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Abstract

We study the dynamics near heteroclinic networks for which all
eigenvalues of the linearization at the equilibria are real. A common
connection and an assumption on the geometry of its incoming and
outgoing directions exclude even the weakest forms of switching (i.e.
along this connection). The form of the global transition maps, and
thus the type of the heteroclinic cycle, plays a crucial role in this.
We look at two examples in R, the House and Bowtie networks, to
illustrate complex dynamics that may occur when either of these con-
ditions is broken. For the House network, there is switching along the
common connection, while for the Bowtie network we find switching
along a cycle.
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1 Introduction

In dynamical systems a heteroclinic cycle is a set of finitely many equilib-
ria and trajectories connecting them in a topological circle. A connected
union of finitely many heteroclinic cycles is a heteroclinic network. These
objects are associated with intermittent dynamics and used to model stop-
and-go behaviour in various applications, including neuroscience, geophysics,
game theory and populations dynamics. As examples we mention the work
of Chossat and Krupa [9], Rodrigues [20], Aguiar [1] and Hofbauer and Sig-
mund [10], respectively. A thourough theoretical understanding of their ar-
chitecture, stability properties and dynamical effects is therefore of general
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interest. This study contributes to the latter by investigating a particular
type of complicated dynamics in a neighbourhood of a network.

Complex behaviour near a heteroclinic network is often connected to the
occurence of switching related to the network. There are different types of
switching: at a node, along a connection, or infinite, leading to increasingly
complex behaviour near the network. Switching at a node guarantees the
existence of initial conditions, near an incoming connection to that node,
whose trajectory follows any of the possible outgoing connections at the same
node. This means the incoming path does not predetermine the outgoing
choice at the node. Switching along a connection extends the notion of
switching at a node to initial conditions whose trajectories follow a prescribed
connection. Infinite switching ensures that any sequence of connections in
the network is a possible path near the network.

The term switching has also been used to describe simpler dynamics where
there is one change in the choices observed in trajectories. This is the case,
for example, of Kirk and Silber [11]: The network is made of two cycles
and trajectories are allowed to change from a neighbourhood of one cycle to
a neighbourhood of the other cycle at most once. This change is referred
to as switching, although this is a very mild instance of this phenomenon.
In Castro et al. [6] the expression railroad switching is used in relation to
switching at a node.

Postlethwaite and Dawes [19] find a form of complicated, though not
infinite, switching leading to regular and irregular cycling near a network.
There are several examples in the literature where the existence of infinite
switching leads to chaotic behaviour near the network, see Aguiar et al. [2],
and papers by Labouriau and Rodrigues [14, 21]. All the networks considered
by these authors have at least one node at which the linearized vector field
has complex eigenvalues.

Complex behaviour near a network can also arise from the presence of
noise-induced switching, see Armbruster and coworkers [3, 22] and Ashwin
and Podvigina [4]. We do not address the presence of noise in this work.

To the best of our knowledge, there are no examples of vector fields, whose
linearization at equilibria have no complex eigenvalues, supporting networks
that exhibit infinite switching. On the contrary, Aguiar [1] shows that if a
heteroclinic network contains a subnetwork such as the one studied in [11],
then there is no switching along one of the connections of the network (along
the common connection, for readers familiar with this network). The absence
of switching along a connection precludes infinite switching and, therefore,
chaotic behaviour near the network.

In this paper, we inquire into the possibility of various types of switching
in networks made of simple cycles. We give sufficient conditions for the



absence of switching along a connection, containing as a particular case the
result in [1]. We provide two examples illustrating the role of these sufficient
conditions. Both examples exhibit some form of switching. For one of them
we proceed to study some of the dynamic consequences of the presence of
switching.

The paper is organized as follows: The next section consists of preliminary
concepts and may be skipped by readers familiar with the subject. Section
3 contains the main results concerning switching, and Section 4 develops the
dynamics for an example. Section 5 concludes.

2 Preliminaries

We look at differential equations © = f(x), where f is a vector field on R",
n > 4, which is I'-equivariant for some finite group I' C O(n), that is,

f(vx)=7.f(x), VyeTl VaecR"

A heteroclinic cycle is a set of finitely many equilibria &, ¢ = 1,...,m,
together with trajectories connecting them:

[ = ] CWHE)NWHG) #0 (i=1,...,m; Enyr =&1).

Assuming that each connection [§; — &;1] is of saddle-sink type in an invari-
ant fixed-point subspace P; = Fix(¥;), for some subgroup ¥; C I, ensures
robustness of the cycle to perturbations that respect the symmetry I'.

In this paper we are interested mostly in heteroclinic networks consisting
of simple heteroclinic cycles. In fact, the properties of simple cycles are
only required locally along a connection. There are various notions of simple
cycles in the literature, see Krupa and Melbourne [13] as well as Podvigina
[17, 18]. The relevant properties for our results are

e all P; are two-dimensional,

e the linearization df(&;) has only real and no double eigenvalues.

In particular, the cycles we address can be thought of as being generated
by the simplex method used by Ashwin and Postlethwaite [5]. This guaran-
tees that the equilibria §; are on the coordinate axes. We refer to networks
constructed of such cycles as simple networks and call the eigenvalues of the
linearization df(&;) at the equilibria radial (—r; < 0), contracting (—c¢; < 0),
expanding (e; > 0) and transverse (¢; 2 0), see Krupa and Melbourne [12,
Section 2.3].

Simple cycles have been classified into different types. For our purposes
it is sufficient to distinguish two, see [17]. In R, n > 4, a cycle is of
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e type A if the eigenspaces corresponding to c;,t;, ;11 and t;1; belong
to the same X;-isotypic component for all j, see [13, page 1190 and
Theorem 2.4(b)];

o type Z if ¥; decomposes le, the orthogonal complement of P; =
Fix(¥;), into one-dimensional ¥ ;-isotypic components for all j, see [17,
Definition 8].

Note that the two types are mutually exclusive, because for an A cycle the
isotypic component containing c;, ?;, e;41 and ¢ is at least two-dimensional.
In R?, cycles of type Z can be further divided into types B and C, see [13,
Definition 3.2].

In order to establish a convenient set-up for our study we, as usual, de-
fine cross-sections to the flow at incoming and outgoing connections near an
equilibrium. We use the notation H™ to denote the cross-section at an in-
coming connection to & from &;. Similarly, H; " denotes the cross-section
at an outgoing connection from §; to §;. Local maps are defined using the lin-
earized flow near each equilibrium ;. We use the, by now, standard notation
for local and global maps:

o ¢y i H™ — H™" is the local map near ¢ describing the flow for
points coming from §; and proceeding to &;

(2
It maps radial and expanding directions near §; to contracting and

radial directions near §;;;. Depending on the symmetry of the system
sometimes all v;; may be assumed to equal the identity. See [13] for
more on global maps.

o U : H HJ“” is the global map along the connection [§; — &;].

For the purpose of defining these maps, it is often convenient to add a second
index to the eigenvalues of df(§;). It corresponds to the other node in the
respective connection, e.g. —cj; is the contracting eigenvalue at &; in the
direction of &. In the context of networks, transverse eigenvalues to one
cycle may be contracting or expanding with respect to another cycle, see
Castro and Lohse [7, Section 5] for an example.

We now recall several notions of switching from Aguiar et al. [2]. A (fi-
nite) path on a heteroclinic network X is a (finite) sequence of connections
in X such that the end node of a connection coincides with the initial node
of the following connection. A given path is followed or shadowed, if in ev-
ery neighbourhood of X there is a trajectory that follows the connections
of the path in the prescribed order. We say that there is (finite) switching
near X if every (finite) path is shadowed. A special case of finite switching,
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and a necessary condition for infinite switching, is switching along a trajec-
tory [§; — &), where we only demand that every combination of incoming
connections at &; and outgoing connections at & is shadowed. The weakest
form of switching, switching at a node, occurs when points from any incoming
trajectory can follow any outgoing trajectory at a node.

3 Switching along common connections

Consider a simple heteroclinic network in R™, n > 4, generated by the simplex
method in [5]. Since the nodes are on the coordinate axes, we label them
accordingly, i.e. §; lies on the z;-axis.

In [1, theorem 1] it is shown that for a heteroclinic network with a Kirk
and Silber [11] subnetwork (see Figure 1) there is no switching along the com-
mon connection and therefore no infinite switching. The result is stated in the
context of replicator dynamics and the equations are naturally equipped with
a Zj symmetry, leading to the reasonable assumption that in the construc-
tion of return maps the global maps are the identity. Fixed point planes are
generated by groups isomorphic to Z5 % and the resulting cycles are of type
7. We generalize this result by proving the absence of switching along any
connection for which the respective incoming and outgoing directions span
the same space (in a sense that is made precise in Assumption 1 below).

I\
N

4

Figure 1: A Kirk and Silber network

Suppose that in our heteroclinic network two cycles share a connection
[€1 — &)]. Let the first (second) cycle have an incoming direction to & from



o (&) and an outgoing from & to &5 (&), so that the following sequences of
connections, shown in Figure 2, belong to the respective cycles:

o =& =& — &gl and [ — & — & — &)

We assume &, # &, and g # &, but allow {, = £z or even &, = & and

éou o&l}
&, E,
Z::ao .EJb

Figure 2: The common connection

¢s = &, and analogously for the other cycle. Furthermore, suppose the
following;:

Assumption 1: The z,7,-plane is mapped into the x,xg-plane by the
global map 15 along the common connection.

This assumption is fulfilled by all of the networks in Castro and Lohse
[8, theorem 3.7]. In order to describe the relevant sets succinctly, we state
precisely what we mean by the word cusp.

Definition 3.1. Consider a straight line ¢ through the origin in R? and a
curve v that is tangent to g at (0,0) and contained entirely in one of the half
planes generated by g. Then, by reflecting v along ¢, a neighbourhood of the
origin is divided into two open sets (each with two connected components),
as in Figure 3. We call the one that is asymptotically (for € — 0) larger in
B.(0) a thick cusp and the other one a thin cusp tangent to g.

Typically, cusps are given through curves of the form y = y(z) = 2, the
tangency axis then depending on o 2 1.
The following is a preliminary result.

Lemma 3.2. Let there be two curves defining cusps in R? that are not tangent
to the same line. Then in a sufficiently small neighbourhood of (0,0)

e cach thick cusp contains the other thin cusp,
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: thin cusp
thick-cusp

Y

Figure 3: Thin and thick cusps

o the two thick cusps intersect in a set of positive measure,
e the two thin cusps do not intersect.

Proof. All three statements follow because the thin cusp is arbitrarily close
to its tangency axis in B.(0) for € > 0 sufficiently small, see Figure 4. O

Figure 4: Intersecting cusps: region A is the intersection of thin cusps and
occurs away from the origin.

We now state and prove our main result.

Theorem 3.3. In a simple heteroclinic network in R™, n > 4, with connec-
tions [§a — & — & — &p] and [€, — & — & — &) fulfilling Assumption 1,
there is no switching along [§&1 — &].

Proof. For both cycles we define (n — 1)-dimensional cross sections trans-
verse to the flow, and local maps (in local coordinates) between them in the
standard way. We claim, and justify at the end of this proof, that only the
two directions spanning the planes in Assumption 1 are relevant. Restricting
to these and using the standard notation of —c;; and ej;; for the contracting



and expanding eigenvalues at §; we obtain:

2 Cla Cla
ba12 : Hmo‘ — HOut (x,y) — (:13 e12 ,yzf‘lg)
_]/—_\[in,a l,f_\lout,2 Zlo‘ ZIJ
Gar2 1 H" — H{7, (r,y) — (yz=z, xe
. jf_\[in,l flout,/)’ % _%
Prap s Hy W — Hy 7, (z,y) = (x°28,yx “2
1 Sout,b R —
¢1Qb Hm H;u s (:U, y) — <y€2b , LY ©2b

Here H denotes the restriction to the relevant plane in the cross section H.
The maps are well-defined by Assumption 1. We have restricted further to
x,y > 0, but the corresponding expressions for different csigns can be derived
directly from the maps above. The curve y = v, (z) = ree s tangent to one
of the coordinate axes at (0,0) and divides H °"2 into two regions, separating
points coming to & from &, from those coming from &,. We denote these
respectively by

Car i={(@,9) € B |y < (@)}
Car = { (@,y) € B |y > m(@)}.

€2b
In the same way, the curve y = "}/2( ) = x26 separates points going from &,

to £ from those going to &, in H !, giving rise to

Eop = {(9579) € H;n’l ly < 72@)} ;

By = {(z.y) € B |y > (o)}

These sets are the domains of @19, and ¢195.

The global map s : H*™? — H™! is the same for both cycles and de-
termines how points in a neighbourhood of the network follow the connection
(&1 — &) We 1nvest1gate the intersection 112(71) N2 to identify four regions
of points in H followmg the equilibria in the network in the order o123,
al2b, al2f or a12b. R

The zy-plane in H; out-2 is gplit into two cusp-shaped regions by 71, which
is tangent to the horizontal or vertical axis, depending on c¢;, 2 c¢1,. Then
112(71) is tangent to the image of this tangency axis.

The global map 15 is an invertible linear map

Y1a(x,y) = (1 + a1y, Qo1 + aoy),
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with ajjaqoeiaey # 0 generically. The coordinate axes in IT/-\I'fUt’2 are not
necessarily fixed by 115, so that the tangency axes in [/1\7;“’1 may be distinct.
If that is the case, by Lemma 3.2 the thin cusps do not intersect and so one of
the paths is missing and there is no switching. If the tangency axes coincide,
one of the cusps is always contained in the other, and again one of the paths
is missing.

Finally, we justify our initial claim. Taking into account the remaining
dimensions of the cross sections does not relax the contraints imposed on the
xy-plane for points to be in the C- or E-sets. So the sets that do not intersect,
ensuring the absence of switching, cannot intersect in a full neighbourhood
of the origin. O]

While we have presented the proof in a short version, more detailed in-
formation can be obtained about which paths are followed or not, when we
distinguish the case where 115 is the identity map and thus fixes the coordi-
nate axes in ﬁfut’Q. This is the case for type Z cycles. Then the curve ~; is
tangent to one of the axes and 5(7;) is tangent to the same axis in I/-j;n’l.
One of the cusps is contained in the other, depending on the relative size of
the eigenvalues:

Cla €20

—_— < — <~ ¢12(Oa1) C Egb and ¢12(Ca1) D) Egg
Cla €23
Clq €2p
_— > — = ¢12<Ca1) D Fy and ¢12(Ca1) C EQB
Cla €28

So the sets 112(Ca1) N By and 112(Cy1) N Eog are non-empty. In the first in-
stance Yr2(Cq1) C Eop, prevents ¢15(Cyy) from intersecting Eag. Analogously,
in the second instance ¢12(Ca1) N Eg, = (). This means there are always
trajectories following the paths a12b and 12/, but only one of a125 and
a12b. That is, there is one cycle from which it is impossible to switch to the
other. This is in accordance with the findings for (B; , B; ) networks in [11].

If 115 is not the identity, as for type A cycles, suppose first that C,; and
Eqy, are thick cusps. Then 115(Cy1) is also thick and regardless of 115 we have
1/112(0(11) N E2b 7é Q), as well as ¢12(Ca1> N Egb # (Z) and wu(C’al) N Egﬁ 7é (Z),
but 112(Ca1) N Eag = 0. So al2b, a12b and al2f are realized, but not a124.
In the same way, if C;; and FEy, are thin cusps, all paths except al2b are
realized, which corresponds to ¢12(Cy1) N Ey, = (. Finally, for a thin cusp
C,1 and a thick cusp Fog, the former generically lies in the latter. So all
paths except for al12( are realized. If it is the other way around, then a12b
is not realized.

In contrast to type Z cycles, for type A cycles the missing path can be any
of the four possible ones, depending on the relative size of the eigenvalues



at & and &. This means that for A networks there are configurations in
which it is possible to switch from either cycle to the other. But the price to
pay for this is that for one cycle all trajectories switch to the other one (and
possibly return later).

Remark 3.4. In the proof of Theorem 3.3 we use the fact that the connections
depicted in Figure 2 have the properties of connections in simple cycles, but
make no assumption concerning the remaining connections of either cycle.
Thus, Theorem 3.3 applies to networks other than simple.

The absence of switching still holds if there are multiple common con-
nections in a row, as long as Assumption 1 is fulfilled at the first and last
common node.

Corollary 3.5. If in Theorem 3.3 the connection [§; — & is replaced by a
sequence of connections [§1 — & — & — ... = & — &, k < 0o, then there
s no switching along this sequence.

Moreover, note that the sign of transverse eigenvalues is irrelevant. In
particular, if there are more incoming connections at & or more outgoing
connections at &, the result still holds, because this only increases the number
of sequences that would have to be shadowed in order to have switching along
(& — &)

We have thus shown that the key factors inhibiting switching are the
presence of a common connection and the fact that the respective incoming
and outgoing directions span the same space. The next two subsections show
that, on the one hand, this geometry is essential, and, on the other hand,
that it is generic.

3.1 Switching in the House network

The House network has five equilibria, one on each coordinate axis in R®. It
can be generated with the simplex method from [5] and consists of a B; and
a C; cycle (both of type Z), see Figure 5. There is a common connection,
but Assumption 1 does not hold.

Lemma 3.6. There is switching along the common connection in the House
network.

Proof. Let the By cycle be [§; — & — &3] and the Cf cycle [§; — & —
&4 — &), so that the common connection is [§; — &]. The z,z,-plane in
Assumption 1 is here the xsxs-plane, whereas the xyzs-plane is the xszy-
plane. Since the cycles are of type Z, the global map 1/ is the identity and
hence Assumption 1 does not hold.
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Z:»lo > o &,.2

€5 0 e &4

Figure 5: The House network
We label the cross sections H ]“” and H]‘?Ut’k just as before. They are
now four-dimensional and there are three relevant directions (ignoring the
radial one as usual), so we can think of them as cubes. Then with the
same reasoning as above, H fut’Q is split into the set of points coming from
&3 and from & by a surface given through a curve in the xsxs-plane that
extends trivially in the z4-direction, see Figure 6, which shows an octant of
a neighbourhood of the origin in HY™?.

X5

X4 L

Figure 6: Splitting of Hfut’z into the sets of points coming from &3 and from
¢5. The shape of the dividing surface depends on the relative magnitudes of
the eigenvalues —cj3 and —cy5 at &;.

Similarly, H;n’l is split into points going to &3 and &4, respectively, by

a surface given through a curve in the zsx4-plane extending trivially in the
xrs-direction.
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Since the cycles are of type Z, we may assume all global maps to be the
identity. Then there are four regions of intersections in H;n’l, corresponding
to all four combinations of coming from &3 or & and going to &3 or &4, see
Figure 7:

from &3 to &5: sufficiently close to the xs-axis

from &3 to &4 sufficiently close to the z4-axis

from &5 to &3: sufficiently close to the xs-axis

from & to &4 sufficiently close to the zyxs5-plane, but away from the
T5-axis

X5

Xg4 *

Figure 7: Intersection of the splitting into points coming from &3 or {5 and
going to & or & in Hy"'.

This shows that all possible sequences are shadowed by trajectories and thus
we have switching along [{; — &]. Note that our reasoning does not depend
on the cusps being thin or thick. O]

3.2 Genericity of Assumption 1

We now illustrate that Assumption 1 holds for a large class of networks.
Note that the global maps 1;; map >;-isotypic components into themselves.
Therefore, if the cycles in the network are of type Z, they preserve coordinate
axes, because all ¥;-components are one-dimensional. So Assumption 1 is
natural in the context of type Z cycles.

If a cycle is not of type Z, Assumption 1 still holds as long as the rel-
evant (rather than all) coordinate axes are preserved. This allows for an
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isotypic decomposition into arbitrary components with the only restriction
being that there is a two-dimensional component containing the eigenspaces
corresponding to c,1, a1, €25 and esz. This is satisfied for a number of cycles
of type A.

Furthermore, in R* Assumption 1 holds for all simple networks.

4 Dynamics near the Bowtie network

The purpose of this section is to provide an illustration of some types of
behaviour that can be observed near a simple network in R® that does not
satisfy Assumption 1.

The Bowtie network consists of two cycles, each with three equilibria,
connected at an equilibrium as depicted in Figure 8. The lowest dimension
for this construction is R%. Considering the cycles’ position in the network,
we name them the L-cycle and the R-cycle. With the chosen labelling of
the equilibria, the R-cycle is exactly the 3-cycle in Kirk and Silber [11] and
Castro and Lohse [7], with an extra transverse dimension.

Recall that putting the R- and L-cycles together in a network in R* by
means of a common connecting trajectory, and ensuring that all transverse
eigenvalues are negative whenever possible, leads to the dynamics studied by
Kirk and Silber [11]. The asymptotic behaviour of points near the network
is restricted to going around one of the two cycles and an orbit starting near
one of the cycles and switching to the other one will never switch back. We
show that by reducing the common elements between the cycles to a node
(adding an extra dimension is necessary to achieve this), we observe much
richer dynamics near the network.

Ese o5y

N
N

Figure 8: The Bowtie network

In order to describe the dynamics near the network, we use the notation
for local and global maps from Section 2, all of which are listed in Appendix
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A. The Z3 symmetry allows us to consider the global maps 1;; as equal to
the identity and thus we freely identify H™™/ with H;n’i.

We further denote the return map around the R-cycle as hp : Hfut’z —
H f“m given by hr = @312 © P31 © (123. Analogously, the return map around
the L-cycle is hy, : ngm — ngtvz given by hy = dus0 © Paus © Pso4.

In order to study the transitions from one cycle to the other, we define
grp : H™ — H"™?, taking points from a neighbourhood of the R-cycle to
a neighbourhood of the L-cycle, by grr, = das2 © doss © P124. In the opposite
direction, we define grp : Hg’““? — H™? by grr = d312 0 dag1 © Psas.

out,2

5 HY

053

Figure 9: The map ggy.

The following parameters, dependent on the eigenvalues at the nodes,
will be of use for our study. We use the symbol ~for objects concerning the
R-cycle:

_ C42C54C25 5= C32C13C21
€24€45€52 €23€31€12
€23 C25C43 C53C42C25 ~ €24 C21C34 C14C32C21
= - V= ——+ +
€24 €24€45 €45€24€52 €23 €23€31 €31€23€12
C21 C25C41 C51C42C25 ~ Ca25 C21C35 C15C32C21
p=—r=+ + f=—4+ +
€24 €24€45 €45€24€52 €23 €23€31 €31€23€12
C43 C53C42 €23C54C42 < C34 C14C32 €24C13C32
o0=—+ — b= —+ -
€45 €52€45 €52€45€24 €31 €12€31 €12€31€23

Note that even though we use some of the letters in [11], the parameters
pertaining to the L-cycle depend on eigenvalues different from those in [11].
Our choice of label for the nodes of the network does, however, ensure that
the parameters pertaining to the R-cycle coincide with those pertaining to
the &-cycle in [11]. The main point for those readers familiar with [11] is
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that for the Bowtie network the sign of ¢ is independent of that of 4. The
following relations are also of use:

%(ﬁ—l)—ﬁ:—g(g and %(p—l)—uz—%é.
€23 €23 €24 €24

In our study we make use of the following convention:

(i) A point wvisits the R-cycle if its trajectory follows the sequence [£3 —
&1]. Analogously, a point wvisits the L-cycle if its trajectory follows the
sequence [y — &s.

(ii) A point takes a turn around the R-cycle if its trajectory follows the
sequence [§; — & — &3], Analogously, a point takes a turn around the
L-cycle if its trajectory follows the sequence [{5 — & — &4).

We use a sequence of the letters L and R to describe the behaviour of a
trajectory in a neighbourhood of the network, writing an L for each visit to
the left cycle and an R for each visit to the right. For example, the sequence
RLR represents a trajectory visiting the right cycle, then the left and then
the right again.

Note that there is switching at the node &; in the Bowtie network, i.e.
there are initial conditions following the sequences LL, RR, LR and RL.
This is clear because the four local maps around &; all have domains of pos-
itive measure. For the Bowtie network a new definition of switching applies,
namely switching along a cycle. This is the natural extension of switching
along a connection to a sequence of connections forming a heteroclinic cycle.
The main point of this section is to prove switching along the cycle for the
Bowtie network and point out some of its consequences.

Lemma 4.1. There is switching along each cycle in the Bowtie network.

Proof. As usual the cross section ngt’g is split into two sets of points coming

from &, and points coming from & (in the z;25-plane). The cross section Hy"'

is split into points going to & and &4 (in the xzzy-plane). We have to check

what happens to the sets in Hy"™® when they move around the cycle until

they hit H;n’l. This is described by the composition of local maps @312 0 ¢a3;.
In the three relevant components we have

€32 €34 €35

Ga31(T1, T4, 15) = (zvf“ ,w4xf31,x5mf31> = (29, %4, T5),

and because

€32 €35
a\ €31 a+531
¢231($1,0,I1) =17 707x1 9
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we see that a cusp in the zix5-plane becomes a cusp in the xoxs-plane under
¢231, possibly changing its tangency axis. This means that the cusp in the
xr1x5-plane in HS“t’?’ gets mapped to a cusp in the x3zs-plane in H;n’l. The
intersection with the cusp given in the z3x4-plane can be studied as in the
proof of Lemma 3.6, and we have switching along the cycle. O

In order to be able to describe the number of consecutive turns around a
cycle that points take, we define

e the set of points that take at least one turn around the R-cycle

c i 71 . .
gl - {(1,x2,1‘3,$4,x5) S H;n . <1ax27‘r37x4ax5) S DhR}7
£,2 e
We have Dy, = {(1,x2,x3,$4,m5) € H™": x4y < a3® }

e the set of points that take at least one turn around the L-cycle

51 - {(.131,372,3:3,1’4, 1) S H;H:EJ . <x17x27‘r37'r47 1) S DhL}-

€24
Note that Dy, = {($1,I2,$3,$4, 1) € H™? : zy > a3 }

We can extend these definitions (see Appendix A for the maps h™) to describe
the sets of points that take at least n > 2 turns around a given cycle as

Sn = {(1,x2,x3,x4,x5) € H;ml : h%ﬁl(l,l'g,xg,fﬂzl,xg)) € DhR}7

En = {(x1,29,23,24,1) € H;n’5 : hTL‘_l(xl,a:Q,:pg,m, 1) € Dy, }.

It is clear from the definition that &, C &, for all n € N. Analogously for
c‘fn. Asin [11] we assume for concreteness that egs > e94. Note that this means
the L-cycle cannot attract a set of initial conditions that is asymptotically
of full measure?, because Dy, is a small cusp-shaped region.

In the next results we establish when the dynamics near the Bowtie net-
work consists in points taking an infinite number of turns around the cycle
near which they start. This is the situation observed for the Kirk and Silber
network and the one we are not interested in.

Lemma 4.2. If§ > 0 then & = &. If 6 > 0 then & = &,.

2Equivalently, the L-cycle cannot be essentially asymptotically stable, see Melbourne
[16, Definition 1.1], and Lohse [15] for a relation to the geometry of the basin of attraction.
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Proof. We present the proof for the R-cycle by establishing Whenﬁl C &
This occurs when the image by hgr of any point in & belongs to &£. Using
the maps in Appendix A and selecting only the relevant coordinates we have

hR(foy Xy, .’175) = (xé]}? $4x§a x5$§)

and Dy, = {(x3,24,75) € Hfum Dy < x324/€23} Then hg(x3, x4, 5) € & is
equivalent to

m4x3 < x§624/623 S ay < xp624/623 v
Since (z3,24,5) € & to begin with, we have
€24 ~ €24 C21 ¢ <
gheslen v o geafens o 570 5 o 2 o DS 0§ > 0.
€23 €23 €23

]

When 5,5 < 0, the next proposition rules out the possibility of the tra-
jectory of an initial condition near a given cycle remaining for ever near that
same cycle. In other words, all points eventually switch from one cycle to the
other. This rules out sequences of visits to the cycles of the form RRR...
and LLL ... as well. It is then immediate that infinite switching as defined
by Aguiar et al. [2] does not occur near the Bowtie network.

Proposition 4.3. If §,S~< 0 then 5n+1 #* &, and Eny1 # &y for alln € N.
Furthermore, for all x € & there isn € N such that x & &, and analogously
forx € &

Proof. Again we present the proof for the R-cycle. We show that &,41 G .
We have

~ ~ —1
n _ (" vy P BYisy B
Rp(xs, x4, x5) = (25, 2425 70" [ wswy =0 7).

According to the definition

- " -
(v3, 24, 75) € Enp1 & hR($3,$4,$5) €&
n—1 ~; 624ﬁ
DYoo P < $§23
€24 5n 5
0 P
& 1y < 9(:323 =

Since § < 0, the sequence (m,&” —U Z?:_Ol ﬁ) is increasing. In fact,
n>1

n—1
€24 - €24 oy~ ~ €24 ~~n
“—VZP AR DU A Gl R
i=0
= —E5rso0
€23
& 6 <0.
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From this it also follows that the difference between two consecutive terms is
increasing and therefore the sequence is unbounded, which proves the second
part of the claim. Hence, there exists n € N, such that (z3,x4,75) ¢ En,
meaning that such a point takes at most n — 1 turns around the R-cycle. [

This result is in accordance with the instability conditions in [15, Lemma
4.4 (c)] for By -cycles in R*. It leads to the next theorem and from now on
we assume its hypotheses are satisfied.

Theorem 4.4. If 5,0 < 0 then neither cycle is e.a.s. In particular, there is
no tmitial condition whose trajectory is asymptotic to just one cycle.

Notice that, when 8,8 < 0, given any natural number we can find a point
whose trajectory turns exactly that number of times around either of the
cycles.

Having established that every point near a cycle will eventually be taken
close to the other cycle, we proceed to give a better understanding of how this
transition occurs. We start with a point near the R-cycle whose trajectory
visits the L-cycle, that is, a point (3,4, z5) € H?"*\& . The transition in
the opposite direction is in every way analogous. The map describing this
transition is ggry, : Hfum — H§Ut’2 given by

. 224 0
gri(T3, T4, T5) = ($Z$gaﬂ73$4$§a$§$525 )

with

c CyoC c Cy2C e

a=-—2 4250 50 and B:ﬁ+—42 >3 :5+ﬁp>0.

€45  €45€52 €45  €45€52 C25
The next result establishes that there exist both points (3, 24, 5) € H{"™*\&
that visit the L-cycle and immediately return to a neighbourhood of the R-
cycle and points (3, 74, z5) € HY™*\&; that visit the L-cycle and remain in
its neighbourhood for at least one turn. These correspond, respectively, to
dynamics containing the sequence RLR and the sequence RLL.

Proposition 4.5. A point can be chosen in Hy"*\&, so that either grp (s, 24, T35) €

H5OUt’2\51 or gRL($3,$4,I5) - 51.

. 2
Proof. Since (x3,x4,75) € Hfut’z\é'l we know that z, > x3**. We have

grr (T3, 4, 25) € Hg"“\gl if and only if?

c24 8 274 €23, 4 23, 3
P . 025 v 3 €24 25
rhas? < <x3x4x5) & xy x5 < 3. (1)

Note that

3Recall that, using only relevant coordinates, we have gry (3,74, 75) = (X1, X3, X4).
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o B,y _p==02_ 9§ &85 1and
e24 €24 €24 €24

o By _fF=—-0>0

C25
so that if we choose x5 < 1 the inequality holds. We have thus found a point
whose trajectory starts near the R-cycle, visits the L-cycle and immediately
visits the R-cycle again.
For finding a point corresponding to a sequence RLL, the opposite in-
equality in (1) needs to be satisfied. This can be achieved by choosing
Ty < 1. ]

We now consider points (z3,24,5) € Hfut’z\gl that visit the L-cycle
and remain in its neighbourhood for at least one turn. We show that given a
natural number n, it is possible to find a point in HY Ut’2\5~1 that takes at least
n turns around the L-cycle before visiting the R-cycle again. The dynamics
exhibited by these points is described by transitions containing a sequence
of the form RLL ... LR where the L’s can appear in any finite number.

Proposition 4.6. Points (3,14, 75) € H""*\&, can take any finite number
of turns around the L-cycle before returning to a neighbourhood of the R-
cycle.

Proof. We show that it is possible to choose coordinates (3, x4, z5) such that
grr (T3, 4, 25) € Enyq. Inthe relevant coordinates, recall that ggy (3, x4, T5) =
(X1, X3, X4). Points in &, satisfy

€23 n n—1 4
2t —v Y p

X5 < X

Hence,

€24 A D D 01 P’
p 624 1=
9ri (T3, 4, 25) € Eny1 & achng < (xixg% )

€23 ntl_ n i €21 (€23 ntl_ noog)_
P VZ':OP v ( P VZi:OP) B
& xy <y ' xg?

. e n n—1 4 .. .
Since the sequence <523 7D D) >n>0 is increasing we have

e U e
ﬂp"+1—u2pz—u> 2B v>0
€24 i—0 €24
and
€24 [ €23 i €23
— —pH—UZp —B>==p—pF=-06>0.
C25 \ €24 i—0 C25
Hence, by choosing x3 < 1 we finish the proof. O]
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Note that the bigger the n, the smaller x3 has to be. So, points whose
dynamics are represented by long sequences of L’s are found very close to
the z4-axis. The choice of x3 in this proof does not exclue the choice made
in the proof of Proposition 4.5.

5 Concluding remarks

This work deals with switching near simple networks in R™. We establish as a
general result what several examples in the literature have been pointing at:
that switching more complex than at a node is severely constrained unless the
linearization of the vector field at a node has complex eigenvalues. We find a
sufficient condition that prevents even switching along a connection, a strong
constraint on the dynamics near the network. We consider an example where
the sufficient condition is relaxed and study some of the dynamical features
that arise from a new type of switching. Although infinite switching does
not occur, several interesting possibilities are present in the dynamics near
this network. An exhaustive description of the dynamics of this example is
out of the scope of this work. We hope that our description serves as a useful
illustration for further research in this area.
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A Local maps for the Bowtie network

In order to construct the return map around the R-cycle hp : H{"™? — H"™?
given by hr = ¢312 © (231 © (123, we provide the local maps. Analogously,
for the return map around the L-cycle, hy : HZ™ — H"?, given by
hi, = @52 © Paa5 © P524. ,

Note that, because the global maps are the identity, we can identify H"*
with H;n’i.

For the R-cycle:

€21 T2 €24

. in,1 out,3 _ €23 €23 €23 €23
¢l23 . H2 — H2 ) ¢123(1,x2,x3,x4,a§5) - <$3 , Loy ,1,.1'4.73'3 , L5y

€32 3 €34 €35
1 €13 €14 €15

. il’l,2 out,l . e31 e31 e31
¢231 . H3 — H3 ) ¢231($1,1,x3,x4,x5) - 17I1 7373371 ,I’4.1:1 7x5'r1

. in,3 out,2 _ €12 €12 €12
G312 - H"W — HY™T, ds1a(21, w0, L, 24, 25) = (125", 1, 25" waxy™?, w52

For the L-cycle:

€21 2 __ €23

. prin5 out,4 _ eoq eaq eaq
Gsoa 1 Hy ™ — Hy 7, ¢524($1,$2, T3, T4, 1) = <33196’4  Tox gt w3y P 1w
.2 65 c41  c42 €43 4
. 1n, out, _ €45 €45 €45 €45
P25 H4 — H4 ) ¢245(961, 1;$3,$4>1‘5) = (96‘1% y Ly ", L3Lg ", Tyly ™,

. in,4 0ut,2 _ €52 52
¢452 . H5 — H5 ) ¢452([L‘1,l’2,$3,1,$5) — T1Ty ,1,1’3{132 y Lo™", Tsdg

For the transition between cycles:

€25

€25
€24
4

)

51 €53 54 5
< € €52 €52 )

€21 T2 €23 €25
. in,l 0ut,4 _ €4 €gq - €94 €24
G124 1 Hy" — Hy 7, ¢124(1>$2, I3, 1134,335) = (334 , Towy® x3wy 1 sy
0.5 t3 €21 r2 __ €24 €25
. 1n, out, —_ €23 €23 €23 €23
G503 Hy ™ — Hy ¢523(l‘17$2, T3, T4, 1) = (xlxg , Tows® 1, x4ws " g

22
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)

)
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The return maps: We select only the relevant components for the return
maps, that is, we discard the radial and outgoing components. The return
maps are:

hR($37$4,$5) = (x§,w4m§7x5w§‘)

hL($1,$3,$4) = (Mﬁ@ﬂiﬁi)

Iteration of the return maps leads to:

~ ~ -1 ~; ~ n—1 ~;

n . om 1/27-;0 14 BY 0o P
hp(xs, x4, x5) = <x3 R N Y
-1 n—1 4

n _ /J'znzo P VZ':O P pr

R} (xq,x3,24) = <x1x4 =0 g, T ol

Note that, using all coordinates, Dy, = Dg,,, C H™? and Dy, = Dg,,, C
H5OUt72.
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