.3 of linear equivalence is given by:

Proposition 7.4 Let GG; be an homogeneous network with n cells and mq edge-types,

where C; = {1,...,n}. Let Gy be an homogeneous network with n cells and mso edge-
types. Denote by M, 1y = [alli<ij<n for 1 = 1,--- m1, and Mg, = [bf]1<ij<n for
k = 1,---,ms, the adjacency matrices of G1 and Gy with respect to [e|g, and |ex]g,,

respectively. We have that G and Gy are linearly equivalent if and only if there is a

bijection v : C; — Co such that:

R {Idn, [ajli<ij<n, -+ 5 [a] hi<ij<n} = R {Idm [0} iy J1<iins s [b%)w(j)]lsi,jﬁn}
(7.7)

Proof Since both networks are homogeneous, trivially any bijection v : C; — Cy
preserves cell-equivalence and input-equivalence. Thus Definition 5.3 of linear equivalence

translates to equation (7.7). O

If necessary, we can relabel the cells of Gy so that C; = Cy and G5 is v-linearly
equivalent to Gy where + is the identity on C; = {1,...,n}. Moreover, since G is linearly

equivalent to GG1, then by Proposition 7.4 it follows that
R {Idy, [aj;]1<ij<n, - 5 [l hi<ijen} = R{Idn, b li<ijcn, - D2 hi<ijn ) (7.8)

Example 7.5 Using Proposition 7.4, the network G of Figure 5 is linearly equivalent to
the network Go of Figure 6, where v is identity on {1, 2, 3}. <&

17



Figure 6: An example of a nonidentical-edge homogeneous network G5 linearly equivalent

to the graph of Figure 5.

Remark 7.6 Let G be an homogeneous network with n cells. Let M, ..., MG m,)

be the corresponding adjacency matrices. Then the set of matrices
E - Mnxn(Z) N R {Idna M(G,l)7 ) M(G,ml)}

with the usual sum of matrices is a lattice [4, Chapter 3]: trivially, the set £ is a discrete

subgroup of M,,,(R) = R™. O

The next lemma shows that the networks of the ODE-class [G;] have adjacency ma-

trices lying in the cone £ N M, x,(Zg).

Lemma 7.7 Let Gy be an homogeneous network with n cells, say C; = {1,...,n}, and
my edge-types. Let M(q, 1) = [aﬁj]lgmgn forl=1,--- ,mq be the corresponding adjacency
matrices. Then M = [mijli<i j<n € Myuxn(Z4) is an adjacency matriz of a network G (of

n cells) linearly equivalent to Gy if and only if
MeL N Myn(Z$) (7.9)

Proof Note that each Mg, ;) has the following properties:

MG,1) € Myxn(Zg); (7.10)
al; = Zaéfj for all 4,k (7.11)
j=1 j=1

18



By Proposition 7.4 we have that if M = [myj|i<ij<n € Muxn(Zg) is an adjacency
matrix of a network G (of n cells) linearly equivalent to G then condition (7.9) follows.
Suppose now that M = [my;]1<ij<n € Muxn(Zg) satisfies (7.9). In particular, since G

is homogeneous, it follows that

zn:mij = zn:mkj for all ¢, k
j=1

j=1

7.2 Minimality

Given an homogeneous network G, we aim to describe the minimal subclass Ming of [G].
Recall Definition 6.2. Using the above discussion on ODE-equivalence and linear equiva-
lence, we can describe the graphs of Ming by computing the corresponding adjacency

matrices. Moreover, we have:

Lemma 7.8 Let Gy be an homogeneous network with n cells. Let [G1] the corresponding

ODE-class and M, 1), forl =1,...,my, the adjacency matrices of Gy. Let
m = dimR{IdnaM(Gl,l)a-'->M(G1,m1)} -1 (7.12)
Then the homogeneous networks of the minimal class Minq,) have m edge types.

Proof Let Gy € Minjg,) and suppose that G has my edge types. Trivially, mo > m

since
R {Idn, M@, 1y, M(Ghml)} =R {Idn, MGy ), -5 M(GQ,mQ)}

and so
mo+1>dimR {Idn, MGy 1y, - - M(G%mQ)} =dimR {Idn, MG, 1y, -, M(Gl,ml)} =m+1
If my > m then

R {Idn7 MG, ay, - -, M(GQ,mQ)} =R {Idn, MGy iy - M(G27ik)}

for some set {iy,...,ix} C {1,...,mo} and G5 &€ Ming,j, a contradiction. Thus my = m.

O
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Remark 7.9 Let m as defined in (7.12). Since dim R {Idn, MGy, ,M(G,ml)} equals
m + 1 we have that £ is a lattice of rank m + 1. &

Definition 7.10 Given M = [my;]i<ij<n € Muxn(Z$) denote by

(M) =) my

i=1 j=1
More generally, for u = (u1,...,u.) € (Zg)* we call the length of u the nonnegative

integer [(u) defined by
k
l(u) = Z w;
i=1

Note that if wy, ..., w,, € (Z3)* then

i=1

Given a set of vectors {wy,...,w,} C (Z§)* we denote

L({wy, ... ,w}) = ZZ(wj)

We find the minimal subclass Ming) in the following way:

Proposition 7.11 Let G be an homogeneous network of n cells and [G] the corresponding

ODE-class. Suppose that Mgy, ..., M(Gm,) are the adjacency matrices of G. Let
m =dimR {Idn, M(Ql), ceey M(le)} —1

An homogeneous network of the minimal class Ming) has adjacency matrices My, ..., M,

defined by:

(ii) {Id,, M, ..., My} is a basis of the real vector space R {1d,, MG 1y, , M(Gmy)} ;

(iti) Do, (M) = myq).
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Proof By Lemma 7.8 any graph G5 € Ming has m edge types. Item (i) follows by the
definition of adjacency matrix of a network. Moreover, by Lemma 7.7 and Proposition 7.4

we have (ii). Condition (iii) follows from Definition 6.2 of Ming. O

Remark 7.12 Note that if M € M,,(Z) is an adjacency matrix of an homogeneous
network, then ((M) > n and so [(M) > I(Id,). Denote by My = by = Id,,. Assume
the conditions of Proposition 7.11 and denote S = R {Idn, MGy, - -, M(G,ml)}~ A set
{M,, ..., M,,} satisfies (i)-(iii) if and only if it satisfies

(1> {M07 Mh R Mm} - Mnxn(ZE")_)u
(ii) {Mo, My, ..., M,,} is a basis of S;

(i) Dopo U(My) = min {371 1(bk) = {bo, b1, ... b} C Myxn(Z{) is a basis of S}.
O

8 Minimal Bases

By Proposition 7.11 and Remark 7.12 we have that the minimal subclass Min g of [G]
where G is an homogeneous coupled cell network can be computed by describing the set
of all possible adjacency matrices satisfying a minimality condition in terms of the length
of those matrices. We abstract the problem in the following way.

Given a set of vectors wy, ..., w, € (Z$)*, denote by

S:]R{wl,...,wp}

the real vector subspace of R” generated by the vectors wy, ..., w,. Suppose that

dim S =r,
with 7 < p. We choose any r linearly independent vectors from wy, ..., wp, say wy, ..., w,.
Thus wy, ..., w, form a basis of S. Denote by

s =1({ws,...,w})
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Let
B={b: b={b,...,b} C(ZJ)" is a basis of 5}

Lemma 8.1 The set {l(b): b€ B} has a minimum.

Proof As {wy,...,w,} C (Z)" is a basis of S and [ ({wy,...,w,}) = s, it follows that

the minimum of {/(b) : b € B} is at most s. Thus,
r <min{l(b): be B} <s.

Moreover,
min{l(b) : b€ B} =min{i(b): be B, r <I(b) < s},

and {b € B: r <I[(b) < s} is a finite set. O

Definition 8.2 We call a basis b € B of S such that
[(b) =min {l (b) : be B}
a minimal basis. &

In this section we describe the set of all minimal bases b € B of S. Moreover, we

present an algorithm that computes this set.

Sketch of the Procedure

The method we follow for finding the minimal bases of S relies mostly in two steps:

1. Find the set C' defined by

C={weSN(Z)*: 0<l(w)<s—r+1}

2. Find all the minimal bases b € B¢ of S where

Be={beB: bC C}
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Remarks 8.3 (a) If b = {by,...,b,} C (Z{)" is a basis of S and r < [(b) < s then

b C C. Moreover, B C B and
min {{(b) : b€ B} =min{l(b): b€ B¢}
Thus the minimal bases b = {by,...,b.} of S are contained in C.

(b) Note that the set C' depends on the chosen basis {wy, ..., w,} of S which determines
the length s = [ ({wy,...,w,}). We show in Theorem 8.7 that the minimal bases
do not depend on the chosen set of the vectors w; that form a basis of S, neither on

other choice of vectors (with nonnegative integers coordinates) generating S.

Finding C

Let W be the k x r matrix with nonnegative integer entries with columns given by the

vectors wy, ..., w, that we assume linearly independent and generating S. In notation
W = (w1| ...‘wT)

Denote by My, the set of all 7 x r matrices formed by r rows of W and with nonzero

determinant and take

d=ged{det(M): M € My}

Lemma 8.4 Ifw € SN (Z{)* then there are rational numbers x1, . .., x, whose denomi-
nators divide d such that

w=rw; + -+ xr,w,

Proof By hypothesis {wy, ..., w,} is a basis of S. Thus given w € SN (ZZ)*, there are
real numbers zq,...,z, € R such that w = zyw; + - - - + z,w,. Moreover, we have that w

has integer components. Given M € My, if we consider the linear system in the variables

x1, ..., obtained from ziw; + - - - 4+ z,w, = w by keeping the rows corresponding to M,
by the Cramer’s Rule we have that the unique xq, ..., z, are rational whose denominator
divide the (nonzero) determinant of M. O
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By the above lemma, we have that C' is the set of linear combinations of wy, ..., w,,
say riwi + - -+ + Tow, € (Zar )k, with rational coefficients x1, ..., x, whose denominators

divide d and such that
0<lzywi+- - +zw)<s—r+1

Thus x; = p;/q; where p;,q; € Z, ¢; # 0 and d = n;q; for some n; € Z. It follows then
that
(mp)wi + - -+ (nypr)w, =0 (mod d)

We describe C' in the following way:

( 3

1 yiwy + -+ yw, =0 (mod d)
C=14 = (i +-+yw) € (Z)":

d 0<2l(yrwi+-+yw,) <s—r+1

\ V

Remarks 8.5 (a) Note that wy,...,w, € Csince dw; =0 (mod d) and fori =1,...,r

we have 0 < l(w;) <s—r+ 1.

(b) The set C is finite since it is a subset of the finite set formed by the vectors w € (Zg)*
such that 0 < [(w) < s—r+ 1.

Finding the Minimal Bases

In order to find the bases b = {by,...,b.} C C of S such that
[(b) =min{i(b) : b€ Bg}

we partition the set C by the length of its vectors:
C=C,UC,U - UCGC

where given u, v € C'

l(u) =1(v) & u,ve C;for some i

weC,vel; i<y & l(u) <l(v)
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As {wy,...,w,} is a basis of S and wy,...,w, € C, it follows that the real subspace

of R* generated by C'is S.
Definition 8.6 Let S;, Sy be real subspaces of R¥. We denote

51+SQZ{U+U2 uGSl,UESQ}

&
Denote by S;, i = 1,...,t, the subspace of S generated by C;. Thus
St + -+ 5 =5
Moreover, there is ¢ such that 1 < ¢ <t and
dim(S; + --- + Sy) =71, dim(Sy + -+ 4+ Sg-1) <r (8.13)

Thus we have

St + -+ 5,=5
We show below that the minimal bases of S are contained in
CU - UG,
Denote by [; the common length of any vector u € C;, for i =1,...,q. Let
d1 = dim Sl
d; = dim (5., 8;) —dim (3,21 85), 2 < i <q.
Let Uy C C be a set of d; linearly independent vectors. For ¢ = 2,...,q, let U; C C; be
a set of d; vectors such that U; U ---U Uy is free.

Theorem 8.7 The minimum of the set
{l(b) : be B}
18
q
m=>Yld, (8.14)
j=1

The minimal bases b € B of S are the bases obtained by taking all the possible unions

UyU---UU,.
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Proof By Lemma 8.1 the set {l(b) : b € B} has a minimum, say m.
Any set Uy U---UU, = {by,...,b,} obtained as above is free and has r vectors by
construction. (Recall that by assumption dim(S; +---+.5,) = r.) Thus it is a basis of S

and

[({b1,...,b}) :Zq:zjdj

We prove now that the minimum m of the set {l{(b) : b€ B} is

q
> ld;
j=1

and that any minimal basis b € B is the union U; U ---U U, of sets U; constructed as
above. In particular, it follows that b C C.

Starting with a different set of basis vectors w; of S, the set C' varies if the total length
of the chosen basis, say s*, differs from s. However, in this case, the new set, say C*,
would contain C'if s* > s, and would be contained in C'if s* < s. (Recall that C* would
be formed by the nonnull vectors in S N (Z)* with length lower or equal to s* —r + 1.)
In both cases, we have (C; U---UC,) C C* since (C; U---UC,) C S and generates S.
Note that in the second case, where C* would be contained in C, if C; U---UC, € C¥,
then we would have C* = C; U --- U C, where s < ¢ and so S; + ---+ 5, = .S, which
cannot happen by the definition of ¢ (recall (8.13)).

Suppose by contradiction that there is a basis b = {by, ..., b.} € B¢ such that b is not

a union U; U --- U U, of sets U; constructed as above and that
[(b) =m

We have two cases to consider:

(i) b Z C1U---UC,. Then b does not contain r linearly independent vectors of C; U
U Cy. But CyU---UC, contains r linearly independent vectors since by hypothesis
dim(S; +--- + 5,) = r. Thus we can choose a vector v € C; U ---UC, such that v & b
and such that u and the vectors of bN (Cy U---UC,) are linearly independent. But u € S
and b is a basis of S. Then we can write u as a linear combination of the vectors b; and

such that at least one of the nonzero coefficients is of a vector in b that do not belong to
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CiU---UC,. Say b;. It follows then that [(b;) > I(u) and so the basis obtained from b by
substituting b; by u, {b1,...,bi_1,u,biy1,...,b.} is such that

Z({bl, ey bi_l,u,bi+1, .. .,br}) <m

A contradiction.
(ii) b € C1 U---UC, and there is j between 1 and ¢ such that the number of vectors
of b with length lower or equal to l; is (strictly) lower than dim(S; + --- + S;). Then
there is uw € Cy U --- U C; such that u and the vectors of bN (Cy U --- U () are linearly
independent. Again, u is a linear combination of the vectors b;, and at least one nonzero
coefficient corresponds to a vector, say by, such that I(b;) > [;. The basis obtained from
b by substituting b, by u has total length strictly lower than m. Again a contradiction.
It follows then that any basis b = {b;,...,b.} C ((Z$)* N C) of the space S such that
L({b1,...,b}) = mis contained in C1U- - -UC, and the number of vectors of b with length
lower or equal to [; is equal to dim(S; +---+5;),forj=1,...,¢. Thusb=U; U---UU,
where the U; are any sets as constructed above. Moreover, we have the equality (8.14).

O

Algorithm

By Theorem 8.7 the following algorithm finds all the minimal bases of S in (Z§)*, where
S is the real vector subspace of R* generated by p vectors w, ..., w, of (Z)".

If M; and M, are matrices of order m x n and m X p, respectively, we denote by
(M;|Ms) the matrix of order m x (n + p) whose first n columns are those of M; and the

last p columns are those of M.

Algorithm 8.8 Given p vectors wy, ..., w, of (Zg )" that generate a real vector subspace

S of R”, this algorithm finds all the minimal bases of S in (Zg)*.

1 [Initial base] Let 7 be the rank of the matrix (w1|...|w,). For each w;, i =1,...,p
do the following: set s; = Zle(wi)j and then sort the vectors w; by ascending

order of the s;. Let vy,...,v, be the ‘first’ r linearly independent vectors. Set
k
§= Zj:l(UT>j‘
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2 [Compute ged d] Let W be the matrix (vq]...|v,). Compute the set My, of all the
r x r matrices formed by r rows of W and with nonzero determinant. Let d be the

greatest common divisor of the determinants of the matrices in Myy.

3 [Solve linear system of congruences|] Apply HNF Algorithm A.3 to the matrix

U, U
(Wldldy), and let U = | ' 2 | be a unimodular matrix and H the HNF

Us U,
matrix such that (W|dId,)U = (0|H). Here U; is a r x r square matrix. We can

discard Uy, Us and Uy. Let Hp be the HNF of the matrix (U;|dId,.) (applying Algo-
rithm A.3). Note that Hp is invertible (because Hp has rank r since it is the HNF
of the matrix (U;|d1d,) for d # 0 that has rank ).

4 [Compute set C] Let W* be a matrix in My,. Determine the set

+
C1, Co, ..., CTEZO

A= (W*Hp) (dey,dey, ... dc,)" : VA

O<eci4+c+-+c. <s

Determine

C = {%WHB(xl,...,xr)t: (21,...,2,)" EA} ﬂ{we (Z)(s +1)Z)*: 0 < l(w) §s}

For i = 1 until s, set C; = (). For each w in C do the following: set Ciw) =
Cl(w) U {w}

5 [Compute minimum sum]| Let j be the least ¢ such that C; # (). Set m =0, i = j
and d = 0. While ¢ < s and d < r do the following: if C; # 0, let d; be the
dimension of the real subspace generated by C; U ---U C; minus the dimension of
the real subspace generated by C; U---UC;_; and set d = d + d;, m = m +1d;, else
set d; =0;set i =1+ 1.

6 [All subsets of C' with minimum sum] Set £ =0, ¢ =0 and S;_; = {0}. Forn =j
until 4 — 1 do the following: if d,, # 0, set I, ={w e C,: w¢ S;+---+ 5,1} and
let E, be the set of all the subsets of I,, with d,, linearly independent vectors and
set B =FEx E, and ¢g=q+ 1.
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7 [All minimal bases| Set U = ). For each (Uy,...,U,) in E do the following: if the
dimension of the subspace generated by U; U...UU, is r (that is, Uy U...UU, is a
minimal base of S in (Z¢)*) then set U =U U {{U;U...UU,}}.

The set U contains all the minimal bases of S in (Z{)*. Output U and m and

terminate algorithm.

&

The item 3 of Algorithm 8.8 for solving homogeneous linear systems of congruences is

based on Cohen [6, Algorithm 4.1.22] .

9 Examples

In this section we apply Algorithm 8.8 to two examples of homogeneous coupled cell
networks GG obtaining the adjacency matrices corresponding to the minimal networks of

the subclasses Ming of [G].

Example 9.1 Consider the homogeneous network G of three cells of Figure 7. Thus the

Figure 7: Homogeneous coupled cell network of Example 9.1.

adjacency matrices are

4 0 6 4 8 4
Mey=18 02 |, Mga= 8 4 4
3 25 10 4 2
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Note that
dim R {Ids, M1y, Mc2)} =3

and recall that the adjacency matrices of the networks in Min g satisfy the three pro-
perties of Remark 7.12. Thus we aim to find all the possible matrices My, My € M3y3(Zg)
such that ]R{MO = Idg, Ml, MQ} = R{Idg, M(G,l)u M(G’g)} and

ZQ:Z(Mk) = min {22: U(be) : {bo =1ds,b1,bo} C Msyu3(ZS) is a basis of R {Id3, M(c1), M(GQ)}}
k=0 k=0

For that we apply Algorithm 8.8. We consider

wy = (1,0,0,0,1,0,0,0,1)", wy = (4,0,6,8,0,2,3,2,5)", ws=(4,8,4,8,4,4,10,4,2)"

in (Z§)? and S the real subspace of R? generated by these linearly independent vectors:

S =R {w,wy, w3}

Note that
s = max{l(w), l(ws), l(w3)} = l(w3) = 48

and the matrix

1 4 4
00 8
0 6 4
08 8
W=1|10 4
02 4
0 3 10
02 4
1 5 2

has rank 3. The greatest common divisor of the determinants of all 3 x 3 matrices formed
by 3 rows of W and with nonzero determinant is d = 8. Applying the HNF Algorithm A.3
to the matrix (1W|8Idg) we obtain matrices U and the HNF H of (W|8Idy) such that
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(W[81dg)U = (0|H):

-8 4 —-16 00 0 000 8 =51
0 —10 4000000 -2 10
0 3 =2 000000 1 00
1 =2 1100000 O 10
0 -3 2010000 -1 00
7= U, U _ 0 6 -2 001000 1 00
Us Uy 0 7 -2000100 1 =10
1 =7 3000010 -1 10
0 1 0oo0000O0O1 0 00O
0 0 10000O0O0C O 0O
0 1 0000O0OO0OO0O O 00O
1 0 0000O0OO0OO0O O 0O
where
8 00000471
08 000O0OO0OO0OO
008 00O0O0OG6GDO
-8 44 -16 000800O0OO0O
Uy = 0 —10 4 and H=10 0 0 0 8 0 4 3 1
0 3 =2 0000O0Z8O020
0000O0O0OM430
0000O0O0OO0OZ2@0
0000O0O0OTO0®OT1

Computing now Hp, the HNF of the matrix (U;|8Ids) (applying Algorithm A.3), we
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obtain
32 16

48 16
8 0 4 64 24

Hp = 0 8 2 and WHpg =

o O O O o o o o
o
oo

0 01 16 8
24 16
16 8
40 16
and so
( 1 + 4x9 + 225 ]
T3
6z + 223
8xg + 313
C = o +as | €2 1, 09,23 €Z, 0 < 1y + 1035 + 53 < 16
219 + T3
379 + 223
229 + T3
L\ 21 + bxy + 223 )

In particular, it follows that for

w = (11+429+213, T3, 609+273, 819+3T3, T1+13, 2T9+T3, 3T +273, 2T9+T3, T1+DTe+223) € C
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we have [(w) > 3z3 and z3 > 0. Easy computations show that

(1] ([ 2] ([ 3] ([ 4 1 1

0 0 0 0 1 3

0 0 0 0 2 0

0 0 0 0 3 1

Cs = 1 , C6 = 2 , Cg = 3 , Cra = 4 (,1o0],] 2
0 0 0 0 1 1

0 0 0 0 2 3

0 0 0 0 1 1

\ 1/ \ 2/ \3 /] L\ 4 1 0

Moreover, if S; denotes the real subspace of S generated by C;, we have that

By Theorem 8.7, there is a unique minimal basis of S which is

( )

1 1 1
0 1 3
0 2 0
0 3 1
1|, 0 |- 2
0 1 1
0 2 3
0 1 1
1 1 0

\ V

Thus, by Proposition 7.11 and Remark 7.12, Ming) contains only one minimal net-

work with adjacency matrices given by

11 2 1 30
Mi=1301|, My=1]121
2 1 1 310

See Figure 8.
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Figure 8: Minimal network of the ODE-equivalence class of the homogeneous coupled cell

network of Example 9.1.

Example 9.2 Consider the homogeneous network G of Figure 3 in Section 1. The adja-

cency matrices of G are

11 2 1 30
M(le) = 2 1 1 , M(G,2) = 01 3 , and dlm]R{Idg, M(Ql), M(GQ)} =
3 01 1 21

We aim to find all the possible matrices My, My € My 3(Zg ) such that R{ My = Ids, My, My} =
R{Idg, M(Ql), M(G,g)} and such that

2 2
Zl(Mk) = min {Zl(bk) . {bo = Idg, bl, bg} - ngg(Za_) is a basis of R {Idg,M(GJ), M(G,2)}}

k=0 k=0

Again, we apply Algorithm 8.8 to the vectors

wy = (1,0,0,0,1,0,0,0,1)", wy,=(1,1,2,2,1,1,3,0,1)", ws=(1,3,0,0,1,3,1,2,1)*
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in (Z$)°. Note that s = [(w3) = 12. Easy computations show that

( )
1+ To + T3

Ty + 223
229 + T3
229 + T3
C = 1+ Ty + 23 E(Z(J{)E): T1,%9, 03 €2, 0 <21+ 4ay+ 423 <4
Ty + 223
379 + 223

xs3

L 1+ To + T3 )

Moreover,
(1)) (2] ([ 3 0 0 0]
0 0 0 2 1 3
0 0 0 1 2 0
0 0 0 1 2 0
C3 = 1 , Cs = 2 , Cg = 3 1|, 0 |, 01, 0
0 0 0 2 1 3
0 0 0 2 3 1
0 0 0 1 0 2
\ 1 ) \ 2 ) \ 3 0 0 0 )

If S; denotes the real subspace of S generated by C;, we have that

Thus, by Proposition 7.11 and Remark 7.12, Ming contains three minimal networks

with adjacency matrices given, respectively, by

0 2 1 01 2 0 2 1 0 3 0
M, = 1 0 2 , My = 2 01 , M, = 1 0 2 , My = 0 0 3
210 3 00 210 1 20
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and

01 2 030
Mi=1201|,Ma=1|0 0 3
300 120

See Figure 4 in Section 1.

10 Identical-Edge Homogeneous Networks

In the special class of identical-edge homogeneous cell networks, the application of Algo-
rithm 8.8 simplifies. Recall that an identical-edge homogeneous cell network is an homo-
geneous network in which all edges in & are equivalent. We prove below (Theorem 10.3)
that, if G is an identical-edge homogeneous network with n cells, with adjacency matrix
M1y = [aijli<ij<n, and [G] the corresponding ODE-class, then Ming has a unique
graph with adjacency matrix M defined by

M = = (M) —m1d,)

SN

where d = ged{a;; : i,j =1,...,n; j # i} and m = min{a; : @ = 1,...,n}. Direct
application of Algorithm 8.8 gives the same result. See Remark 10.5. Here, we consider
only networks G such that there is at least one edge e € £ satisfying H(e) # 7 (e), and

so M 1y is not a scalar multiple of the identity matrix.

Example 10.1 The graphs G; and G5 of Figures 1 and 2 in Section 1, respectively,
are examples of identical-edge homogeneous coupled cell networks. The corresponding

adjacency matrices are

2 99 03 3
Mey=|12 2 6 |, Mey=|4 0 2
15 0 5 5 0 1
We show below that the minimal subclass of [G1] is Ming,) = {G2}. &
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Linear Equivalence and Adjacency Matrices

Definition 5.3 of linear equivalence for identical-edge homogeneous networks in terms of
the adjacency matrices is now a special case of Proposition 7.4. More precisely, if G; and
G+ are two identical-edge homogeneous networks with n cells, where C; = {1,...,n}, and
M, 1) = lagli<ij<n and Mg, 2) = [bij|i<ij<n are the corresponding adjacency matrices,
then G| and G5 are linearly equivalent if and only if there is a bijection v : C; — C5 such

that:
R {Idy, [aijhi<ij<n} = R {Idn, [by)y0))i<iizn ) (10.15)

Example 10.2 Consider the identical-edge homogeneous networks of Figures 1 and 2 in
Section 1, and recall Example 5.4. Trivially, the identity function on {1, 2,3} is a bijec-
tion that preserves cell-equivalence and input-equivalence (like any bijection on {1, 2, 3}).
Moreover, equation (5.6) of Example 5.4 on the corresponding adjacency matrices is equi-

valent to the linear equivalence of the networks. &

Minimality

We prove now that the minimal subclass Miny; of an ODE-class [G] where G is an
identical-edge homogeneous network contains a unique graph. We then describe an algo-

rithm that computes this minimal graph in Ming.

Theorem 10.3 Let G be an identical-edge homogeneous network of n cells, say C =
{1,...,n}, and [G] the corresponding ODE-class. Let M1y = [aij]i<i j<n be the adjacency

matriz of G and assume that it is not a scalar multiple of the identity matriz. Let

d = gcd{aij: i)j:l,,..,n;j#i}

m = min{a;: i=1,...,n}
Then
Minig = {G2}
where Go is the network with adjacency matrix

1
Mg,y = P (Mg,1) —m1d,)
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Proof The proof consists in showing that GGy as described above is linearly equivalent
to G, and that if G is linearly equivalent to Gy and G # G9 then card(€,) < card(&y).

As MG,1) = (1/d)(Mg1y — mld,) it follows that the identical-edge homogeneous
network with adjacency matrix Mq, 1) is linearly equivalent to G' and the entries of

Mg, 1y are nonnegative integers as we show now. Let M(q, 1) = [bij]1<ij<n, then

by — a"’;m,zzl,...,n (10.16)

Since G'is an identical-edge homogeneous network it follows that Mg 1) satisfies for any

i,ke{l,...,n}
S5 = Yo
j=1 j=1
and thus

Qi; — Akl = E akj_g Qij

Ak i
Let k be such that m = ag. Then ay, < a;;, Vi and Z#k ag; > Z#i a;j. Moreover, d is
a divisor of Z#k ag; — Z#i a;; and thus of a; — ajy.
Let Gy be a network linearly equivalent to Gy (and so to G) with adjacency matrix

M, 1y. 1t follows then that

Mg, 1) = % (Mg, 1) — aldy,)

for some o € Q and 3 € QF. Since there is 7 such that b; = 0 we have that o € Z,. It
card(€1) < card(£2) then 5 > 1. Since the greatest common divisor of the entries b;; is

1, then 8 = 1. If @ = 0 then G; = G,. Otherwise, card(£;) > card(&q). O

Example 10.4 Recall the graphs G} and G5 of Figures 1 and 2 in Section 1. By Theo-
rem 10.3 it follows that Ming, = {G2}. Note that d = 3 and m = 2. <&

If we denote the rows of a k x r matrix M by M, ..., My, then M* represents the

column vector (M, ..., M)
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Remark 10.5 Direct application of Algorithm 8.8 gives the result of Theorem 10.3 as we
show now. Suppose G is an identical-edge homogeneous network with adjacency matrix
M1y = [aij]i<ij<n- Assume M1y is not a scalar multiple of the identity matrix. Using

2 x 2 matrix

the same procedure as in Section 8 we have the following: we take the n
W = (wi|ws) where wy = Id;, and wy = M ,; the greatest common divisor d of the
set of all 2 x 2 matrices formed by 2 rows of W and with nonzero determinant is the
greatest common divisor of the set {a;; : 7 # j} U {a; — agx : @ # k}. From the proof of
Theorem 10.3, it follows that d is the greatest common divisor of the set {a;; : @ # j}.

We aim to find the finite set C' and so to find y;,y» € Z such that
1w + yawa = dw
for some w with nonnegative integer entries and such that 0 < [(w) < I(w2). Note that

() = g (yan + yal(w2))

and
dWg—1yntk = Y1 +yoarr (K=1,...,n)

dw(k—l)n—i—i = Yol (ia k=1,...,ni# k’)
Thus y > 1. Trivially, the minimum [(w) is obtained by taking y» = 1 and y; = —m
where

m=min{ay, : k=1,...,n}

and so there is a unique minimal basis of R{w;, wy} corresponding to the minimal network
with adjacency matrix

(M(GJ) — mIdn)

ISR

MG, 1) =
&
Algorithm 10.6 Given the adjacency matrix M 1) = [ay]i<ij<n, With Mg 1) # old,,

of an identical-edge homogeneous network G, this algorithm computes the adjacency

matrix Mg, 1) = [bij]1<ij<n corresponding to the unique network in Minq.

1 [Compute ged d and minimum m| Set m = min{a;; : i =1,...,n} and
d=ged{a;;: 1,7 =1,...,n; j #i}.
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2 [Compute Mg, 1)) For i,j =1,---,n do the following: if j # i then set b;; = a;;/d
else set bm = (az‘i — m)/d Output M(Gg,l) = [bz’j]lgi,jgn-

11 Minimality for coupled cell networks

Let G be a coupled cell network. From Theorem 4.2 (recall also Remark 4.4) the space of
Bg-equivariant maps has a natural decomposition according to the connected components
(the ~-equivalence classes) of the groupoid B¢, and this decomposition is inherited by

the polynomial and linear vector fields:

Definition 11.1 Let Q@ C C be an ~-equivalence class. Define

fg(Q) {fe]:g: fs(x) =0, ‘v’s%Q}
Pa(Q) {fePl: flx)=0,Vs¢Q}
Lo(Q) = {feLy: fix)=0, Vs ¢ Q}

We say that vector fields in F5(Q), PE(Q), and LE(Q) are supported on Q. &

Remark 11.2 From Theorem 4.2, there are direct sum decompositions
Fe=PFeQ Pc=PPriQ Li=PLiQ
Q Q Q

where Q runs over the ~;-equivalence classes of G. &

For detailed proofs see [14], end of Section 4, especially Proposition 4.6.

By Theorem 5.5, two coupled cell networks G; and G5 are ODE-equivalent if and
only if they are linearly equivalent. That is, there exists some bijection v between the
corresponding sets of cells C;, preserving cell-equivalence and input-equivalence, such that
with the identification v : C; — Cs, the vector spaces Egl and L5 , are equal. By the above
discussion, this is equivalent to have £, (Q) = L (Q), for each connected component

Q. Moreover, all cell phase spaces may be assumed to be R in this context.
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We look now for Minjg where G is an n-cell network. Suppose that G has connected
components (~-equivalence classes) Qi,...,Q;. For i =1,..., [ define the subnetworks
G, in the following way:

Gi={C,&i,~c,~E,)
where
Ei={e€&: H(e) € Q} and Vey,es € E; €1 ~p, €3 & €1 ~p €y
We can apply Algorithm 8.8 to the graphs G, for ¢« = 1,...,l, computing Ming,,...,
Ming,). The minimal class Ming is then obtained by considering all possible graphs

that can be formed by junction of one graph of each class Minig,j, ..., Mini,.

A Algorithms Appendix

In this section we present an algorithm given by Cohen [5] to calculate the Hermite normal

form of a matrix with integer coefficients. We use the following definition:

Definition A.1 ([5], Definition 2.4.2) We say that an m x n matrix M = [m;;] with
integer coefficients is in Hermite normal form (abbreviated HNF) if there exists r < n
and a strictly increasing map f from [r+ 1, n] to [1, m] satisfying the following properties:
(1) For r+1<j <mn, myggy; > 1, my =01if i > f(j) and 0 < myppy; < mpay if & < j.

(2) The first 7 columns of M are equal to 0. &

We have the following result:

Theorem A.2 ([5], Theorem 2.4.3) Let A be an m x n matriz with coefficients in 7.
Then there exists a unique m x n matric B = [b;;] in HNF of the form B = AU with
U € GL,(Z), where GL,(Z) is the group of matrices with integer coefficients which are

wnvertible, that is, whose determinant is equal to +1.

Although B is unique, the matrix U is not unique. The matrix W formed by the

nonzero columns of B is called the Hermite normal form of the matrix A.

Algorithm A.3 ([5], Algorithm 2.4.4) (Hermite Normal Form). Given an m x n ma-

trix A with integer coefficients [a;;] this algorithm finds the Hermite normal form H of A
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and a n x n unimodular matrix U such that AU = (0|H). We write h;; for the coefficients

of H, A; (resp. H;,U;) for the columns of A (resp. H,U).
1 [Initialize] Set ¢ = m, k = n and U = Id,,. If m < n then set [ = 1 else set
l=m-n+1.

2 [Row finished?] If all the a;; with j < k are zero, then if a;, < 0 replace column Ay,

by — Ay, replace column Uy by —Uj and go to step 5.

3 [Choose non-zero entry|] Pick among the non-zero a;;, with j < k, one with the
smallest absolute value, say a;j,. Then if j, < k, exchange column A; with column
A, and exchange column Uy, with column Uj,. In addition, if a; < 0 replace column

Ay by —Ag and replace column U, by —U. Set b = ayy,.

4 [Reduce| For j =1,...,k—1 do the following: set ¢ = |a;/b], and A; = A; — qA,
U; = U; — qUy. Then go to step 2.

5 [Final reductions| Set b = a;. If b =0, set k = k + 1 and go to step 6. Otherwise,
for j > k do the following: set ¢ = |a;x/b], and A; = A; — qAy, U; =U; — qUy.

6 [Finished?] If i =l thenfor j=1,...,n—k+1set H; = A;1;_, and terminate the

algorithm, else set i =7 — 1,k = k — 1 and go to step 2.
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