CONVERGENCE OF MARKED POINT PROCESSES OF EXCESSES FOR
DYNAMICAL SYSTEMS
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ABsTRACT. We consider stochastic processes arising from dynamical systems simply by evalu-
ating an observable function along the orbits of the system and study marked point processes
associated to extremal observations of such time series corresponding to exceedances of high
thresholds. Each exceedance is marked by a quantity intended to measure the severity of the
exceedance. In particular, we consider marked point processes measuring the aggregate damage
by adding all the excesses over the threshold that mark each exceedance (AOT) or simply by
adding the largest excesses in a cluster of exceedances (POT). We provide conditions to prove the
convergence of such marked point processes to a compound Poisson process, for whose multiplicity
distribution we give an explicit formula. These conditions are shown to follow from a strong form
of decay of correlations of the system. Moreover, we prove that the convergence of the marked
point processes for a ‘nice’ first return induced map can be carried to the original system. The
systems considered include non-uniformly expanding maps (in one or higher dimensions), maps
with intermittent fixed points or non-recurrent critical points. For a general class of examples,
the compound Poisson limit process is computed explicitly and, in particular, in the POT case
we obtain a generalised Pareto multiplicity distribution.

1. INTRODUCTION

In the past few years the study of the extremal behaviour of dynamical systems has drawn much
attention (see for example: [8, 9, 1T}, 19, 28] [7, 27]). The occurrence of extreme or rare events is
often seen as the entrance of an orbit in some small (hence rare) target set in the phase space.
These target sets are usually taken either as cylinders or shrinking balls around some determined
point ¢ in the phase space and we want to study the elapsed time before hitting such targets. This
is obviously related to the recurrence properties of the system and can also be associated to the
occurrence of extreme observations (or exceedances of high thresholds) for a given potential so
that entrances in the target set mean that the respective observations of the potential achieve very
high values. This relationship between hitting times and extreme values was formally established
in [9, 10]. In this paper, we will use an extreme value approach rather than a hitting times
approach, but bear in mind that these are two sides of the same coin as can be fully appreciated
in the aforementioned papers.
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One of the motivations for studying such properties is that extreme events are associated with
risk assessment and understanding their likelihood is of crucial importance. One way of keeping
track of extreme events is through the study of point processes, which keep record of the number
of exceedances (entrances in the target sets) observed in a certain normalised time frame. In [0
12] 2] these processes were studied in a dynamical setting and called Rare Events Point Processes
(REPP). The REPP could be described in a simplified way as follows (see precise definition in
Section . Let Xo, X1,... be a stationary stochastic process arising from a dynamical system by
observing a given potential along its orbits. Let w be a high threshold, consider the time interval
[0,%) and a normalising scale factor v, that depends on u and which will be made precise below.
Let
[vut]

Nu(t) - Z 1Xj>ua
7=0

where 14 is the indicator function over the set A. Note that IV, () gives the number of exceedances
during the normalised time interval [0, vyt).

The convergence of REPP is affected significantly by the presence or absence of clustering of
exceedances. As shown in [9], in the absence of clustering, the REPP converge to a Poisson
process of intensity 1, meaning that, in particular, N, (t) converges in distribution to a Poisson
random variable of average t. In [12], under the presence of clustering, the REPP was shown
to converge to a compound Poisson process of intensity 0 < # < 1 and geometric multiplicity
distribution with mean =, that can be interpreted as the average cluster size. This parameter
is called the Extremal Index (EI). In particular, this means that N, (t) converges in distribution
to a Polya—Aeppli distribution. One can think of the compound Poisson process as having two
independent components: the Poisson events on the time axis ruled by exponential inter arrival
times and the multiplicity of each event (or weight associated to each event) that in the latter
case is determined by a geometric distribution.

The convergence of REPP can be used to obtain relevant information such as the expected time
between the occurrence of catastrophic events, the intensity of clustering, the distribution of
the higher order statistics of a finite size sample, which ultimately are crucial for assessing risk.
However, in many circumstances such as in actuarial science, or in structural safety, not only the
frequency of rare undesirable events is relevant for the evaluation of risk associated to certain
phenomenon. In fact, insurance companies and safety regulation agencies are also very much
interested in, on the one hand, the severity of high impacts, and on the other hand, in the effects
of aggregate damage. This motivates studying other point processes that are not limited to count
the number of exceedances but rather quantify somehow the amount of damage by adding the
excesses over a certain high threshold:

Lvut]

Au(t) = Z (Xj - u)-‘m
j=0

where (z)4+ = max{0,z}.

In the case there is no clustering A, (t) gives rise to Excesses Over Threshold (EOT) marked
point process. When there is clustering then one has (at least) two natural possibilities to handle
the excesses within a cluster: either we are interested in the aggregate damage and in that case
we sum all the excesses within a cluster to obtain a Area Over Threshold (AOT) marked point
process; or we are interested in the record impact of the highest exceedance and in that case we
take the maximum excess within a cluster to obtain a Peak Over Threshold (POT) marked point
point process (in this case we need to adjust the definition of A, (¢) but postpone it to Section .
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The interest in AOT arises for example in situations where the immediate large observations have
an accumulated detrimental effect over a certain structure or a companies’ financial situation that
ultimately results in a system failure/collapse or bankruptcy. On the other hand the interest in
the POT may appear when there is some sort of recovery mechanism that softens the effect of
small exceedances but one is mostly worried with the sensitivity to singular very high impacts.

Several difficulties arise in studying the convergence of such point processes. The most obvious
is the fact that instead of expecting a discrete multiplicity distribution (Geometric distribution),
as in [I2], here we expect continuous multiplicity distributions of Pareto type. This means that
we have to build up on the work done in [12], adapting the mixing conditions considered there
in order to study joint Laplace transforms associated with these processes and ultimately prove
their convergence for systems with good mixing rates.

In the classical setting of stationary stochastic processes the convergence of the REPP was proved
to be a compound Poisson process in [20, 25] under assumption A(uy) (which is very similar to
Leadbetter’s D(u,) introduced in [22]) and assuming the existence of an EI. In the dynamical
setting, in [I6], the authors prove the convergence of N, (t) to a Polya—Aeppli distribution for
cylinder target sets. In [12], which builds upon [II], some conditions were devised to prove the
existence of an EI when the target sets are balls around repelling periodic points, the authors
proved the convergence of the REPP to a compound Poisson process with geometric multiplicity
distribution. The conditions proposed in [12] can be checked for systems with sufficient decay of
correlations (contrary to D(uy) or A(uy,)) and allow to prove the existence of an EI and compute
its value from the expansion rate at the repelling periodic point.

In the classical literature in [23], Leadbetter shows the convergence of the EOT, for independent
and identically distributed (iid) random variables, and of the POT marked point process to a
compound Poisson process with multiplicity distribution given by a generalised Pareto distribu-
tion, whose type is determined by the tail of the distribution of X(y. The convergence of the latter
is obtained for stationary stochastic processes under condition A(u,) that cannot be verified in a
dynamical setting. The result is obtained under the assumption of existence of an EI. In [24], the
convergence of the AOT under A(uy,) is also addressed but assuming the existence of an unknown
limit for the multiplicity distribution.

In the dynamical setting the appearance of clustering was linked to periodicity of the point (
playing the role of base of the target sets in [18| [16], 1T}, 12]. In fact, as proved in [2], when the
target sets are balls around ¢ then we have a dichotomy regarding the convergence of the REPP
for systems with a strong form of decay of correlations known as decay of correlations against
L' (see Definition below): either ( is periodic and in that case it converges to a compound
Poisson process of intensity 8 and geometric multiplicity distribution or ¢ is not periodic and in
that case we have no clustering and convergence to a standard Poisson process. In a very recent
paper [3], the authors use multiple maxima (q, .. ., (x correlated by belonging to the same orbit to
create a fake periodic effect that ultimately creates clustering, in this case, with possibly different
multiplicity distributions.

In this paper we give conditions (a long range and short range conditions on the dependence
structure of the stochastic processes) to guarantee the convergence of the EOT, AOT, POT marked
point processes, which can also be used to prove the convergence of the REPP. In fact, the result
(Theorem is quite general and can be used to prove the convergence of other marked point
processes associated to exceedances by using other possible marks over each exceedance. The
result applies both in the presence and absence of clustering. The conditions are devised to be
applied in the dynamical setting (contrary to A(u,)) and to simplify the proof of the existence of
an EI. Moreover, from these new conditions we provide a new formula to compute the multiplicity
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distribution of the limiting compound Poisson process. Furthermore, the conditions can be used
in a wide range of scenarios including target sets around multiple maxima as in [3] or discontinuity
points as in [2] or even other more geometrically intricate sets.

Then in Theorem [2.B] we show that such conditions can be easily verified if the system has
for example decay of correlations against L' observables, which allows to apply the theory to
uniformly expanding maps of the interval (such as Rychlik maps) or higher dimensional uniformly
expanding systems like the ones studied by Saussol in [30].

Motivated by an idea introduced in [5] and extended in the recent paper [I7], we prove Theo-
rem [2.C] which states that if a system admits a ‘nice’ first return time induced map for which we
can prove the convergence of marked point processes associated to the exceedances (such as the
EOT, AOT or POT) then the original system shares the same property. This allows the applica-
tion of our results to maps with intermittent fixed points, like the Manneville-Pommeau maps or
Liverani-Saussol-Vaienti maps, or maps with critical points such as Misiurewicz quadratic maps.

In order to exemplify the application of the main results, prove the convergence of marked point
processes and actually compute the limit distributions (using the formula we provide to compute
its multiplicity distribution), we considered the case where the targets are balls around a single
maximum at ¢ with some natural regularity conditions to obtain a result (Theorem stating
that for a fairly large scope of examples the EOT and POT marked point processes converge
to a compound Poisson process with intensity 6 (for which we provide a precise formula) and
multiplicity distribution corresponding to a generalised Pareto. Then in Theorem [3.B] we address
the more difficult AOT case for which, under some more restrictive assumptions on the system,
we also compute the multiplicity of the limiting compound Poisson distribution.

2. THE SETTING AND STATEMENT OF RESULTS

Take a system (X, B, P, f), where X' is a Riemannian manifold, B is the Borel o-algebra, f : X — X
is a measurable map and P an f-invariant probability measure. Suppose that the time series
Xo, X1, ... arises from such a system simply by evaluating a given observable ¢ : X — RU {£o0}
along the orbits of the system, or in other words, the time evolution given by successive iterations

by f:
X, =po f" foreachneN. (2.1)

Clearly, Xo,X1,... defined in this way is not necessarily an independent sequence. However,
f-invariance of P guarantees that this stochastic process is stationary.

The most simple point processes keep record of the exceedances of the high thresholds u, by
counting the number of such exceedances on a rescaled time interval. The sequence of thresholds
(un)nen is chosen such that

nP(Xo > u,) — 7, for some 7 > 0, as n — oo, (2.2)

so that the number of exceedances among the first n observations is kept, approximately, at the
constant rate 7 > 0. These counting processes were called Rare Events Point Processes (REPP)
and were studied in [9) [12] [I5] [6]. Here, we consider even more sophisticated cases like when each
exceedance is marked by the respective excess over the threshold u,. In fact, the marked point
processes will be defined by keeping record of the occurrence of clusters of exceedances and each
such occurrence will be marked by the number of exceedances in the cluster (which allows us to
recover the REPP), the sum of the excesses of all exceedances in a cluster, the maximum excess
in the cluster or any other measure weighing the intensity of each cluster.
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In order to provide a proper framework of the problem we introduce next the necessary formalism
to state the results regarding the convergence of point processes and random measures. We
recommend the book of Kallenberg [21] for further details on these topics.

2.1. Random measures and weak convergence. First we introduce the notions of random
measures and, in particular, point processes and marked point processes on the positive real line.
Consider the interval [0, o0) and its Borel o-algebra Bjg o). A positive measure v on Bjg o is said
to be a Radon measure if v(A) < oo for every bounded set A € Bjg ). Let M := M([0,00))
denote the space of all Radon measures defined on ([0, 00), Bjg o). We equip this space with the
vague topology, i.e., v, — v in M([0,00)) whenever v, (¢)) — v () for any continuous function
¢ : [0,00) — R with compact support. Consider the subsets of M defined by M,, := {v € M :
v(A) € Nfor all A € Bjg o)} and M, := {v € M : v is an atomic measure}. A random measure
M on [0,00) is a random element of M, i.e., let (X,Bx,P) be a probability space, then any
measurable M : X — M is a random measure on [0,00). A point process N and marked point
process A are defined similarly as random elements on M,, and M, respectively.

The elements v of M, can be interpreted as counting measure, i.e., v = Y -2, 0z,, Where z1, T2, . ..
is a collection of not necessarily distinct points in [0, 00) and 04, is the Dirac measure at x;, i.e.,
for every A € Bjg ), we have that d,,(A) =1 if z; € A and d,,(A) = 0, otherwise. The elements
v of M, can be written as v =) .2, d;d,,, where z1,z2,... € [0,00) and dy,ds, ... € [0, 00).

To give a concrete example of a marked point process, which in particular will appear as the limit
of the marked point processes, we consider:

Definition 2.1. Let 17,75, ... be an i.i.d. sequence of r.v. with common exponential distribution
of mean 1/6. Let Dy, Do, ... be another i.i.d. sequence of r.v., independent of the previous one,
and with d.f. 7. Given these sequences, for J € Bjg o), set

A(J) = /1J d <2 DZ-6T1+M+TZ.> :

i=1
Let X denote the space of all possible realisations of 17,75, ... and D1, Do, ..., equipped with a

product c-algebra and measure, then A : X — M,([0,00)) is a marked point process which we
call a compound Poisson process of intensity # and multiplicity d.f. «.

Remark 2.2. When D1, Do, ... are integer valued positive random variables, 7 is completely defined
by the values mp, = P(Dy = k), for every k € Ny and A is actually a point process. Note that,
if 1 =1 and # = 1, then A is the standard Poisson process and, for every ¢ > 0, the random
variable A([0,t)) has a Poisson distribution of mean .

Now, we define what we mean by convergence of random measures (see [21] for more details).

Definition 2.3. Let (M,)nen : X — M be a sequence of random measures defined on a prob-
ability space (X, By, u) and let M : Y — M be another random measure defined on a possibly
distinct probability space (Y, By, v). We say that M, converges in distribution to M if uo M, *
converges weakly to v o M1, i.e., for every bounded continuous function ¢ defined on M, we
have lim,, o f wdp o Mn_1 = fgody o M~1. We write M,, =L M.

In order to check convergence of random measures it is useful to translate it into convergence in
distribution of more tractable random variables or in terms of Laplace transforms. With that
purpose, we let S denote the semi-ring of subsets of ]Rar whose elements are intervals of the type
[a,b), for a,b € R(J{ . Let R denote the ring generated by S. Recall that for every J € R there are
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¢ € N and ¢ disjoint intervals I1,...,I. € S such that J = L'Jg:llj. In order to fix notation, let
aj,b; € R} be such that I; = [aj,b;) € S.

Definition 2.4. Let Z be a non-negative, random variable with distribution F'. For every y € Rg ,
the Laplace transform ¢(y) of the distribution F' is given by

o) =B () = [,
where pp is the Lebesgue-Stieltjes probability measure associated to the distribution function F'.

Definition 2.5. For a random measure M on Rg and ¢ disjoint intervals Iy, I, ..., Ic € § and
non-negative y1,ya, ..., yc, we define the joint Laplace transform ¥ (yi,y2,...,yc) by

¢M(y17y2a ... 7y§) =E (e_ Zz:l sz(Il)) .

If M is a compound Poisson point process with intensity A and multiplicity distribution 7, then
given ¢ disjoint intervals I, Is, ..., I. € § and non-negative yi1, 42, ...,y we have:

Uy, Yo, -, ye) = e Zim oWl

where ¢(y) is the Laplace transform of the multiplicity distribution 7.

Remark 2.6. By [21, Theorem 4.2|, the sequence of random measures (My,)nen converges in dis-
tribution to the random measure M iff the sequence of vector r.v. (My(J1),..., M,(J;)) con-
verges in distribution to (M (J1),..., M (J;)), for every ¢ € N and all disjoint Ji, ..., Jc € S such
that M(0J;) = 0 as., for £ = 1,...,¢, which will be the case if the respective joint Laplace
transforms ¥, (Y1, Y2, ..., yc) converge to the joint Laplace transform vnr(y1,y2,...,yc), for all

Y1, Y € [0,00).

2.2. Marked Point Processes of Rare Events. We start by defining some concepts and events
that will be used in the definition of the marked point processes and of the dependence conditions
needed to assure their convergence.

Let A € B. We define a function that we refer to as first hitting time function to A, denoted by
ra: X = NU{+oo} where

ra(r) =min{j € NU{+oc}: f/(z) € A}. (2.3)

The restriction of r4 to A is called the first return time function to A. We define the first return
time to A, which we denote by R(A), as the essential infimum of the return time function to A,

R(A) = essinfra(z). (2.4)

€A

We define, for each j > 1, the j-th waiting (or inter-hitting) time as

1

why(2) =4 ( PR v @) (x)) , (2.5)

where wh (z) := r4(z) and the j-th hitting time as

7y (x) == ng(a:). (2.6)



CONVERGENCE OF MARKED POINT PROCESSES OF EXCESSES FOR DYNAMICAL SYSTEMS 7

For u € R, p,i,k,s € Ng and £ € N, we set U]go)(u) = U(u) = {Xo > u} and define the following
events:

U (u) = U(u) N ) {wg(u) < p} U (w) == U(u)n ) {w%)(u) < p} ~ N U ()
1=1 k=0

=1
paw) = 7 (U @\ T @) = 57 (U89 () 0 {wiit)) > })

If p=0 then UOK) (u) = 0 for all kK > 1 and Qf o(u) = U(u) = {Xo > u}. One of the main ideas
in [T1] and further developed in [12] is that the events Q) o(u) = {Xo > u, X1 < u,..., X, < u}
(when p > 0) play a key role in determining and identifying the clusters. In fact, we have that
every cluster ends with an entrance in Qg,o (u), meaning that the inter cluster exceedances must
appear separated at most by p units of time. Hence, given an interval I € S, x € X and u € R,
we define
N ()= D Lpiqn,un (®)-
jeINNy

Let d1(w,u) < ia(w,u) < ... < in([)(2,u)(T,u) denote the times at which the orbit of = entered
Q%O(u), ie., fr@W)(g) € Qg}o(u) for all K = 1,...,N(I)(xz,u). We now define the cluster
periods: for every j =1,...,N(I)(x,u) — 1 let I;j(z,u) = (ij(x,u),ij41(z,u)] and set Io(z,u) =
[min 7,1 (z,u)] and In(ry@uw) (T, 4) = (in(1) (@) (T, u),sup(l)). In order to define the marks for
each cluster we consider the following mark functions that depend on the level u and on the
random variables in a certain time frame I* € S:

Y ierang (Xi — u)+ AOT case
mu({Xitier-nng) := § maxiernn,{(X; —u)+} POT case (2.7)
Zz’el*mNo 1x;>u REPP case,

where (y)+ = max{y,0} and when I* # (. Also set m,(0) := 0.
We now define the cluster marks for each j =0,1,..., N(I)(z,u) by:

Dj (1’, u) = mu({Xi}ielj (z,u)ﬂNo)'

Finally, we define
N()(w,u)

oAy (I)(z) := Z Dj(z,u). (2.8)

=0

<

In order to define the marked point processes in such a way that they admit a non-degenerate
limit, we introduce a link between the number of observations and the thresholds by considering
the sequence of levels (uy,)nen satisfying (2.2]) and by rescaling time by the factor

vy = 1/P(Xo > uy)

given by Kac’s Theorem so that the expected number of exceedances of the level u,, in each time
frame considered is kept ‘constant’ as n — oo. Hence, we introduce the following notation. For
I =Ja,b) € Sand a € R, we denote ol := [aa, ab) and [+« := [a+a, b+a). Similarly, for J € R,
such that J = J1U...UJy, define aJ := aJ1U---UaJy and J + « := (J1 + «)U---U(Jg + ).

Definition 2.7. We define the marked rare event point process (MREPP) by setting for every
J € R, with J = J1U...UJy, where J; € Sforalli=1,...,k,

k
An() =Yy, (va ). (2.9)
=1
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When m,, given in (2.7) is as in the AOT case, then the MREPP A,, computes the sum of all
excesses over the threshold u, and, in such case, we will refer to A,, as being an area over threshold
or AOT MREPP. Observe that in this case we may write:

A= > (X — un)y

Jj€vr JNNg

When m,, given in (2.7)) is as in the POT case, then the MREPP A,, computes the sum of the
largest excess (peak) over the threshold u, within each cluster and, in such case, we will refer to
A, as being a peaks over threshold or POT MREPP.

When m,, given in (2.7) is as in the REPP case, then the MREPP A4,, is actually a point process
that counts the number of exceedances of u,, and, in such case, we will refer to A,, as being a rare
events point process or REPP, as it was referred in [12]. Observe that in this case we have:

Ay = > 1x;s,.
Jj€vr JNNg

If p = 0, then Qgp(un) = U(up) = {Xo > u,} and in this case the AOT MREPP and the
POT MREPP coincide and both compute the sum of all excesses over the threshold u,. In such
situation we say that A, is an ezcesses over threshold (EOT) MREPP.

Now, we introduce the dependence conditions [ (un)* and JI(u,)*, with the same flavour as
Hp(un) and T, (uy,) considered in [I3] but designed to establish the convergence of MREPP
(whether they are of the type AOT, POT or simpler REPP), which allow us to state the main
result of this paper. The mixing type condition [I,(uy,)* also follows easily from sufficiently fast
decay of correlations, which makes it particularly useful to apply to stochastic processes arising
from dynamical systems, in contrast with condition A(u,) used by Leadbetter in [23] or any other
similar such condition available in the literature.

ForueR, x>0, p,i,k,s € Ng and £ € N, we define the following events:

Upi(u, x) := [ ( o(u) N {mu ({X }0<J<TU< )) > x})
T (VTR

Ryi(u,x) = £ (Upyo(u,x )N {TU,,,O(u,x) > p})
s+0—1 s+0—1

Ipso(u,r) = [ (Upi(w,2))°  Rpse(w,z):= () (Rpi(u,x))°

1=8 i=s

In particular, for x = 0 we have
UE(u,0) = Qi i(w) Uy = (U Qo (u) U UL (u >) — (X > u}

Rp,i(% 0) = {Xz >, Xip1 <y, Xiyp < u} = (u)

p,t

and, for p = 0 we have
Ué”) (u)=0fork>0  Qf;(u)={X;>u}and Qf;(u) =0 for k>0
Ugi(u, @) = {X; > u,my({X;}) > 2} and U§;(u, ) = 0 for £ > 0 (2.10)
Ry i(u,x) = Upi(u, x)
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Condition ([dy(uy)*). We say that ,(u,)* holds for the sequence Xo, X1, Xo,... if for t,n € N,
x1,...,2c > 0and any J = U;_,[; € R with inf{z : 2 € J} > ¢,

[P (Bpoun,@1) 0 (7o, (1) < 35) ) = P (Rpolun, 20) P (M5, (1) < 7) | < (1),

where for each n we have that y(n,t) is nonincreasing in ¢t and ny(n, t,) — 0 as n — oo, for some
sequence t, = o(n), where <, is given by (2.8].

As mentioned before, this mixing condition is easy to check for stochastic processes arising from
dynamical systems with sufficiently fast decay of correlations, as can be appreciated in Theo-
rem 2.B| (see also Remark [3.1)). This is the main advantage of this condition when compared with
Leadbetter’s A(u,) and others of the same kind.

For some fixed p € Ny, consider the sequence (t,)nen given by ,(u,)* and let (ky)nen be such
that

kn — oo and kpt, = o(n). (2.11)

Condition (JI),(u,)*). We say that /T},(u,)* holds for the sequence Xo, X1, Xo, ... if there exists
a sequence (kp)nen satisfying (2.11) such that

[n/kn]—1
nh_}nca)o n Z P (Qgp(un) n{X; > un}) =0.
Jj=p+1

In this approach, it is rather important to observe the prominent role played by condition /I, (u,)*.
In particular, note that if condition ﬂ;(un)* holds for some particular p = pg € N, then condition
ﬂ;(un)* holds for all p > pg. This suggests that in trying to find the existence of EVL, one should
try the values p = pg until we find the smallest one that makes ﬂ;(un) hold. Assume that there
exists p € Ny such that

p := min {j eNp: nhﬁngo R(Q?,O(un)) = oo} , (2.12)

where R is as in (2.4). Such p is the natural candidate to try to show the validity of ﬂ;(un) and

then define

P (Qg,o (un))
P(U (un))

If ,ZL;O (un)* holds and if the limit of 6, in exists for such p = po, it will also exist for all
p > po and takes always the same value. In this case, let 6 = lim,, .+, 6,, and then 6 is called the
Extremal Index (EI). When p = 0, observe that /T),(u,)* is condition D'(u,) from Leadbetter,
which prevents clustering of exceedances. In particular, in this case 6, = 1, for all n € N and we
get an Kl equal to 1.

O, = (2.13)

When p > 0, we have clustering of exceedances, i.e., the exceedances have a tendency to appear
aggregated in groups (called clusters), whose mean size is typically given by the inverse of the
value of the EI 6.

We will also assume:

Condition (Multiplicity limit). There exists a normalising sequence (a,)nen and a probability
distribution 7 such that:

lim P(RP,O (un, x/an))

A )y od T (@), e 2 0. (2.14)
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We will see that provides a nice formula to compute the multiplicity distribution of the
limiting compound Poisson process, which will be used in Sections and

Finally, we give a technical condition which imposes a sufficiently fast decay of the probability of
having very long clusters. We will call it ULC}(uy,) that stands for ‘Unlikely Long Clusters’. Of
course this condition is trivially satisfied when there is no clustering. Moreover, this condition
can be easily checked (see Proposition below) when we are dealing with the case when ( is a
repelling periodic point.

Condition (ULC)(uy)). We say that condition ULC)p(u,,) holds if for all y > 0

limsup n / ye7y15p7tn/knJ,un(x/an)dx < 00
0

n—oo

where a,, is as in (2.14)), 0 s.4(x) := 0 and, for p > 0,
Ls/p] 00
Opsul(®) = kpP(USo(w, ) +s Y PUFo(u,x)) + pP(Upo(u, 7)) (2.15)
k=1 k=|s/p|+1
Ls/p) oo
=p Y (k+ DPUsg(wx) + (s+p) >, PUsy(u,z))
=0 r=[s/p]+1
is an integrable function in RT for u sufficiently close to up = ¢(().

Note that, by definition, condition ULCy(uy,,) always holds.

We emphasise that this is indeed a technical condition that hardly imposes any restriction to the
applications to dynamical systems. In fact, although we do not address such examples here, it can
also be checked in situations when ¢ is a discontinuity point as in [2] or when we have multiple
correlated or uncorrelated maximal points (i, ...,k as in [3].

We are now ready to state the main convergence result:

Theorem 2.A. Let Xo,X1,... be given by (2.1) and (un)nen be a sequence satisfying (2.2)).
Assume that dp(up)*, ﬂ;(un)* and ULCy(uy,)* hold, for some p € Ng. Assume that lim,, o0 0, =
0 € (0,1] and the ezistence of a normalising sequence (an)nen and a probability distribution w
such that holds. Then, the MREPP a,A,,, where A, is given by Definition for any of
the 8 mark functions considered in , converges in distribution to a compound Poisson process
A with intensity 0 and multiplicity d.f. .

Remark 2.8. In the proof of this theorem what is essential about the mark function m,, considered
in (2.7 to define the respective MREPP is that it satisfies the following assumptions:

(1) mu({Xi}icr-nng) > 0 and my(0) =0
(2) mu({Xitiernm,) < mu({Xitiesnn,) if IF C J*
Note that, in particular, we must have m, ({X;}icr-nn,) = 0 if X; < u,Vi € I* N Np.

As long as the above assumptions hold then the conclusion of Theorem [2.A] holds for the MREPP
defined from such a mark function m,, satisfying the three assumptions just enumerated.

Remark 2.9. The main purpose of this paper is to develop a methodology to prove the convergence
of marked rare events point processes for stochastic processes arising from chaotic dynamics. For
that reason we assume a priori that the processes are generated as in . However, Theorem [2.A
holds for general stationary stochastic processes, which can be seen by realising that every station-
ary stochastic process can be modelled by . In fact, if Xy, X1,... is a stationary stochastic
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process, then taking X as the space of each possible realisation of the stochastic process, f as
the shift map on such space and ¢ as the projection on the first coordinate, we can write any
stationary stochastic process in the form given by ([2.1).

In order to have an idea of the scope of applications to specific dynamical systems we consider
the type of properties that a system must have in order to check the abstract conditions of

Theorem 2.Al

First we start by understanding what exceeding a high threshold means in terms of the dynamics.
To that end, we suppose that the r.v. ¢ : X — RU {£o0} achieves its maximum value at a finite
number of points, namely, (1,...,(y € X (we allow ¢((;) = +00).

We assume that ¢ and P are sufficiently regular, so that
(R1) for u sufficiently close to up := ¢((;) (i € {1,...,N}),
Uu) :={z € X: ¢(x) >u} ={Xo>u}

corresponds to a disjoint union of balls centred at the points (;, i.e., U(u) = Uf\il B, (&)
with €; = g;(u). Moreover, the quantity P(U(u)), as a function of u, varies continuously
on a neighborhood of ug.

The conditions JIj(uy,)* and [T, (u,)* are conditions on the long range and short range dependence
structure of the processes, respectively, and they can be easily checked if the system has some
strong form of decay of correlations such as decay of correlations against L' observables, which
we define next.

Definition 2.10 (Decay of correlations). Let C1,Cs denote Banach spaces of real valued measur-
able functions defined on X. We denote the correlation of non-zero functions ¢ € C; and ¥ € Cy
1

w.r.t. a measure P as
_ o f™)dP — dP dP|.
Bleole, || ¢@e s foa v ‘

We say that we have decay of correlations, w.r.t. the measure P, for observables in C; against
observables in Cy if, for every ¢ € C; and every 1 € Cy we have

COI“]}D((Z), T% TL) =

Corp(¢,9,n) — 0, asmn — oo.

We say that we have decay of correlations against L' observables whenever this holds for Co =
LY(P) and [[¢llc, = [l9[ly = [ ] dP.

Examples of systems with such property include:

e Uniformly expanding maps on the circle/interval (see [4]);

e Markov maps (see [4]);

e Piecewise expanding maps of the interval with countably many branches like Rychlik maps
(see [29]);

e Higher dimensional piecewise expanding maps studied by Saussol in [30].

Remark 2.11. In the first three examples above the Banach space C; for the decay of correlations
can be taken as the space of functions of bounded variation. In the fourth example the Banach
space C; is the space of functions with finite quasi-Holder norm studied in [30]. We refer the
readers to [4, [30] or [2] for precise definitions but mention that if 7 C R is an interval then 17 is
of bounded variation and its BV-norm is equal to 2, i.e., || 17]|py = 2, and if A denotes a ball or
an annulus then 14 has a finite quasi-Hoélder norm.
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Theorem 2.B. Let f : X — X be a system with summable decay of correlations against L'
observables, i.e., for all ¢ € Cy and v € LY, then Cor(¢,¥,n) < pn, with Y, pn < 00. Assume
that there exists p € Ng such that holds and there exists C' > 0 such that for allmn € N and
z € Ry we have 1R, o(una) € C1 and |1, o(un.2)lle; < C. Then conditions p(un)* and I, (u,)*
hold.

Remark 2.12. Although we assumed for simplicity that 1g (4, ) € C1 in the last theorem to
simplify the proof of 1,(u,)*, which can easily be verified when C; is the space of functions of
bounded variation or quasi-Hélder, one can still check condition [, (uy,)* when C; is the space of
Holder functions, for example, in which case we have 1 Ry.0(un,) ¢ Cy. This can be proved with
minor adjustments to [12 Proposition 3.1].

As shown in [I] the appearance of clustering of exceedances in a dynamical setting is associated
to periodic behaviour. This was seen in [16, 11, 12] when the maximum value of ¢ is attained at a
single point ¢ that happens to be a repelling periodic point E| but, as in the [3], it can also appear
due to fake periodicity created by taking multiple maximal points which are related by belonging
to the orbit of the same point . To illustrate that condition ULC)(uy,) is very easily checked, we
show that it holds whenever we have a single maximum ¢, which is a repelling periodic point of
prime period p. Assume that ¢ and P are sufficiently regular at ¢ so that:

(R2) the periodicity of ¢ implies that for all large u, {Xo > u} N f7P({Xo > u}) # 0 and the
fact that the prime period is p implies that {Xo > u} N f7({Xo > u}) = 0 for all j =
1,...,p—1. The fact that ( is repelling means that we have backward contraction implying
that U,S“)(u) = {¢} and implying that there exists 0 < 6 < 1 so that (7_, f7P(Xo > u)
is a ball around ¢ with

P ()P Xo>u}) | ~(1—0)"P(Xo > u)
§=0

Proposition 2.13. Let f : X — X be a system and ¢ : X — R have global maximum at , which
is a repelling periodic point of prime period p for which (R2) holds. Then condition ULCy(uy) is
satisfied.

Remark 2.14. We remark that for examples considered in [3|, condition ULC)p(uy,) can also be
checked with the same amount of effort necessary to prove the last proposition. For its proof see
the end of Section

The assumption on decay of correlations against L' observables is quite strong. In fact, as shown
in [I], summable decay of correlations against L' implies exponential decay of correlations of
Holder observables against L°° ones. From the examples listed above, one perceives that it holds
essentially (and up to our best knowledge) in uniformly expanding realm.

One way of expanding the scope of applications is to consider systems which admit nice first-return
induced maps, for which we can prove the existence of limits for the MREPP and then pass that
information for the original system. In [5], the authors showed that the original system and the
first return induced system shared the same Hitting Times Statistics for ball targets shrinking
to ¢ (which plays the role of the single maximum of ). Their statement held for a.e ¢ and the
standard exponential law applied. Then in [12], the authors showed that the same limit for REPP

1 We say that ¢ is a periodic point of prime period p if fP(O)=¢and fi(¢)# ¢ forallj=1,...,p—1. A
periodic point is said to be repelling if D fP is defined at ¢ and ||(Df?(¢))™!|| < 1, where || - || is the norm on the
tangent space to X at ¢ given by the Riemannian structure.
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applies for the original system and the first return induced system when ( is a repelling periodic
point. In [I7], the result of [5] was generalised to all points ¢ and in [I4] the latter was generalised
for the convergence of REPP. However, the statement of [I4, Theorem 3| holds only for point
processes and its proof relies on [31, Corollary 6] that was only proved for point processes also.
Hence, in order to be able to extend our results here for systems admitting a nice first-return
induced map, we need to prove a generalisation of [I4, Theorem 3| to atomic random measures,
for which we cannot use [31, Corollary 6]. Hence, we will prove Theorem below.

Let f: X — X be a system with an ergodic f-invariant probability measure P, choose a subset
B C X and consider Fp : B — B to be the first return map f"8 to B (note that Fz may be
undefined at a zero Lebesgue measure set of points which do not return to B, but most of these

points are not important, so we will abuse notation here). Let Pp(-) = P](I;(gj)g) be the conditional

measure on B. By Kac’s Theorem Pg is Fp-invariant.
Setting v2 = m, for the induced process XZB = ¢ o F'y we define for every J € R, with
J=JU...UJ,and J; € Sforalli=1,...,k,

k
AR =>"aPwl ).
=1

where, for every interval I € S,
N(I)(zu)
JZ{uB(I)(x) = Z mu({XiB}iGIj(m,u)ﬁNo)‘
j=0
For an interval I € § and € < |I| we define:
IFT=T+eu(I-e)eS I ={I+e)N(I—¢)€S.
If J € R we define J°* accordingly.

Theorem 2.C. For ¢ > 0, we assume that the limit marked point process A(I¥) is continuous
in g, for all small €. Also assume that for n sufficiently large we have U(u,) C B € B. Then

P . . P
AP =5 A as n — oo implies A, = A as n — cc.

As consequence, if we have a system f : X — X that admits a first-return time induced systems
Fp : B — B such that Fp has decay of correlations against L' so that we can apply Theorem [2.B
to prove the convergence of an MREPP then we may use Theorem to prove convergence of
the corresponding MREPP for the original system f.

Two examples of systems that admit such ‘nice’ first-return induced maps are:

e Manneville-Pomeau (MP) map equipped with an absolutely continuous invariant proba-
bility measure. The form for such maps given in |20, [5] is, for « € (0,1),

z(1+2%*) for z € [0,1/2)
2z — 1 for x € [1/2,1]

f:fa(x) :{

Members of this family of maps are often referred to as Liverani-Saussol-Vaienti maps
since their actual equation was first introduced in [26]. Let P be the renewal partition,
that is the partition defined inductively by Z € P if Z = [1/2,1) or f(Z) € P. Now let
Y € P and let Fy be the first return map to Y and py be the conditional measure on Y.
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It is well-known that (Y, Fy, gy ) is a Bernoulli map and hence, in particular, a Rychlik
system (see [29] or |2, Section 3.2.1] for the essential information about such systems).

e We consider a class of C® unimodal interval maps f : I — I with an invariant probability
measure absolutely continuous with respect to Lebesgue measure. Let ¢ be the critical
point. Such a map is called S-unimodal if it has negative Schwarzian derivative, i.e.,
D3f(z)/Df(z) — 3(D?f(z)/Df(x))? <0 for any x € I\ {c}. We say that c is non-flat if
there exists £ € (1, 00) such that lim, . |f(z) — f(c)|/|x — c|* exists and is positive. Here
¢ is called the order of the critical point.

As in [B], if the critical point has an orbit which is not dense in I (e.g. the Misiurewicz
case), it is possible to construct a first return map which gives a Rychlik system.

In Section [3| we will address the issue of the convergence in which is related to the shape
of the observable ¢ and its behaviour near its maximum value, as well as to the regularity of P.
In particular, for certain examples of dynamical systems we will show the convergence of AOT,
POT MREPP and compute its limit multiplicity distributions.

3. APPLICATIONS TO DYNAMICAL SYSTEMS

3.1. The conditions on the dependence structure of the processes. We begin proving
Theorem which allows to automatically verify conditions [ (uy,)* and T, (u,)* from decay of
correlations against L' observables. The proof follows the same lines as the verification of earlier
conditions of the same type (like [1,(un) and JIj,(uy)) as in [I3] or similar conditions in [TT], 12, 21,
under the same assumption. However, for completeness and because it is short we do it here.

Proof of Theorem [2.B] Recall that by assumption Corp(¢,1,n) < pp, with En21 Pn < 00. As
mentioned earlier, condition [, (u,)*, as its predecessors, is designed to follow easily from decay of

correlations (and it does not need to be against L!). Take ¢ = 1R, o(un,a1)s ¥ = 1(0;:2%n (1 —t)<a;)"
uml‘l)Hcl < ' foralln € N and 71 € R{.
Hence, we have that condition d,(u,)* holds with y(n,t) = ~(t) := C’p; and by choosing a
sequence (t,)nen such that ¢, = o(n) and lim,_,~ np;, = 0.

We now turn to condition JIj,(u,)*. Notice that ngo(un) = Ry, 0(un,0), so taking ¢ = 1Q2

and 1 = 1x,>,, we easily get

P (Qpo(un) N 77 (Xo > un)) < P(Qp o(un) ) P(Xo > up) + Hngyo(un) c

By assumption, there exists C’ > 0 such that Hl Ry.of

,o(un)

P(Xo > un)pj

1

< P(Xo > un) (P(Q)o(un)) + C'pj) (3.1)
Recalling that nP(Xy > uy,) — 7 > 0 and p is such that holds, then
[n/kn|—1 ' [n/kn|—1 '
n Z P (Qg’o(un) Nf7(Xo > un)) =n Z P (Qg,o(un) N f7(Xo > un))
j=p+1 J=R(QY o(un))
2 oo
< %P(XO > un)IP)(QgO(un)) +nlP(Xo > u,)C’ Z pj =0 asn— oo.

J=R(Q0 o (un))

O

Remark 3.1. Note that in the proof of Theorem the fact that the decay of correlations holds
against all L' observables was only used in the proof of ﬂ;(un)*. In fact, as mentioned earlier, by
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adapting the proof [12, Proposition 3.1|, one can easily show that I,(u,)* follows from decay of
correlations of Holder observables against L°° ones.

In the proof of Theorem we use the fact that we can find p such that (2.12)) holds and
consequently R(Q) (un)) — o0, as n — oo. If we take ¢ = max{n € N : f*(¢;) = ¢j, i,j =
1,...,k} then under mild assumptions on the system we have that R( g,o(un)) — 00, as N — 00.
For example, if the systems is continuous along the orbits of (;, i = 1,... k, then using a continuity
argument and the Hartman-Grobman theorem (when a (; is periodic) one can show the previous
statement. (See [3, Lemma 4.1 and Lemma 5.1]. We remark that one can prove the statement
even in situations when the orbit of some ¢; hits a discontinuity point of f as it was studied in [2
Section 3.3|.

3.2. INlustrative scenarios of possible application. As in [3], having multiple maximal point
creates a large range of possibilities since the local behaviour of ¢ and of the measure P at each
point raises an enormous number of case studies. Our goal here is to illustrate our convergence
theorem and compute the limit marked point process for some illustrative examples. Since it would
be extremely difficult to cover in a systematic way all the possibilities we make some assumptions
from this point to the end of this section intended to simplify the presentation but maintain, as
much as possible, the key aspects of potential application.

Assumption 1 — Single global maximum: There exists a single point ( € X where ¢ achieves
its global maximum value. We allow ¢(¢) = +oc.

Assumption 2 — Shape of the observable: The observable ¢ : X — RU {400} is of the form
p(z) = g(dist(z, (), (3.2)

where g : V — W is a strictly decreasing homeomorphism in a neighbourhood V' of 0 and has one
of the following three types of behaviour:

Type 1: there exists some strictly positive function ¢ : W — R such that for all y € R

g (s +ya(s) _ -y,

= ; 3.3
s=g(0) g7 (s) (35)
Type 2: g(0) = 400 and there exists § > 0 such that for all y > 0
-1
lim gli(sy) =y P (3.4)
s—+oo g71(s)
Type 3: g(0) = D < 400 and there exists v > 0 such that for all y > 0
-1
g (D —sy)
1 - .
31~I>r(l) gil(D - S) 4 (3 5)
Examples of each one of the three types are, respectively, as follows: g(z) = —logz (in this case

(B-3) is easily verified with ¢ = 1), g(z) = 2~/ for some a > 0 (condition (3.4)) is verified with
B=a)and g(z) = D — '/ for some D € R and o > 0 (condition (3.) is verified with v = ).
Assumption 3 — Regularity of P: Let us now assume we are in the particular case where P

is absolutely continuous with respect to the Lebesgue measure and its Radon-Nikodym density is
sufficiently regular so that for all x € X we have

i PBele) @
=50 Leb(B.(z)) _ dLeb" "

(3.6)
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Remark 3.2. Note that if f is one dimensional smooth map modelled by the full shift as in [I3]
Section 7.1] and the derivative is sufficiently regular then, as seen in [13, Section 7.3|, the invariant

density is fairly smooth and formula (3.6)) holds for all z € X.

Remark 3.3. The different types of ¢ imply that the distribution of Xy falls in the domain of
attraction for maxima of the Gumbel, Fréchet and Weibull distributions, respectively.

We recall that as shown in [2], under decay of correlations against L! and the previous assumptions,
either we have clustering when ( is a repelling periodic point or at every other non-periodic point
¢ we have no clustering of exceedances and an EI equal to 1. Moreover, note that under the
previous assumptions condition (R1) is always satisfied and, in case ( is a repelling periodic point
of prime period p, then (R2) is also satisfied with

1

0=1- S DPE" (3.7)

In particular the limit of 6,,, defined in ([2.13]), exists and equals such 6.

Remark 3.4. If P is not absolutely continuous with respect to Lebesgue, we can use instead
observables of the form p(x) =g (Nqb (BdiSt(x C)(C ))), as introduced in [I0], and the analysis we

will carry out could be easily adjusted in order to obtain essentially the same results. In particular,
when P is the more general equilibrium state associated to a potential ¢ then condition (R2) can
be verified as in |11, Lemma 3.1] and the EI is given by the formula § =1 — PO+ (P70

As mentioned above, if ¢ is not periodic the condition ULCy(uy,) is trivially satisfied. If ¢ is a
periodic point of prime period p, since the above assumptions guarantee that (R2) is satisfied then
condition ULC)(uy) can also be easily verified, as follows.

Proof of Proposition [2.13] Since by (2.15))

Ls/p] [%S)
Spsu(@) =p [ D (k+ DPUSo(w,2))+ > (s/p+ 1)P(Upo(u,x))
=0 r=[s/p]+1
<pY (k+ DP(Upo(w,2) <p Y (k+ 1P(Q)o(u))
k=0 k=0

for all x € Ry and y € RT, we have

/0 Yy i (@) < DS (5 + DP(QE (1)) /0 ye da = p 3 (k4 DP(Qo(un))-

k=0 k=0

So, it is sufficient to check if

lim suan(/{ + DP(Qpo(un)) < 00

n—00
k=0

By (R2), there exists 0 < 6 < 1 so that ﬂ;":o f77P(Xo > u) is a ball around ¢ with

P F77({(Xo>u}) | ~(1—0)"P(Xo >u)
j=0

for all u sufficiently large. So, we have
PUS (un)) ~ (1= 6)"P(U (un))
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P(Qpo(un)) = BUS (un)) — BUS (un)) ~ 6(1 = ) P(U (un))

o0 o0

S5+ Qo (un)) ~ 35+ DO~ ) B(U () = 7B(U (1)

k=0 k=0
Since by (2.2) we have lim,, oo nP(U(uy)) = 7, then we conclude that condition ULC)p(uy,) is
always verified when ¢ € X is a repelling periodic point of prime period p € N satisfying (R2). O

3.3. Convergence of the REPP. When the mark function m, defined in (2.7) counts the
number of exceedances then our atomic random measure A, is actually a REPP as the one
considered in [12], namely, An(J) = 3";c, jan, 1x;>u- We realise here that if we have a system

that admits a first return induced map on a base B with decay of correlations against L' and
¢ € B is the only global maximum of ¢, which is a periodic point satisfying (R2), which is the case
if Assumptions 1-3 hold, then we recover the main result in [I2], which states that A,, converges in
distribution to a compound Poisson process of intensity # and geometric multiplicity distribution.

To see this, we note the following:

Up(n)<u) =U(u)N ﬂ {wiU(u) =p} ={Xo > u, Xp >y, Xyp > u}
=1

i = AXi > U, Xigp > Uy Xigwp > U Xy (og1)p S}

p’o(u) if Kk > |z]

m’“({X Yosj<ry )>“:"£>L : polt:®) = {@ if & < |z

U Qs o(w) U{¢H = U (u)

Rp,O(%x):U]SW( ) M ryden ) > P = Qb (w)

Moreover, we have P(US™ (un)) ~ (1 — 6)"P(U(uy)) and P(Q%(un)) ~ 6(1 — 6)"P(U(u)). The
result now follows from observing that

i Ppoina) _ oy PQpan) 60— 0) U )

noo P(U(un))  nooe P(U(un))  nooe P(Ulun))
=0(1 -0 =0(1 — n(x))

where 7(z) = 1 — (1 — 0)\) is the cumulative distribution function of a geometric distribution of
parameter 0, that is, m(x) = >, ., . n0(1 — g)~1.

Remark 3.5. If the point ¢ is not periodic and a dichotomy holds, as in [2], for the first-return
induced system (which we are assuming to have decay of correlations against L'), then condition
5 (up)* holds and the REPP is easily seen to converge to a standard Poisson process (with
intensity 1).

3.4. Computation of the limit of EOT and POT MREPP. When the mark function m,,
defined in weighs the maximum excess within a cluster then our atomic random measure
A, is a POT MREPP. When there is no clustering then A,, is an EOT MREPP and, as observed
above, the POT and AOT MREPP coincide and provide information about the sum of all observed
excesses.

The result below gives that for uniformly expanding and certain non-uniformly expanding dynam-
ical systems the POT MREPP, in the case of presence of clustering, and the EOT MREPP, in
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the case of its absence, both converge to a compound Poisson process with intensity given by the
EI and whose multiplicity distribution is a Generalised Pareto Distribution (GPD), whose type
depends on the type of g chosen in Assumption 2.

Theorem 3.A. Let f : X — X be a system admitting a first return induced map Fg : B — B,
with B C X and such that Fg has summable decay of correlations against L' observables i.e., for
all € Cy and 1 € LY, then Cor(¢,,n) < pp, with >, <1 pn < 00. Assume that for every ¢, for
all balls B.(¢) and annuli B., (¢)\ Bz, (¢), with 0 < €,&1 < €9, then 15.(¢) € C1, 1B, (0\B., () €C1
and their norms are uniformly bounded above.

Let Xo, X1,... be given by and (un)nen be a sequence satisfying . Assume that ¢ and
P are such that Assumptions 1-3 hold, where ( € B. Then,

e if ( is a periodic repelling point of prime period p, the POT MREPP a,A, converges in
distribution to a compound Poisson process with intensity 0 given by formula (3.7) and
multiplicity distribution

1 — e % when g is of type 1 and a, = (q(uy)) ™!

m(x) = 1— (14 2)7 8, when g is of type 2 and a,, = u;* (3.8)
1— (1 —2x)7, when g is of type 3 and a, = (D — uy,)

o Jf ( is not periodic and f is continuous on the points of its orbit then the EOT MREPP
anAy, converges in distribution to a compound Poisson process with intensity 1 and multi-

plicity distribution given by (3.8)).

Proof. By Theorem we only need to prove the result for Fp since then if follows for f. First
we consider the case in which ¢ is not periodic (p = 0). By Assumptions 1, 2 then Ry o(un,z) =
U&O(un,x) = B.((), for some ¢ > 0 and consequently 1Ry o(un,z) € C1 and ||11«30’0(un7‘,,5)Hc1 < C
for every # > 0 and n € N. Recalling that in this case Qf o(un) = U(uy), as in [2, Lemma 3.1],
it follows using a continuity argument that lim, . R(U(u,)) = oo. Then all hypothesis of
Theorem are satisfied and in conclusion conditions Mo(u,)* and I (uy,)* hold. Moreover, as
observed earlier, condition ULCy(uy,,) is trivially satisfied.

Now we consider the case where ( is a repelling periodic point of prime period p. By Assumptions
1, 2 then Ry, o(un,x) = Be, () \ Be,(¢) for some €1,e2 > 0 and consequently 1p_ (4, ») € C1 and
1R, o(un.a)llc; < C for every z > 0 and n € N. Moreover, as in the proof of Theorem 2 of [12],
using the Hartman-Grobman theorem, one can easily check that lim,, R(Qg}o(un)) = 00. Then
all hypothesis of Theorem @ are satisfied and in conclusion conditions [, (un)* and JIj(u,)*
hold. By Assumptions 1-3 and the fact that ¢ is a repelling periodic point then (R2) holds and
by Proposition so does ULC)(uy). Hence, the statements of the theorem follow as soon as
we show that holds with 7(x) as in (3.8). For u sufficiently close to g(0), we have

Upo(u,z) ={Xo >u+za} = B%g,l(wx)(g)

1

Rpo(u,x) = Upo(u,2) \ Upp(u,z) = {Xo > u+a}\ ) fP({Xo > u+z})
=0

By (R2), {Xo > u+ z} and ﬂjl»zo f77P({Xo > u+ x}) are both intervals, and
P(Rpo(u,x)) =P(Xg >u+2z)— (1 -0)P(Xg >u+z)=0P(Xy>u+2x)

Let (un)n be a normalizing sequence of levels satisfying (2.2)) such that lim,_,c u, = ¢(0). Given
the assumptions (3.6) and (R1), of regularity of P and U(u,) = {Xo > uy,} being a ball centred
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at (, respectively, we have

dP AP
P(Xo > up) ~ Leb(Xg > un)m(o — g—l(un)m(o
P(Rp0(un,x)) = 0P(Xo > uy, + ) ~ 0Leb(Xo > u, + w)diibb () = 0 (up + :C)di]zb(o

If there exists some strictly positive function ¢ : W — R and some strictly monotone homeomor-
phism h such that
-1
u)h(x)) —u
i 9 Wh(z) —uw _
u—(0) q(u)

then, for a,, = 1/q(u,),

g—l (Un + q(un)g(gfl(u)h(iﬂ))—u>

1
im DU 0(n, 2/an)) e g7 (un 4 qQun)a) g o a(v)

n—00 [P)(XO > un) n—00 g_l(un) n—00 y—g(0) g_l(un)

In particular, for u = u, we get

7 (o ) 20 1)

tim DL 0n2/0n) _ g, ) — 0h(x)

n—0o0 IP)(XO > un) n— 00 g_l(un)

and the probability distribution is m(x) = 1 — h(z). We will analyse each type of behaviour
separately.

Type 1: there exists some strictly positive function p : W — R such that for all y € R

-1
i 9 (S: ya(s)) _ —y
s=9(0) g7 (s)

Then, we have

lim x
u—g(0) 97 (u)
- ~ ! (u—log(x)q(w))
gl ) a9 (0 )
lim =————"~—— = lim = —log(z)
u—g(0) q(u) u—g(0) q(u)
Let h(x) = e™%, so that h~!(z) = —log(z). Then, a, A, converges in distribution to a compound

—XT

Poisson process A with intensity 6 and multiplicity d.f. #(z) =1 —e
Type 2: g(0) = 400 and there exists 8 > 0 such that for all y > 0

-1
lim 9 1(59) _ B
s—+oo g~ (3)

Then, for g(u) = u we have

-1 -1/8
lim g \wr 7 (uz ) =z
U—00 g_l(u)
_ —L(u -1/8
' g(g Hu) )
= lim

U—00 q(u) U—00 u

>—1:x—1/5—1

Let h(z) = (14 x)~?, so that h~!(z) = 2=/# — 1. Then, a,A, converges in distribution to a
compound Poisson process A with intensity  and multiplicity d.f. # =1 — (1 4+ z)~7.
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Type 3: g(0) = D < +o0o and there exists v > 0 such that for all y > 0

1 i
i 9 (D — sy)

A S
s—0 g_l(D—S) y

Then, for g(u) = D — u we have
g ' (D~ (D—wz')

g, 71w
C1p g D (Dt
-1 _ 9(9 " (u) T —u
gl e —u_ 9 i R
u—D q(u) u—D D—u

Let h(z) = (1 — z)7, so that h='(z) = 1 — 2'/7. Then, a,A, converges in distribution to a
compound Poisson process A with intensity 6 and multiplicity d.f. 7 =1 — (1 — ). O

3.5. Computation of the limit of AOT MREPP for specific systems. In the case of
AOT MREPP is technically much harder to compute the multiplicity distribution of the liming
compound Poisson process. In order to write an explicit formula for it we need to assume a
specific backward contraction in a neighbourhood of the repelling periodic point, rather than an
approximate rate like in the previous cases.

Theorem 3.B. Let f: X — X be a system admitting a first return induced map Fp : B — B,
with B C X and such that Fg has summable decay of correlations against L' observables i.e., for
all ¢ € C1 and 1 € LY, then Cor(¢,v¥,n) < pp, with Y, <1 pn < 00. Assume that for every ¢, for
all balls B.(¢) and annuli Bz, ({)\ Be, (), with 0 < €,&1 < €9, then 1p.(¢) € C1, 1. (O\B.,(0) €C1
and their norms are uniformly bounded above.

Let Xo, X1, ... be given by (2.1) and (up)nen be a sequence satisfying (2.2). Assume that ¢ and
P are such that Assumptions 1-3 hold, where ( € B. Additionally, suppose that

e ( s a periodic repelling point of period p
o for some M > 1,
dist(f*(x),¢) = Mdust(z, )
for all x in a neighbourhood of (. One example of such a dynamical system is, for instance,
f:t—mt mod 1, withm € {2,3,...} (in this case M = mP)
o There exists some strictly positive function q : W — R and some strictly monotone home-
omorphism hy such that

lim Iku (g_l (u)hﬁ(x))
u—g(0) q(u)

=z, Vk € Ny (3.9)
where gpu(z) == 35 (g(Miz) —u). As we will see, this holds when g has the form given
in Assumption 2.

Then, for a, = q(un)_1 the AOT MREPP a,A,, converges in distribution to a compound Poisson
process with intensity 0 = 1 — 1/M and multiplicity d.f. © given by

7T(:E) =1- nh—{go hn(un,q(un)x) (x)

where k = k(u, x) is the only integer such that x € [gn,u <g_1\;£u)> y Ok,u <gj\;[,1€(fl)>>

Remark 3.6. In particular, when g is one of the three examples given for each type, the multiplicity
d.f. can be computed as shown in the following table:
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Examples of g(x) Respective distribution 7(x)
~log(x) 1 = (/AT e
“1/a —a
e a >0 1—- (ﬂ%) (k(z)+1+2)"* where k = k(z) is the only
integer such that % <k+l+z< %

o «
D—z'* DeR,a>0]|1-— (%) (k(z) + 1 — x)® where k = k(x) is the only
M*(Kﬁ*l)/a

. 1— /oz_Mfm/a
integer such that “— 77— e ——

M1
<k+l-2< FFa0

Proof. By Theorem we only need to prove the result for Fz since then if follows for f. If
Rpo(un, ) = B, () \ Bz, (¢) for some e1,e2 > 0 then 1p (4, 2) € C1 and ||1g o(u,2)lle, < C
for every x > 0 and n € N. Moreover, as in the proof of Theorem 2 of [12], using the Hartman-
Grobman theorem, one can easily check that lim, R(Qg}o (up)) = oo. Then all hypothesis of
Theorem are satisfied and in conclusion conditions /I, (u,)* and I, (u,)* hold. By Assump-
tions 1-3 and the fact that ( is a repelling periodic point then (R2) holds and by Proposition m
so does ULC)p(up,).

Hence, the statements of the theorem follow as soon as we show that Ry o(un, ) = Be, () \ Bz, ()
for some £1,e9 > 0 and that holds with 7(x) as in (3.8).

For u € (0, g(0)), let

- i 9 " (u)
Iru(T) = § (9(M'z) —u) bis(u) = gru e

i=0
For j, k € Ny, t sufficiently close to ¢ and u sufficiently close to ¢g(0), we have

Xjpt) >u e g(2dist(f7P(t),€)) > u < g(2M’dist(t,{)) >u ot € By )

2M7

mu({Xo, Xp, ..., Xip})(t) >z & g u(2dist(t, () >z &t € B%g;,i(z)(C)

Notice that (bx(u))ken, is an increasing sequence for any u € [0, g(0)) since g <g‘]\i[(iu)> > u for

i > 0. Moreover, bo(u) = 0 and byt1(u) = gr+1u <g]\;(f1)> = Gk <gj\;(+u1)>~
Then,

-9 (w)
— MH+1

x> beyi(u) < g;i(x) & Upolu,r) = 0

9 () & Upo(u,z) = By-11,) (() \ By-10) (€)

K
M TAIR YViES!

g (u)
MI{

g (u) < 1
Mﬁ+1 — JRu

(z) <

& Upo(u,2) = B g-1,9(Q) \ By-10 (€)

29 oMATL

Since (bx(u)), is an increasing sequence, there is at most one k = k(u, ) such that x € [by(u), byt1(u)).
Notice that

—1 -1 -1
g (U) —1 ((L‘) < g (u) o M—H-l,-l < gﬁ,u(x) < M~F

be(u) <z < bep1(u) & A < Gpul®) < G () =
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() log(g~" (u)) — log(g,.,(x))
< — = >
&K logMg (u)</€+1<:>n | log M |
Hence,
Upo(u,z) = U po(w,z) U{C} = U (u,x) UUH(ME U Upo(u, ) U{C}
K<k(u,x) K>k(u,T)

= Big,@(O\B_y1w (QU U (Bglm) (O\By-1) (C)) U {¢}
op R (u,x)+1 n:n(u,x)—l—l 2MK opmk+1

= B%GU(I)(C)

where G (x) = g;& ) (7). Now, we note that
Upo(u,z) NUpp(u,x) = U p0(U, T) U op(ws ) U{C}

and, for u sufficiently close to g(0), U;,O(uv x)N Uip(u, x) # 0 only when i = j + 1, so

Upolu, @) N Uyl ) = | (Usd (s @) N Uiy (u2) ) U {C)
k=0

= X0 > u, Xp >, X gy > 4 Xroyp < uma({Xp, -, Xagryp}) > 2} U{C)
~k=0
Then, for k € Ny and ¢ sufficiently close to {, we have
Mu({Xp, -+ X(ep1)p}) () > T & geu(2Mdist(t,()) >x &t € B - L) ©)

2M
0 it k< k(u,x)
Bay B .1, o 7
B 713( O\ B, s (ONB,1, () = autz) (6)\ m(@ if & =r(u,z)
2M*F 2MF .
o BM( )\ B _1(u) ) it k> k(u,x)
PIVER S oMRT

Hence, for u sufficiently close to ¢(0),

Upolts) 1 Upp(:0) = U (Bt 0\ By (N By (0)) UEC)

=0 2M R+ 2MK+2 M

B OVB e OU U (B O\ 8,00 (0) V(0 =Beya (0

2M ) 2 k+1 K+2
o (u,z)+ r=r(u,z)+1 2M 2M

and

Rpo(u; @) = Upo(u, 2) \ (Upo(u, 2) N Upp(u, 2)) = Big, () (€) \ Bewa (€)
Let (un)n be a normalizing sequence of levels satisfying (2.2) such that lim,,_ . u, = ¢(0). Given
the assumptions (3.6)) and (R1), of regularity of P and U(u,) = {Xo > uy} being a ball centred
at (, respectively, we have

dpP

P dpP
dLeb

Q) =9 (un) ¢)
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Byt ) = P (By, 10(0) ~ P  Bagyn (0

dP di
~ L0 (B, (0©)) e (€) ~ Leb (Boin(©)) 1020
= <Gun (z) — ]7(4(33)> dLeb(O - GGU”("T)dLeb ©

where § =1—1/M.

If there exists some strictly positive function ¢ : W — R and some strictly monotone homeomor-
phism hj such that

gn,u(g_l (u)hi())

lim =z,Vk €N
u—g(0) q(u) "
then, for a, = 1/q(u,),
—1
I (u wn)a) un 4 Un).%'
hm ]P(pro(undx/an)) — hm w — 9 hm ( n7Q( n) )7 n( ( )
n—oo ]P(XO > un) n—00 g_l(un) n—00 g—l(un)

G2 e ( e u)h (x)))

=0 lim lim , Vi € Np
n—00 y—g(0) g~ 1(un)
In particular, for u = u, and k = k(uy, q(uy,)x), we get
—1 9k (un, (un):c),un(g_l(un)hn(un, (un)ac)(m))
P(RP,O(Umx/an)) I (unq(un)a)un <q(un) ’ q(un) : )

li =0l
n1—>120 P(Xo > uy) nl—>ngo gil(un)

=0 nh—golo hn(un,q(un)a:) ($)

and the probability distribution is given by
W(ZE) =1- nh—>ngo hn(un,q(un)x) (l’)
Now, we will analyse each type of behaviour separately.
Type 1: there exists some strictly positive function g : W — R such that for all y € R

-1
lim 9 (8: ya(s)) _ —y
s=9(0) g7 '(s)

Then, we have

g (u — log(x)q(u)) =z = lim

lim = —log(x
u—g(0) g 1(u) u—+g(0) q(u) (=)

o SenloT 00) SO T ) ) sy
o ) uiel) g(u) =~ 2 loglaM)

1
H(H;)logM

- Z(log(x) +ilog M) = —(x + 1) log(z) —

= —(k + 1)(log(x) + K log VM)
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Let hg(z) = e_ﬁ%l_“logm, so that h;1(x) = —(k+1)(log(z)+rlog vV M). Then, a, A, converges
in distribution to a compound Poisson process A with intensity § = 1 —1/M and multiplicity d.f.
7w given by

. . 2 k(un,q(un)z) log VM
71'(,@) =1— nll)nolo hn(un,q(un)z) (g;) =1 — nIL}IEOe k(un,q(un)z)+1 K(un,q(un)z) log

If g(x) = —log(z), then
Gru(x) = Z(—log(Mim) —u) = —(k 4 1)(log(z) + u + rlog VM)
=0
bm(u) = GJk,u <;;:> = K(K;—l) logM

) =g () = 4D

log M

Let k = k(u, x) be the only integer such that = € [bk(u),bst1(u)), or, equivalently,

k(k+1)
2

Then, k(u,x) = L—”Hsm/;ogM_lJ and

(k+1)(k+2)

logM <z < 5

log M

—k(u,z) logvVM —1_ (m),LwJe_ LMJ+1

7-((,1;) =1 e_m
Type 2: ¢g(0) = +00 and there exists a > 1 such that for all y > 0

-1
tim 9 1(sy) _ o
s—+oo g~ (s)

Then, for g(u) = u we have

-1 —1/a
U DR T 0 B
U—00 g (u) U—co q(u)

(g (w)) S olg(MigT (w)z) —u) <

lim = lim = MY/eyig=ta 1
U—00 q(u) U—00 q(u) g(( ) )
1 — M~ (5+1)/e L
_ —1/a _
= i T (k+1)

“1/a —« —(r e
Let h,(z) = (%) (k+1+2)"% so that hl(x) = %xil/a — (k+1). Then,

an Ay, converges in distribution to a compound Poisson process A with intensity § = 1 —1/M and
multiplicity d.f. 7 given by

1— Mfl/a
1— Mf(/{(un,unz)

n—o0

m(z)=1- nll_?olo hn(un,q(un)x) () =1- lim ( +1)/a> (k(tun, upx) + 14 2)~
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If g(z) = 2=/ for some a > 0, then

s 1 M—(s+D)/a
(@) = (M) " —u) = ————

=0
u—e Mm/a _ M—l/oz
bn(u) = Gk,u (M“) = (1 — Mfl/a — (Ii + 1)) u

ue M(n—i—l)/a -1
bHJrl(u) =9k (W) = (]___]\4'1/04 o (H + 1)) u

Let k = k(u,ux) be the only integer such that uz € [bg(u), bs+1(u)), or, equivalently,

Mn/oz _ M*l/a M(IiJrl)/Oé -1
e SEt e < S

Notice that x(u,ux) does not depend on u; hence,

1—M-Ye “ a

where k() = k(u, ux).
Type 3: g(0) = D < +o0 and there exists a > 0 such that for all y > 0

lim 7971(D —5Y) =y
s—0 g_l(D — S)
Then, for g(u) = D — u we have
1D (D — )\l -1 _
g (D=D-wz /) 9T Wy —u e
u—D g—l(u) u—D q(u)

gn,u(gil(u)x) — lim Z?zo(g(Mig_l(u)x) —u) _ i(l _ (Ml/o‘)ixl/o‘)

lim
u—D q(u) u—D q(u) o
1 — MsD/a
= - Y
Kk+1 1= i/ T
«@ & K [e%
Let hy(x) = (%) (k +1—2)% so that hl(z) = Kk + 1 — %x”a. Then,

an A, converges in distribution to a compound Poisson process A with intensity § =1 —1/M and
multiplicity d.f. 7 given by

m(x) = 1= 1im Ay, glun)e) (@) = 1= lim. (1 — M(j(u—mf‘gij)w /a)a (K (tn, (D—up)z)+1-2)"
If g(z) = D — z%/* for some D € R and a > 0, then
Iru(@) = g(D — (Miz)V* —u) = (k+1)(D —u) — %xl/“
b (1) = gru (%f)a) = </< +1-— W) (D —u)
brt1(U) = gryu (%) = (/-c +1-— W) (D —u)

Let k = k(u, (D —u)z) be the only integer such that (D —w)z € [bk(u), bet1(u)), or, equivalently,

1 — M- (ktD)/a Mo — pp—r/e
- - <
Mia_1  <RTITTs AT
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Notice that x(u, (D — u)x) does not depend on u; hence,

1— Ml/a @ N
m(z)=1- (1 — M(R(QS)JFI)/a) (k(z) +1-2)

where k(z) = k(u, (D — u)z). O

4. CONVERGENCE OF MARKED RARE EVENTS POINT PROCESSES

This section is dedicated to the proof of Theroem [2.A] The argument follows the same thread
as the one in the proof of [I2] Theorem 1| but it is much more evolved due to the sophistication
associated to the MREPP and the degree of generalisation and cases addressed (like allowing
multiple maxima and including the absence of clustering). One of the highlights of the proof
below is the way we handled the gap created by considering general distributions for the marking
of clusters, when compared to the distributions defined on the integer numbers as in the setting
of [12], which significantly simplified the proof of [12, Theorem 1]. The major step to overcome
this difficulty is made with Proposition [£.B] which is of independent interest since it provides a
formula to compute the Laplace transform of multiple random variables with general distributions,
possibly diffuse with respect to Lebesgue.

We start with a lemma which says that the probability of not entering Uy, o(u, z) can be approxi-
mated by the probability of not entering Ry, o(u,z) during the same period of time.

Lemma 4.1. For any p € Ng, s € N, £ > 0 and u > 0 we have
!P(ﬂno,s(u,x)) — P(Rp7075(u, x))} < pP(Upo(u,x))

Proof. For p = 0 this is trivial since Uy ;(u,z) = Rp;(u,x). For p > 0, first observe that since
Ry i(u,x) C Upi(u,x) we have F,0s(u,x) C Rpos(u, ). Next, observe that if R, s(u,z) \
Fp.0,s(u, ) occurs, then we may choose j € {0,1,...s — 1} such that X; € U, o(u,z). But since
Rp0,s(u, ) does occur, we must have X, € Uy, o(u, z) for some 1 < ji < p, otherwise R, (u, z)
would occur. Similarly, if j 4+ j1 < s then X4+, € Upo(u,x) for some 1 < jo < p and so on.
We conclude that X; € Upo(u,z) for some i € {s —p,...,s — 1} and this means that

s—1
Rp0,s(t, ) \ Ipos(,2) € | Upilu,z)
1=s5—p
Hence, by stationarity, it follows that
’P(jp,O,S(ua =T)) - P(RP,O,S(% x))‘ =P (Rp,O,S(U’ z)\ jp,O,S(Ua r)) < pP(Up,U(“a r))
0

Next we give an approximation for the probability of not entering R, o(u,z) during a certain
period of time.

Lemma 4.2. For anyp € Ng, s € N, £ > 0 and u > 0 we have
s—1

IP(Rypo,.s(u, 7)) — (1= sP(Rpo(u,2)))| <5 Y P(QYo(u) N Up,(u,))
J=p+1

Proof. Since (Ry0.5(u, )¢ = UZ) Rypi(u, x) it is clear that

s—1 s—1
1= P(Rp0,s(u, 7)) = sP(Rpo(u,2))| <> > P(Rpi(u,z) N Ry j(u,x)).
=0 j=i+p+1
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If p > 0, the result now follows by stationarity plus the two following facts: Ry, j(u,x) C U, j(u,x)
and the fact that between two entrances to R, o(u, ), at times 7 and j, there must have existed an
escape, i.e., an entrance in Qgp(u) (otherwise, an entrance to Ry, o(u, z) and therefore to Up o(u, x)
at time j would imply an entrance to Uy o(u, x) at some earlier time ¢; for i4+1 <43 < i+ p which
would contradict the entrance to R, o(u,x) at time 7).

If p = 0, the result follows by stationarity plus the two following facts: Rg ;(u,z) = Uy j(u,x) and
Ry i(u,z) C {X; >u} = Qg}i(u). g

The next lemma gives an error bound for the approximation of the probability of the process
<7,(]0, s)) not exceeding = by the probability of not entering in R, o(u, z) during the period [0, s).
In what follows, we use the notation

42715’@ = ,([a,b)), o, is asin (4.1)

Lemma 4.3. For any s € N, x > 0 and u > 0 we have

IP(so < ) — P(Ipo,5(u, z))| Z P ( )N {X; > u})
j=p+1
Ls/p) 00
+ > wpPUSo(u,2) +s Y P(US(u,x))
k=1 k=|s/p]+1

if p>0, and in case p = 0 we have

s—1 s—1
IP( < ) = P(Spos(u,2)| <Y P(Xo>u,X;>ul)=sY P(Q)o(u) N{X; >u}).
j=1 j=1

Proof. If p > 0, we start by observing that

Aps(u,x) ::{ 0 <z}n( pOS(u x)) C

s—1
UUluz‘ U U2ux U U Ut/pJ U U , )
i=s—p i=s—2p i=s—|s/plp 1=0 k>|s/p]
since S U C {#;y >z} for any k < [s/p]. So, by stationarity,
Ls/p] 00
P (dos(we) < D mP(Ofu) 45 30 BUfo(uss)
H—LS/le
Now, we note that
s—p—1 s—1
By s(u, x) —{&%50>x}ﬂf703ux U U Q w) N{X; > u}.
=0 j>i+p
This is because no entrance in Uy o(u, ) during the time period 0,...,s — 1 implies that there
must be at least two distinct clusters during the time period 0,...,s — 1. Since each cluster
ends with an escape, i.e., an entrance in Qgﬁ(u), then this must have happened at some moment
i €{0,...,s—p— 1} which was then followed by another exceedance at some subsequent instant

j > 1 where a new cluster is begun.
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Consequently, by stationarity, we have

s—1

P (Bos(u,2)) < (s =p) Y P(Qpo(uw) N{X; > u})

Jj=p+1

If p = 0, we start by observing that {7, < x} C #0,s(u,x). Then, we note that

s—1 s—1
{50 >2rn Sos(uwz)C | | {Xi>upn{X;>u}
i=0 j=i+1
This is because no entrance in Up(u, z) during the time period 0,...,s — 1 implies that there
must be at least two exceedances during the time period 0,...,s — 1.
Consequently, by stationarity, we have
s—1
P ( vo < x) — P(S,0.(u,z))| =P ({0 >z} N Ay ps(u,x)) < SZIP’(XO > u, Xj > u)
j=1

As a consequence we obtain an approximation for the Laplace transform of &7 .

Corollary 4.A. For anyp € Ng, s e N, y >0, a > 0 and u > 0 sufficiently close to up = sup ¢
we have

E (e_y“”%svo) — <1 — s/oooyeyx]P’(Rpp(u,x/a))dm) ‘

s—1

<2s > P(QYo(u) N{X; > u}) + /Oooye—yxamu(x/a)dx

J=p+1

where Op s (x/a) is as in (2.15)).

Proof. Using Lemmas for every > 0 and p > 0 we have

‘]P)( ) (1 = sP(Rpp(u, 517))){ ‘ ( 50 < 33) - P(fp,O,S(va)”
+ ’IP’( S(u,a:)) (Rp708 (u, )| + ‘IP’( Rp.0,s(u, :v)) — (1 - SIF’(Rp70(u,x)))|
s—1 Ls/p] 00
<(s—p) P(Q0o(w) N{X; > u}) + > wpP(Ufp(u,2)) +5 > PUgo(u,))
Jj=p+1 k=1 k=[s/p]+1
s—1
+ pP(UnO(U’ l‘)) +s Z P (Qg,o(u) N Upyj (u7 l’))
J=p+1

s—1
<25 Y P(Q0o(w) N{X; > u}) + bpsul@)

J=p+1
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When p = 0, we have

’]P’( uﬁo < x)—(l — sP(Ro0(u, z))) ‘ ‘]P’( uso < x) —P(SH0,s(u,x) )‘
+ ‘P(ﬂoﬂo,s(u, x)) (ROOS U, T )‘ + |IP’(R008 U, T ) (1 — sP(Ro o (u, .1‘)))‘

s—1 s—1
<sZIP’ Qo o(w) N{X; > u}) +SZP Qb o(w) NUVpj(u,z))
= j=1

< 2s §P (Qg’o(u) N{X; > u}) + d0,s,u(2).
j=1
Since P( o < 0) = 0, using integration by parts we have
E (e*Wf’i,o) — o VOP(Sy = 0) + /0 b eV AP(AS o < x/a)
=P(yo=0) + lim [e [e ¥ P(yy < afa) — e VOP(S) < 0)] —

= P(,0=0) = P(#,0 < 0) - / (—ye " )P( < x/a)de =
0

Then,

E (e-ywi,o) - <1 —s /0 e B(Ry o, x/a))daz)

/ "y B(ey < fa)d — / T e V(1 — sB(Ryo(u, x/a)))da
0 0

s—1

g/mye—yw 25 3" P(Q00(w) N {X; > u}) + bpsulafa) | da
0 J=p+1
s—1 o]
= 2s Z P (QS:O(U) N {X] > U}) +/ ye—yzépy&u(x/a)d:c
j=p+1 0

Next result gives the main induction tool to build the proof of Theorem

Lemma 4.4. Let p € Ny, s,t,¢ € N and consider 1 € Rg, z=(x2,...,2c) € (RS‘)“I, s+t—1<
ag < by <az <...<b:€Ny. Foru>0 sufficiently close to up = ¢(¢) we have

}P(%if,ﬂ < .%'1,%752@2 < 1'27"'74271%1; < x§) _]P)('Q{US,O < .731) ('Q{bQ < @2, ... 'Q{bq < xC)‘

u,a2 U,a¢ —
s—1
<su(ut) +4s Y P(QVo(u) N{X; > u}) + 205 su(z1)
Jj=p+1

where Op s s as in (2.15) and

t(u,t) =sup max {‘P(Rp,i(u, z1))P( NSy {;z{ubféj <az;}) —P( M5—g {;z{fj&j <z;} N Ry ;(u, xl))‘} :

seN 1=0,...,s—1
(4.2)
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Proof. Let
Aﬁ?l& = {dj,ﬂ < -%'1,44%12 < ,.. d@ikag < $§}7 Ba?l = {4275,0 < .%'1}
Alvl& = RILO S(u $1) a {%ub%zg <, JZ{ubfac < 33<}7 Bwl = Rp,075(u,$1),
. b
Dg . {Muiz — Jyuqag S x§}'

If 1 > 0, by Lemmas [£.1] and [£.3 we have

]P)(Bxl) - P(Bfrl )

< ‘P(ﬂso <) — IED(<f1070 s(u, 1) ‘ + |P(fp,0 s(u, 1)) — P(RPOS(% r1))|
< [P0 < 213 AIp0,5(u, 21))| + [P(Rp0,5(u, 1) \ T, (1, 1))

s—1 Ls/p]
<(s—p) Z P (Qpo(uw) N{X; > u}) + Z £pP(Upo(u, 21))
Jj=p+1 k=1
+s5 Y PUsg(u,21)) + pP(Upo(u, 1))
w=[s/p]+1
s—1
<5 30 P(QDo(w) N {X; > u}) +0peulen) (4.3)
Jj=p+1
and also
P(As,) = P(As))| < [P({; < 21} N D) = P(Fpo,s(w,21) N DE)| + [P (Rp,o,5(w, 21) \ Fpo,s(u, 1)) N D))
s| (({ o < 2130 I 0.4 (u,21)) O DZ) | + [P (R 0,0 (11, 21) \ Fpo,s (1, 21)) N DE))|
< P20 < 01} DI 0,50, 20))] + [P(Rp.5 (,21) \ Fpo,s(u, 21))]
<s Z P (QYo(w) N{X; > u}) + 0ps.u(z1) (4.4)
Jj=p+1

Ifxl—Owenotlcethat{ o < mt = {4 0—0}—{X0<u S Xeo1 Sul = Hpos(u,0), s

estimates and are still valid by Lemma

Using stationarity and adapting the proof of Lemma it follows that
‘P(Am) — (1 = sP(Rpo(u, z1)))P(D%)| < Err, where

s—1 s—1

Err = |sP(Rpo(u,x1))B(D) — S P(Rypi(u,a) N D5)| +5 S BQLo(w) N Upy(u,a1)).
i=0 j=p+1
Now, since, by definition of ¢(u,t),
s—1
SP(Rypo(u, 21))P(DZ) = > " P(Rpi(u, 1) N DY)
i=0
s—1

< Z [P(Rp.i(u, 21))P(D*) — P(Rpi(u, 21) N DF)| < su(u, ),
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we conclude that

s—1
’P(fizl,g) — (1= sP(Rpo(u, 21)))P(D%)| < su(u,t) +5 Y P(Qpo(w) N Upj(u,z1)).  (45)
Jj=p+1
Also, by Lemma [£.2] we have
’]P’(Bxl)]P’(Dg) — (1= sP(Rpo(u,z1)))P(D*)| < s Z P( )N Up;(u,z1)). (4.6)
Jj=p+1

Putting together the estimates (4.3)),(4.4), (4.5) and (4.6 we get

P(Asyz) = P(Bo)P(D)] < |P(Asyz) = P(Aay )| + [P(Ari) = (1= sP(Rpo(u,21)))P(D)

+ |P(B2y)P(D®) — (1 = sP(Rp0(u, 21)))P(D%) | + [P(Buy) ~ P(Bay)| P(D?)
s—1
< su(u,t) +4s Y P(QYo(w) N{X; > u}) + 20y su(z1)
J=p+1

0

Let us consider a function F : (RJ)® — R which is continuous on the right in each variable
separately and such that for each R = (a1, b1] x ... X (an, by C (RJ)™ we have

pr(R):= Y (—1)eerdtisthenba=ad pe ey) >0
ci€{aibi}
Such F' is called an n-dimensional Stieltjes measure function and such pur has a unique extension
to the Borel o-algebra in (Rg )™, which is called the Lebesgue-Stieltjes measure associated to F.
1 ifiel
0 ifigl
If F is an n-dimensional Stieltjes measure function, it is easy to see that F7 is also an n-dimensional

Stieltjes measure function, which has an associated Lebesgue-Stieltjes measure pr,. We have the
following proposition:

For each I C {1,...,n}, let Fi(z) := F(d1x1,...,0p2y), where §; = {

Proposition 4.B. Givenn € N, I C {1,...,n} and two functions F,G : (Rf)" — R such that
F is a bounded n-dimensional Stieltjes measure function, let

/G YdF(z {G(O...,O)F(O,_“’O) for I =10

| G(z)dur, for I #10)
where g, is the Lebesque-Stieltjes measure associated to Fr. Then,
o0 oo 1
// e T TUnIn By . dx, = / ~ Lier ViTid By (z)
o Jo Yooo¥n (o7 0

Proof. We use induction over n. For n = 1, using integration by parts,
e Y1-a e~ Y10 1 a
[— F(a)+ F(0)+ — eylxldF(arl)]
n Y1 Y1

o0
/ e N1 F(z1)dx; = lim
0

a—00
= i (F(O) +/ e yl‘rldF a;l > = Z / Zlefy’xldF](xl)

0 Ic{l}
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For n > 1, using integration by parts again,

/ / _ylml_ _ynan( )dxl d
= lim e Yntn </ / e NI T TYn— 1T 1 () dxy ... dXg,— 1> dz,,
0

a—» 00
e yn
e 11T TYn—1Tn— 1F(Z‘1,.. s Tn—1,0 )dxl dr,_1

= lim —
a— 00

1
+ — / . / eI T TYn T By a1, 0)day L dXy g

1 o0 oo oo
+ — / e Yn¥nd (/ . / e Y11 T TYn1Tn—1 Py . da:n_1>
Yn Jo 0 0

Since F' is bounded, we have

e Yna 0o oo
lim — / ) / e  NET T Py Ly, a)dTy .. dep—1 =0
a—r o0
Assuming that the result is valid for the n—1 dimensional functions f;, (x1,...,2n—1) = F(z1,...,

for every z, > 0, we have

o0 oo
/. . / e YTt T e TYn T B (g 1, 0)day L dXy

oo oo
= / . / eiylzli"'iy"_lmn_lfo(ﬁbl, ey a:n_l)dxl R dzn_l

0 0

— # Z / 2761:%-:”1 fO) (1‘1,.. y Tp— 1)

Yi---Un— Lrcq,on-1y

L Lrcg,n-1y

7/ —yﬂmﬂd</ / e Y1T1— - —Yn—1Tn— 1F( )dl‘1 dl‘n 1)
- e YnZng (/ / e Y1T1 = T Yn—1Tn— 1f' (;[;17,, y Ty 1)d.’IJ1 dl’n 1)

1
7/ e yna:nd - - Z / ElGJU'Lmldf ) (.’I}'l?...,xnfl)

<o Yn—1 JciL,..

= Z / e Ynind (/ Zle]yl 1dFJU{n}( ))

Vi Yn oy

- ¥ / e VT dFy (x)

Yr---Un Ic{1,...,n},nel

o0 (o) 1
SO, / . / e—y1x1—..4—ynan(£)d$1 . dﬂ;‘n - - Z / E'LEI y”“dF[( )
0 0 Y1 ..

IC{l ..... n}

an

Corollary 4.C. Let p € Ny, s,t,¢ € N and consider y1,vy2, ...
by < az <...<b: €Ny. Foru sufficiently close to up = ¢(¢) we have

b b b
E (e—yuwf 0 —yrad g~ —ycaﬂuf%) -F (e—ywﬂj,o) E (e—yzaﬂu?%—-.-—yca%ufag) + Err

Tn—1, xn)

O

,yCERJ,a>O,s+t—1<a2<
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where |Err| < SL(’LL t)+4sd 11)+1 IP’( olu) N{X; > ul)+2 [0 e 6y s u(w/a)dz and u(u, t)
is given by (4.2) and 0p s, as in

Proof. Using the same notation as in the proof of Lemma let FA(zq,...,2) = P(Az, 2),
FB)(z)) =P(B,,) and FP) (x5, ..., x.) = P(D%). Then, F, F(B) and F(P) are both bounded

Stieltjes measure functions, with
Lpa (Ur) :]P’((a,gz{s a;szaz,.. ﬂé’zg) IS U1>
ppe (U2) =Plady g € Uz2)  ppoy)(Us) = (( AP, ady, ) € U3)

where Uy, Us and Us are Borel sets in (R{), RF and (R7 )™}, respectively.
Therefore, we can apply the previous proposition and we obtain

]E<e—y1ad o—y2a2, _"_ygadl?fag)_E(e_yladi‘O)E<e_y2a‘Q{u{), — —ysadf%)
- ¥ / - Sierveni (A (21, 2
I1c{1,....s}
L ) LSt
Ic{1} Ic{2,..

= Yo / / e YrariT. y*‘”*F(A)(xl,.. yxo)day ... dx

(yla/ e ylaxlF(B)(:ﬁl)dml)( a*~ 1/ / e Y2am2 - —ysazs p(D) (g, ..,(Eg)dLL'Q...dl‘g)
0
1 ..ygag/.../ evram——ysars (pA) _ pBY RPNy gy x)dey . da

o Jo

Hence, using Lemma [4.4] and the change of variables x = axq,

s b b
‘E ( _ylaKy 0 yQUIJZ{u ag e _ycaﬂu a;)) _ E (e_yla‘du,o) ]E (efy2a«5‘{u,2a27mfy§adufag> ’

a /0 /0 o YIam ot [P(A, ) — P(B,, )B(DE)| day . .. da

s—1 o0
< su(u,t) +4s Z P( 270(u) N{X; >u}) + 2/ y1e V%5, s u(z/a)dx
0

J=p+1
O

Proposition 4.D. Let Xo, X1,... be given by (2.1), where ¢ achieves a global mazimum at the
point ¢. Let (up)nen be a sequence satisfying nd (an)nen a normalising sequence. Assume
that conditions J(un)*, 1, (un)* and ULCy(uy) hold for some p € Ng. Let J € R be such that
J =Uj_q Ir where I = [aj,b;) €S, j=1,....,c and a1 < by < ag < -+ <be_1 < ac < be. Then,
for all y1,y2,...,yc € Rar, we have

S
n/kn
E ((; i vean (nm) Tk (e—yean%ﬂfo J) 0

n—oo
(=1
Proof. Without loss of generality, we can assume that yi,y2,...,yc € R*, because if we had
y; = 0 for some j = 1,...,¢ then we could consider J = Ui;i I, U Uz:jﬂ I; instead. Let

h:=infjcqy  ibj —aj}, H := [sup{x : v € J}| = [b:], § := inf{y; : j = 1,...,¢} > 0 and
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Y :=sup{y; : j = 1,...,¢}. Let n be sufficiently large so that, in particular, k, > 2/h and
set on := |n/k,]. We consider the following partition of n[0, H| N Z into blocks of length g,
J1 = [Oagn)y Jo = [Q’szn)a SX) ']Hkn = [(Hkn - 1)QnaHann)7 JHknJrl = [Hann7Hn) We
further cut each J; into two blocks:

JF =i —1on,ion —tn) and J. = J; — J;

Note that |J}| = o, — t, and |J]| = t,.
Let .y = .7(k) be the number of blocks J; contained in nly, that is,

=#{je{l,...,Hk,} : J; C nly}

By assumption on the relation between k, and h, we have .#; > 1 for every ¢ € {1,...,¢}.
For each such ¢, we also define i, := min{j € {1,...,k} : J; C nl;}. Hence, it follows that
Jigs Jig+15 -+ Jiy+.7,—1 C nly. Moreover, by choice of the size of each block we have that

Lo~ kn |y (4.7)

First of all, recall that for every 0 < z;, z; < 1, we have

‘HJIZ—H% SZL’L’Z—ZZ’ (48)

We start by making the following approximation, in which we use (4.8)) and stationarity,
< (1 Bt (10

g E (1 — 672 22:1 yﬁavlﬂun(Jl)) g 2§K]E (1 _ efandun(‘]l)) ,

ip+Fp—1
E (e_ i1 Yean Hu, (nfz)) _E <e_ iy Xt anﬂun(Jj)>

where max{yi,...,y.} < K € N. In order to show that we are allowed to use the above approx-
imation we just need to check that E (1 — e‘“”“z{“n(‘h)) — 0 as n — oo. By Corollary we
have

o0
E (e_“"'%n(‘]l)> =1- Qn/ e "P(Ryo(un,x/ay))dx + Err, (4.9)
0
where
.Qn_l [e'e)
|Err| < 20, Z P (Qg’o(un) N{X; > un}) +/ e “Op,onun(T/an)dzr — 0
j=p+1 0

as n — oo by JI,(u,)* and ULCy(uy). Since [ e " P(Rpyo(tn, /an))dz < [;° e P(U (uy))dz =
P(U(uy)) we get E (e_an%n(‘h)) — 1 by (2.2).

Now, we proceed with another approximation which consists of replacing J; by J7. Using (14.8]),
stationarity and (4.7)), we have

E (e D i1 e Z;Z:tjpeil an Dy, (Jj)> o) <e D1 e Z;thé ! nﬂfun(J*)> <E (1 — e > o1 Ve Vganézfun(Jl))

< Ki}%ﬂz (1 emonentD) S KHE,E (1 7o en (1))
/=1
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and we must show that k,E f 1 — e nPun(Ji )> — 0, as n — 00, in order for the approximation to

make sense. By Corollary we have
—anuy, (J1)\ 1 _ > —x
E (e 1 ) =1 tn/ e "P(Rpo(un,z/ayn))dx + Err, (4.10)
0

where

tn—1 00

ki |Err| < 2kntn Y P (QYo(un) N{X; > un}) + kn / € "0 40 (X an)dz — 0
j=p+1 0

as n — oo by I, (un)* and ULCp(uy,). We get, by (2.2) as well,

knE (1 - e*an%nui)) ~ kntn, / e "P(Rpo(tun,z/ay))dz — 0 (4.11)
0

n—oo

Let us fix now some / € {1,7. .,stand i € {ip...,i;+;—1}. Let M; = y; Zzﬁy - an Dy, (J5)
and L; = 37 i1 Ve St o, (J7). Using stationarity and Corollary 4.C| along with the

J=ie
facts that t(up,t) < y(n,t) and ye %" < Ye 97, we obtain

[ (&7 ) M) g (comanotn 0) (oMo~ < T,

where
on—1
Ty = ony(n,tn) + 4on Z P (ng(un) N{X; > un}) + 2Y/ Op,onun (T /an)dx
Jj=p+1

Since E (e_yia””%n(‘]l*)) < 1, it follows by the same argument that

< ‘E(e*M"é*Lf) — IE:(e—yzan%n(J{‘))E(G*Miﬁl*%)’
G [ G B G K G

<27,

Hence, proceeding inductively with respect to i € {iév s g+ = 1}, we obtain
‘E<6—Mié—Llﬁ> _ R <e—y2any/un(Jf))E(e—Lé) ‘ < 7T,

In the same way, if we proceed inductively with respect to le {1,...,5}, we get

Z&@ ne

ip+ Sp—1 N
E <e_ ZE:l Ye Zjézié ¢ an@%un (Jj)> HEyé (e Yen A, un )
/=1
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By , we have >y, Y, S Hk, Y, and
on—1 00
kn Yy, = ann’V(na tn) + 4kp0n Z P (Qg,o(un) N {Xj > un}) + anY/ e_gmép,gn,un (m/an)dx
J=p+1 0
el oy [ .
~ ny(n,t,) +4n Z P (ngo(un) N{X; > un}) + an/o e Y0y o un (T an)dx
Jj=p+1

— 0, asn — oo, by [,(un)*, O,(un)* and ULCy(uy,).

Using (4.8]) and stationarity, again, we have the final approximation

ﬁ o (efygan%n(h)) _ ﬁ R (efyean%n(t];»

S KHRE (1— e~ (D))

Since in (4.11)) we have already proved that k,E (1 — e*“”%n(‘]i)> — 0 as n — oo, we only need
to gather all the approximations and recall (4.7) to finally obtain the stated result. U

Proof of Theorem [2.A] In order to prove convergence of a, A, to a process A, it is sufficient to
show that for any ¢ disjoint intervals Iy, Io, ..., I. € S, the joint distribution of a, A, over these
intervals converges to the joint distribution of A over the same intervals, i.e.,

(anAn(Il)v anAn(I2)7 ceey anAn(Ic)) m (A(Il)a A(IQ)v oo 7A(I<))a

which will be the case if the corresponding joint Laplace transforms converge. Hence, we only
need to show that

d}anAn(ylay% oo ayC) — ¢A(y17y2a .. '7y§) =K (e_zzzlylA(I£)> , asmn — oo,

for every ¢ non-negative values y1, y2, - . ., Yo, each choice of ¢ disjoint intervals Iy, I, ..., Ic € S and
each ¢ € N. Note that ¢, 4, (y1,y2,-..,¥;) = E (e_ X y‘-’a"A”(I‘)> =E (e_ Y W“”"Z‘{“n(”"m)
and

)E (e— iy Yeana, (vnu)) ) (e— Si yeA(Ie)> ‘ <

S
E (e_ pIy yNM{w(UnM) _ H Ekn 5= 1el (e*yeandi;f,/ok“ )‘
=1

+

S
| (e—yzamg;/f’”) ) (e, Yic yeA(Ie))
(=1

By Proposition [£.D] the first term on the right goes to 0 as n — co. Also, by Corollary [I.A] we
have

[n/kn ] &
E (e_ya””%n,ok ) =1—|n/kyn] / ye  Y'P(Ry 0(un, x/ay))dx + Err,
0
where
o, /En]=1 0
Brri< 3= >0 P (Qpolun) N{X; > un}) + /0 Y0y, k) (2 n)
" j=prl

Since, by JI,(u,)* and ULC)(uy,), we have that k,|Err| — 0 as n — oo, it follows that

kn

b —ya, oln/kn] n [ _. —n [2° ye YTP(Rp.o(un,x/an))ds
B (e7ven o™ )~ (1= 5 [y (B (uns w/an))da | eI BB o )iz,
n J0O

as n — oQ.
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Hence,

S n/kn ) c oo : ||
[ [Ek 1 (e—yzan%n,o ) ~T1 (e*nfo yze*ww(Rp,o(un,z/an»dx) "
=1 (=1

o . —ypx PRy 0(un,z/an))
— e_v" 22:1 ‘Ilfl fo ype YL P(pr()(un@/an))dx — ei Zzzl |IZ| fooo yee Yt pP(U(un))

lim /0 T e P(R;O(g‘&j)/)“"))dx = /0 " e (1 — m(a))da — 0 (1 — 7(0) — /O b eywdﬂ(x)>
=0(1 - ¢(y))

where ¢ is the Laplace transform of 7, and
oo — ZP(R ,O(U'naw/an))
lim o Zi=1 el o™ yee™ 0" —Bpmmrsy—dr _ —0575_, ILl(1-d(w) — | (e, zzzlyma@)

n—o0

dx

where A is a compound Poisson process of intensity # and multiplicity d.f. . U

5. CONVERGENCE OF RANDOM MEASURES FOR INDUCED AND ORIGINAL SYSTEMS

In this section we prove Theorem [2.C] We start by settling notation. For all A, B € B and j € Ny
we define 7/ 4.3 88 7, simply by replacing iterations by f by iterations by Fp. To ease the notation
we let Uy, := U(u,). We will assume throughout that n is sufficiently large so that U, C B.

We start with the following simple observation.

Lemma 5.1. If x € {rp > j} then for all i € N we have r{; (f(x)) =r}, (x)—j.

Proof. We will use induction. Note that since U, C B then rp(x) > j implies that ry, () > j and
then it is clear that ry, (f(z)) = ry, (z) — j. Moreover, Fy, (f?(x)) = Fy, (x) since Fy, (f(z)) =
froaTEN(fi@)) = froa@=3(fi(w)) = fron@ (@) = F, (x).

Assume now by hypothesis that the statement of the lemma holds for i and that F}, (f/(z)) =
Fi (@) Then rif 1 (9(2) = ru (F, (P @)-+ri, (P @) = ro, (Ff, (), (0)=j = rif ) -
Jj- Moreover, Fif!(9(x)) = fronCin P OD(F, (f3()) = fonFo (R, () = Fii ). O
The next two lemmata have as purpose to see that we can replace P by Pp to study the distribution

of An. Let J € R so that J = UF_|I;, where I; = [aj,b;) € S are disjoint intervals. Let
x = (z1,T2,...,7) € R¥ and define the event

A(J,X, n) = {An<11) > l’l,An(IQ) > T9,. .. ,An<Ik) > .%'k} (5.1)

We begin proving that P(A(J,x,n)) can be approximated by [ 75.14(7xn)dP. But before we
recall two useful formulas that are standard for induced maps:

/ rpdPp = ZPB(TB > ]) (52)
B =
=Y P(BN{rp>j}Nf7(A) (5.3)
3=0

Lemma 5.2. For any small eg,e1 > 0 and n sufficiently large we have

/BTB‘lA(Jil,X,n)dP_EO S]P(A(J,X,n)) < /BTB'lA(J51+,X,n)d]ID+€O
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Proof. By Lemma we have that
ru, o f! =ry, —j in {rg>j} C{ry, >j}.
Let 9,1 > 0. We start by choosing N* such that
> PBN{rs>j}) <eo,
J>N*
which is possible since [ pTBAP < 0.

Let N7 be sufficiently large such that N*P(U,,) = N*v, ! < 1, ¥n > Ny.
We start by proving the second inequality of Lemma [5.2) - We have that
N
P(A(J,x,n)) <ZIP’ Bn{rg >j}nfI(A(J,x,n))) + o (5.4)

<.
(=)

N

<
Il
o

P(BN{rg > j} N{A(J, x,n)}) + &0 < / TBLg(ge1+ x,n) AP + 0. (5.5)
B

Inequality (5.4 . follows from . The first inequality in 5.5)) holds because if x € BN{rp > j},
then z € BN {ry, > j} Wthh 1mphes that r{;, o f7(x ) = TU ( ) —j. Thus, if r{; o fI(z) € vpJ
then ’FU (x) € vy, JS'T, because vy,e1 > N* > ] and so rU (x) = rU o fi(z) + j belongs to v, Jo1T.
The second inequality in . ) follows from . Thus, the second inequality of Lemman 2| holds.
Now we turn to the first inequality. We have that

N*

N
P(A(J,x,n)) > > P(BN{rp>j}Nf7 (A x,n)>> PBN{rg>j}N{AJ"",x,n)}) (5.6)
j=0 j=0
> i]P’(B N{reg > j}N{A(J7,x,n)}) —eo = / rB1age1- x,n)dP — 0. (5.7)
§=0 B

The second inequality in (5.6) holds because if € {rp > j} C {ry, > j}, then, by Lemma
i, (f7(z)) = gy (v)—j. Thus, ifry; (x) € v, J5 thenry (f7 (7)) € vy J, because vper > N* > j.
The inequality in (5.7)) follows from ([5.3)). O

The next lemma shows that [, r5.14(jxn)dP can be approximated by Pp(A(J,x,n)).

Lemma 5.3. For any small €g,e1 > 0 and n sufficiently large we have

]P’B(A(Jﬁ*,x,n)) —¢g0 < / TB~1A(J,x,n)d]P) < PB(A(JEHF,X, n)) + 0.
B

Proof. We start by noting that since Fp is P-invariant in B,

1 ) )
/ TB-]-A(J,x,n)dP = — Z / rB o Fé]-A(J,x,n) 9} Fédﬂ])
B M~ Jp
7=0
Let 9,61 > 0. We will see that for n sufficiently large

/TBOFélA(JEI,x,n)dP_€0/2§/
B

rpo FélA(J,x,n) e} Féd]? S / rB o Fé]-A(J61+’x7n)dP+ 60/2.
B

B
As in Lemma we have that

i, oF]g =71l — T{g in Bn{ry, > ré} =Bn{ry,B>j}
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Now, let €2 be such that, if P(D) < g2 for some D C B then

/ rpo FLdP < g9/2 Vj € No. (5.8)
D

Let M* be sufficiently large such that P({r} > M*} N B) < g5/2. Let Na be such that Vn > N,
P(BN{ry, 5 < M}) < £2/2. We also assume that IN3 € N Vn > N3 M*P(U,) = M*v,! < ;.
Let G, = BN {r¥ < M*}n{ry, 5 > M}.

By construction, we have that P(B\ G,) < P(BN{ry, 5 < M}) +P(Bn {r¥ > M*}) <
£9/2 4+ €3/2 = 9 for n > No.

Since rp is integrable in B and P|p is Fp-invariant, then the sequence of functions {rp o Fé}jeN
is uniformly integrable in B, i.e., [grpo FhdP = [grpo ngP, V4,5 € N.
Observe now that in Gy, and for n > max{Na, N3} we have that
because, if x € G,, then x € BN {ry, p > M} which implies that z € BN {ry, 5 > j}. fz € G,
then r%(z) < rM(z) < M* and since n > N3, then 75 (2)v, ! < €1, and so
T o Fé(:r) vy =1y (2) € v, 7T and 1y (z) € v, JTT =y 0 F]f_-),(ac) € vpd
In this way, we obtain that, for n > N3,
A(J7,x,n) NG, C FZ/(A(J,%x,n)) NG, (5.9)

Fp? (A(J,x,1)) N Gn C A(JT, x,1) N Gy (5.10)

We then may write
/ 50 FL1p(gxm) © FLdP = / rp 0 FLlp(gxm 0 FLdP + / 750 FL1a(rxm) © FLdP.
B Gn B\Gn
By the choice of Ny and M*,
0< / B 0 Fhly(gxm 0 FLdP < / rg o FLdP < go/2.
B\Gn B\G»,
The last inequality follows from ([5.8)) since P(B\ G},) < 2. Thus,

/ TBOFélA(J,x,n)OFédPS / T’BOFélA(Jyx,n)OFédP—F?O S / TBOFé]‘A(JSIJ’”X’n)d]P)—i_ 50
B Gn B

The first inequality follows from (/5.9)).
On the other hand, we have that

/rB 0 F1p(sxm © FhdP > / rp o FL1p(gxm) o FLdP
B

n

Z/rBoFélA(J‘fl_’x,n)dP_/\ TBOFélA(J€1_7x7n)dPZ/TBOFélA(J€1_7x7n)dP_€O/2'
B B\Gp B

The second inequality above follows from ([5.10) and the last inequality follows from (5.8]). Hence,

/TBOFé]-A(JEI,x7n)dP_€0/2§/
B

rB o FélA(J,x,n) o Féd]? < / B O FélA(JelJr’x,n)dP'i‘ 60/2.
B B
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By ergodicity of Fp, by the Ergodic Theorem and Kac’s Theorem we obtain that, if M™* is

sufficiently large, then
M—-1

1 j _
/B Y Z rpo Fh —P(B) ! dP < /2.
j=0
Consequently,

M—1
— 1 . . B
/BIP(B) 11A(J6177x7n)dP—80§M E /BTBOFé]‘A(J,Xﬂ)OFIJS’dPS/BIP(B) 11A(J51+,x,n)dp+€0?
J=0

and the result follows. O

Finally, the last lemma allows to approximate Pg(A(J,x,n)) by Pg(AP(J,x,n)), where AP (J,x, n)
is defined as A(.J,x,n) by replacing the role of A,, by that of AZ.

Lemma 5.4. For any small €y, 1, > 0 and n sufficiently large we have
Pp(AB(J517,x,n)) — 0 < Pp(A(J,x,n)) < Pp(AP(J5H x,n)) + o
Proof. We recall that

N(Ip)(,u)
An(L)(z) = mu({Xi ticon (1) (20)"No )
§=0
and that
N([l)(x7u)
AE(I[)(%) = Z mu({XiB}iEUE(Il)j(x,u)ﬂNo)
§=0
where XJB =po F]g and v2 = m = %. Note that r%(x) = Zg;é rp o Fi(x).

By the Ergodic Theorem and Kac’s Theorem, we have that |% ngé rpoFb(z)— ﬁ\ — 0Pp-ace.

because Fg is ergodic with respect to P and fB rpdPp = ﬁ.

Observe that
1424

v o Fhla) — g <

J =0

1 ; 1
) — =45 )j<r ——+d 7.
* (557 ~9) <50 < (57 +9)
Define now the following subsets of B:
j—1

1 , 1
E5 = B:|—=—- | < F} <| == j > M ;.
M {l’ € (P(B) 63)] = Z%TBO B(x) = (P(B) +63> s v] = }
Note that Pg(B \ E}}) = 0. Let Fapy = {ry, B> M}. We have that B\ Fyy = BN
— 00
(F;Un U...U Fg(M‘”Un) and so Pp(B \ Far) < MP(Up) —— 0.

Let M be sufficiently large such that Pg(B \ Ej}) < €0/2 and Ny sufficiently large such that
Vn > Ny, ]P)B(B \ FM) < 60/2.

We have that F; C {7“%,7“3 > M} , Vi € N, since riUmB > ry,,B- Moreover, if © € Ef} N Fyy, then

r%]n’B(x)fl

<P(IB) _ 53> v p(z) <1 (2) = Z; rpo Fi(a) = rin? () < <P(B) + 83) 0, 5(@)-
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So, we may write ‘ '
ry () = (14 a)IP(B)_IT%]mB(x), (5.11)
where |a| < e3P(B).
Consequently,
r67L(x) € v, & v;lrbn(x) eJe(1+ a)(vf)_lr}]mB(x) eJ

& J ; 3
WB) "y pla) € (L +a) T = (WF) i, plz) € T,
where Jgp = sup J.

On the other hand, using again (5.11)),
r%’]mB(a:) e vB jesdse— o P(B)*lriUmB(x)vgl € Jedw o riUn () (1 + )"t e Jesdse—
= r%]n (x) € v, (1 + a)J53JS“P_ = T%']n (z) € v, d.

We then have

A(J,x,n) N Fy N ES © AB(JT=S7" x n)n Py 0 ES (5.12)
and
AB(Jeslwe= x n) N Far NESS C A(J,x,n) N Fayr N ESS. (5.13)

By (5.12)), we obtain
Pp(A(J,x,n)) < Pp(A(J,x,n) N Fy N EY) +Pp(B\ Fu) +Pp(B\ Eyf)
< PB(A('LX’”) N FM N E]E\/SI) + <o < PB(AB(J€/1+7X7 TL)) + €o,

where &) = =% Jsup- By (5.13), we obtain
]P)B(A(J7 X, n)) > PB({A(‘]’X7”)} N FM N Ei?[)
> Pp(AB(J57™ x n)) — Pp(B\ Fu) — Pp(B\ E53) > P(AP(J°17,x,n)) — &0,

where €1 = €3Jyp, concluding in this way the proof. O
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