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Dynamics for exclusion processes with random environments
of particle jump rates
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Abstract

We consider a continuous-time particle system with exclusion interaction on the integer
lattice. Each particle is assigned intrinsic left and right jump rates by an independent draw
from a common random environment. We identify the decomposition of the system into
maximal stable subsystems, which we call clouds. We show different qualitative behaviour
for the cloud decomposition corresponding to different regimes for the random environment
law that parallel the classical Sinai and Kesten—Kozlov—Spitzer regimes from one-dimensional
random walk in random environment. Our main result in the Sinai regime is that the
system is decomposed into an infinite number of finite clouds which all go to minus infinity
with rapidly decreasing speed magnitudes, and we obtain explicit associated distributional
limits. We analyse the model through the potential function associated with the random
environment. In the Sinai regime, deep potential wells trap particles, producing stable clouds
whose speeds are exponentially small in the well depth. Since successive wells are deeper, the
resulting clouds are successively slower. Thus the localization mechanism of Sinai’s random
walk manifests itself here as a jamming phenomenon, in which a potential well traps not
one walker but an entire block of mutually excluding particles.
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1 Introduction and results

1.1 Formulation of the model

We study a semi-infinite exclusion process in which each particle has its own randomly chosen
left and right jump rates. The interaction causes particles with different intrinsic drifts to
organize into maximal stable groups, or clouds, whose internal separations remain tight while
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distinct clouds separate. Our aim is to describe the typical cloud structure generated by a
random environment of particle rates.

Our main results describe the cloud partitions for natural classes of random environments,
which parallel the phase diagram for environments in random walk in random environment
(RWRE) on Z [19, 33, 36, 37]. For example, in the analogue of Sinai’s regime [35], we show
that, for almost all environments, the system decomposes into an infinite collection of finite sub-
systems whose size and intrinsic speed can be described asymptotically via a potential function,
indexed by particle labels, associated to the random environment. We show that the localization
phenomenon for random walk in random environment has an analogous jamming phenomenon
in the particle system context.

The system is described as follows. Particles are enumerated by N := {1,2,3,...} from the
left to the right (particle 1 is the leftmost particle, and there is no rightmost particle). The
kth particle has intrinsic jump rates ag,br € (0,00), given by the realization of the random
environment, where a; is the rate at which the particle attempts to jump one site to the left,
and by the rate at which it attempts to jump one site to the right. The exclusion interaction
means that jumps that target a site occupied by another particle are suppressed; consequently,
the order of the particles is preserved. See Figure 1 for a picture.
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Figure 1: Schematic of the model showing the leftmost 6 particles, illustrating some of the main
notation. Filled circles represent particles, empty circles represent unoccupied lattice sites, and
directed arcs represent admissible transitions, with exponential rates indicated.

The configuration space of the system is X, given by
X::{(wl,mg,...)GZN:x1<x2<-~}. (1.1)

Let X(t) = (Xi1(t), X2(t),...) € X be the configuration of the process of particle positions at
time t € Ry := [0, 00), started from a fixed initial configuration X (0) € X.

For deterministic jump rates, cloud decompositions were studied for finite systems in [27],
while [28, 29] investigated stability and dynamics of semi-infinite systems forming a single cloud.
The goals and methods of the present paper are different. Here we study the cloud structure
generated by an i.i.d. environment of particle rates, combining potential methods from one-
dimensional RWRE with coupling arguments and the finite-system theory of [27].

We use the notation w := ((ak, b), k € N) for the random environment, which we assume
lives on a probability space with probability measure P and expectation E. We suppose that,
under P, (a;, b;);>1 are independently sampled as random copies of a vector (0~,0%) € (0, 00)2.
The particle system in random environment is then, for fixed w, defined by taking (ag, br) to be
Markov transition rates of the kth particle, as described above. When the initial configuration
is € X, we use the notation P}, for the quenched (i.e., with fixed environment w) law of
(X (t), t > 0) started from X (0) = z, and we denote by E?, the corresponding expectation.

The central object in our analysis is the random potential obtained by summing the log-
ratios of the particle jump rates, which we define formally in Section 3 below. Roughly speaking,
stable clouds correspond to traps or wells of this potential: a sufficiently deep well produces a
group of particles which moves together, with a speed exponentially small in the depth of the
well. Thus a major part of the narrative of this paper is explaining how the large-scale cloud
structure is governed by the successive record wells of a one-dimensional random walk (in the
limit, Brownian motion).

We need to assume some regularity conditions on the random environment. The first “nest-
ling” condition (the terminology comes from the RWRE literature; see [37, 38]) ensures that



the particles may have drifts in both directions; in the absence of such an assumption we would
not get the possibility of deep potential wells.

(N) Nestling random environment. It holds that P[©@~ < ©T] > 0 and P[©@~ > ©1] > 0.

We assume a uniform ellipticity condition, i.e., that the rates are uniformly bounded away
from zero and infinity (this is standard in RWRE, for example).

(UE) Uniform ellipticity. For some g € (0,1) we have Plgg < ©F < ¢;'] = 1.
Observe that Condition (UE) implies that
for k := 2|logeg| < 0o we have P-a.s. that — k < log(©~/OT) < k. (1.2)

For technical reasons we also need a mild regularity assumption on ascending ladder heights
of the random walk with independent increments distributed as log(©~/O7). If we denote such
random walk by V' = (V,,,n > 0) and assume Vp = 0, then we can denote 74 := min{k : V, > 0}
and let n := V,, > 0 be the first ascending ladder height. The next condition assures that the
first ladder height is unlikely to be exceptionally small.

(LH) Ladder height. Suppose there exist positive constants v and dy such that for all small
enough y > 0 it holds that P[n > y] > 1 — ~y%.

Condition (LH) holds, in particular, for lattice environments and under natural bounded-
density hypotheses; see Lemma A.1. It need not follow from (UE) and (N) alone. Here is an
example for which all of the above conditions are satisfied.

Example 1.1. Let € € (0,1), and take ©~,07 to be independent Ule,e~!] random variables.
Then hypotheses (N), (UE), and (LH) are satisfied (for the latter, apply Lemma A.1). A

The sign of Elog(©~/©1), which is finite under hypothesis (UE), informs a phase diagram
resembling that for one-dimensional RWRE, and our results cover all three regimes. We give
our results for the case Elog(©~/0") =0 in §1.3 and for the cases Elog(©~/O%) £ 0 in §1.4.
In the zero-mean case, we show that the system consists of infinitely many finite clouds with
doubly exponentially decreasing speed magnitudes. When the mean is negative, all but finitely
many particles form a single semi-infinite stable cloud. When the mean is positive, there are
again infinitely many finite clouds, but magnitudes of particle speeds decrease polynomially.
Before formally stating our results, we formally define the concept of stable clouds that we have
so far discussed informally.

1.2 Stable clouds

Informally, a stable cloud is a maximal consecutive group of particles in which pairwise particle
separations remain tight while its distance from particles outside the cloud diverges. Note
that, typically, the decomposition into stable clouds will depend on the environment w, and,
in principle, can depend also on the initial configuration, as explained in Section 2.3 below.
We use notation [i,j] = {f € Zy : i < £ < j} (i < j) for a discrete interval, and write
[n,00) :={¢ € Zs : £ > n} (throughout Z, :=NU {0} = {0,1,2,...}).

The next definition says that a finite group of consecutive particles is a stable cloud if the
distance between the outermost particles in the group stays tight, and the distances of each
outermost particle with its neighbour outside the group tends to co in probability.



Definition 1.2 (Stable cloud, finite case). For i < j the group [4, j] is an (w, x)-stable cloud, if
(i) for every € > 0 there exists B € Ry such that

P (X;(t) — Xi(t) > B) <¢, forall t € Ry,

and (ii) for every B € Ry and every ¢ > 0 there exists tg € Ry such that P%,(X;41(¢) — X;(t) >

B) >1—¢ for all t > tg, and (provided i > 1) PY(X;(¢) — Xi—1(t) > B) > 1 — ¢ for all t > ty.
The semi-infinite case is similar.

Definition 1.3 (Stable cloud, semi-infinite case). The group [, 00) is an (w, x)-stable cloud, if
(i) for every j, k € [i,00), for every € > 0 there exists B € Ry such that

PE(1X;(t) — Xi(t)| > B) <e¢, forallt € Ry,

and (i

i) (prov1ded i > 1) for every B € Ry and every € > 0 there exists ¢ty € R4 such that
Po(X(t

)— Xi—1(t) > B) > 1—¢ for all t > 1.

1.3 Results: Sinai regime

Suppose that

(Ol
or = =0. (1.3)
By analogy with the RWRE case [35], we say this is Sinai’s regime for the random environment.
Note that (1.3) holds whenever ©~ and ©% have the same distribution, as they do in Example 1.1
above. Let 02 := Varlog(©~/0%); note 02 € (0,00) under (N) and (UE).

Our main result for Sinai’s regime is the following. Informally, in the Sinai regime the
particles organize themselves into successively larger finite clouds, which, up to a finite initial
section, we can identify explicitly with potential wells, and whose speeds decrease doubly expo-
nentially with the cloud index. The ratios of successive logarithmic speeds have an asymptotic
Pareto law, while cloud sizes and squared logarithmic speeds satisfy a distributional limit result.
We write “a.a.” for “almost all”.

Theorem 1.4. Assume Conditions (N), (UE), and (LH), and suppose that (1.3) holds. Let
X(0) = x € X. Then for P-almost all environments the system is decomposed into infinitely
many finite stable clouds, i.e., there exist pairwise disjoint, non-empty Cy, Ca, ...such that (i)
for every k € N and all i € Cy, and j € Cry1, @ < j, and (ii) CtUCyU--- = N, such that each Cj,
is stable in the sense of Definition 1.2. Moreover, the cloud decomposition is independent of the
initial configuration, and, for a.a. w there exist k1 and ko such that sequences (Ci,k > k1) and
([ + 1, hiy1], k > ko) coincide, where hy, are defined in terms of the potential in §4.1 below.
To every cloud k € N there is an associated speed sp = sg(w) for which the following hold.

Elog —

(i) For every k € N and every j € Cy, for P-a.a. w we have the strong law
lim ¢1X;(t) = sg, PY-a.s. (1.4)

t—o0
(ii) For P-a.a. w, it holds that, as k — oo,
sp=—exp(— ek(Ho(l))). (1.5)

(iii) We have, for all y > 1,

log |sk11]

: 1.6
log |s| 40

1
lim P&, > y] = —, where & :=
k—o00 Yy
Also, the random wvariables & are asymptotically independent in the sense that, for each m €
Zyy (&nyénsty -y &ntm) converges in distribution, as n — oo, to (6p,01,...,0m) a vector of
i.i.d. variables with P[0y > y] = 1/y for y > 1.



(iv) Let Sy, = Sk(w) denote the size of cloud k € N (i.e., the number of particles it contains).
There is a non-negative random variable Y, the first hitting time of 2 by a 3-dimensional Bessel
process started at 0, with

00 2,2
P<Y§y>=1—22<—1>m+lexp{—”my}7 (1.7)
m=1 8
such that (where = denotes convergence in distribution)
S,
2716 = Y as k — oo. (18)
log™[sk[~t o

While Theorem 1.4 describes the speeds and sizes of stable clouds, the next result describes
the speed of a given particle. The two results are related, since determining the particle’s speed
essentially amounts to determining which cloud it belongs to.

Theorem 1.5. Assume Conditions (N), (UE), and (LH), suppose that (1.3) holds. Let
X(0) =z € X. To every particle n € N there is an associated speed vy, = vp(w) < 0 such
that, for P-a.a. w,

lim t 7' X, (t) = v, P-a.s. (1.9)

t—o00

Moreover, there is a non-negative random variable Z, given in terms of standard Brownian
motion at (4.30) below, with

8 — Ly 72(2m + 1)?
P(Z<2)=— > (@2m+1)%exp {—822 , (1.10)
m=0
such that the speed of the nth particle satisfies
n"Y2log |vn| ! = 0Z, asn — . (1.11)

Remark 1.6. The explicit distributions for the limit random variables Y and Z from (1.7)
and (1.10) are reminiscent of certain limit distributions in the theory of RWRE, such as identi-
fied by Golosov [16] and Kesten [20]. These distributions likewise arise from potential-well-type
functionals of Brownian motion. We have, however, been unable to find either of the distribu-
tions of Y or Z explicitly in the RWRE literature.

1.4 Results: Kesten—Kozlov—Spitzer regime

The case when Elog(©~/©1) # 0 is sometimes referred to in the RWRE literature as the
Kesten—Kozlov-Spitzer or KKS regime, after [19]. For some of the results in this section, we
restrict our initial configuration to the finite configurations (meaning configurations with finitely
many holes), Xp C X, given by

Xp :={r € X:x41 —z; = 1 for all but finitely many 7}. (1.12)
First, we will show that the case
o-

is relatively easy to treat: some finite (w-dependent) number of leftmost particles will escape
to —oo (at least in probability), and the rest forms a stable system. Indeed:

Theorem 1.7. Assume Condition (UE) and (1.13). Let X(0) = = € Xp. Then there exists
an a.s. finite random variable N = N(w), whose precise definition is given in (5.1) below, such
that, for some c1,co > 0, P[N > k] < c1e=?* for all k € 7, , and, P-a.s., {N,N+1,...} isa
semi-infinite (w, x)-stable cloud, as defined in Definition 1.3.



Note that Theorem 1.7 does not need Condition (IN) or (LH). We expect that it should be
possible to extend the range of initial conditions for which Theorem 1.7 holds: see Remark 5.1
below. A more interesting case is

(C]

In this case, we show that there are infinitely many stable clouds, and all particles will go to —oo
at speeds whose magnitudes decrease polynomially with the particle label.

Theorem 1.8. Assume Conditions (N), (UE), and (1.14). Let B > 0 be the unique positive
number such that

E[(6F/07)""] =1.

Let X(0) =z € X. Then for almost all environments the system is decomposed into an infinite
number of finite stable clouds. To every particle n € N there is an associated speed vy, = vy, (w)
such that, for P-a.a. w we have the strong law

lim ¢t 71X, (t) = v,, PZ-a.s., (1.15)
t—o00
and we have, for P-a.a. w, v, = —pA+e) s n — .

Remarks 1.9. (i) Existence and uniqueness of 5 > 0 in the hypothesis of Theorem 1.8 follows
from the fact that, using (N) and (1.14), the function s — logE[(©T/©7)*] is strictly convex,
has value 0 and negative derivative at s = 0, and tends to 400 as s — 00, so crosses 0 exactly
once for s > 0.

(ii) In the KKS regime it is harder to “separate” clouds. In Sinai’s regime, the successive
record-well depths grow exponentially with the well index, yielding strong separation between
the associated speeds. In the KKS regime, the deepest relevant wells up to particle n have
depth only of order logn, and the resulting speeds are separated only on polynomial scales. For
this reason we do not provide an analogue of the detailed cloud identification in Theorem 1.4.

1.5 Some comments on the literature

The process of inter-particle separations associated to the exclusion process is a particular case
of the zero-range process. Since the 1990s, there has been extensive study of zero-range and
exclusion processes with disordered environments, including heterogeneous but deterministic,
or randomly chosen, rates; in the exclusion process, rates attached to particles (as in our case)
correspond to rates attached to sites in the zero-range process. However, to the best of the
authors’ knowledge, the present setting is not considered in any previous work. We refer to [2—
5, 11, 15] and references therein for extensive results on phenomena concerning convergence to
equilibrium and hydrodynamic limits. Our emphasis is different: rather than equilibrium or
hydrodynamic behaviour, we study the almost-sure large-scale decomposition of a fixed random
environment into dynamically coherent particle clouds, and relate this decomposition to the
record-well structure of its random potential.

The papers closest to the present setting include work of Benjamini et al. [6], Krug and
Ferrari [23], and Evans [8, 9], and a more recent programme of Bahadoran et al. [3-5]. In
several of these papers the (non-random or random) environment is chosen so that there is a
global drift of particles in one direction (for example, in [9, 23] the process is totally asymmetric
with a random environment of one-directional rates attached to particles and taking values in a
bounded interval), and various aspects of the dynamics are dominated by the slowest particles.

Another set of literature looks at exclusion processes in which the random environment is
attached to sites, rather than particles: we refer to, e.g. [10, 12, 18, 24, 34]. Because of the
connection between exclusion processes and Jackson queueing networks (see Section 2.1 below)
there is also to be found some adjacent literature on queueing networks in random environment:
we refer to, e.g. [14, 22, 39].



1.6 Outline of the paper and proof strategy

Section 2 gives some preparatory results, partially known from prior work, including the repres-
entation of the particle system as a Jackson network (§2.1), some results on finite systems (§2.2),
and some results on stable clouds of infinite systems (§2.3). Section 3 introduces the potential
function that is our main tool in the proofs in both Sinai and KKS regimes. Section 4 gives
the proofs in the Sinai regime, constructing potential wells and analysing their depths (§4.1),
identifying the candidate clouds and controlling their speeds (§4.2), and then presenting in turn
the proofs of Theorems 1.4 and 1.5 (§4.3), up to the exact identifications of the distributions of
Y and Z, which are given in §4.4. The proofs for the KKS regimes are given in Section 5. The
Appendix contains Lemma A.1 on the condition (LH).

Before getting into technical details, let us give some heuristics about the role of the potential
function that lies at the heart of this paper. First, it turns out (due to explicit formulas seen
e.g. in [27]) that a putative cloud of particles is stable if its shape corresponds to a well in
the potential, and, moreover, the depth of that well determines, roughly, the speed of that
cloud. The main difficulty is to pass from potential wells to clouds in the interacting infinite
system. A block that is stable in isolation need not remain a separate cloud when other particles
are present. In Sinai’s regime, the potential function is approximately a trajectory of Brownian
motion, and, roughly, scale invariance shows that the statistics of successive wells are related one
to the next by a random scale factor. Understanding this picture gives rise to the main results
on Sinai’s regime. In the KKS regime the same potential picture persists, but the potential has
non-zero drift, leading to a different hierarchy of wells and hence of cloud speeds.

2 Preparatory results

2.1 Jackson network representation

In this section we recall from [28] a representation of the particle system in terms of a Jackson
network of infinitely many queues; the link between exclusion processes and Jackson networks
is well known, going back at least to [21] (see [27, 28] for further literature).

First, in some generality, consider a countably infinite system of queues, enumerated by N.
The parameters of the system are arrival rates A = (\;)en, service rates pu = (p;)ieny and
P = (P;j)ijen, a sub-stochastic routing matrix. Exogenous customers entering the system
arrive at queue ¢ € N via an independent Poisson process of rate \; € Ry. Queue ¢ € N serves
customers at exponential rate p; € Ry (i.e., in Kendall’s notation, we have an M/M/1 queue
at each server). Once a customer at queue i is served, it is routed to a queue j with probability
P;j, while with probability §; :=1— )" jeN P;; the customer departs from the system.

Provided } ;A > 0 and ), d; > 0, customers both enter and leave the system, and it
is called an open Jackson network. We assume that every queue can be filled, meaning that, for
every ¢ € N, there is a j € N and k € Z4 for which A; > 0 and (Pk)ji > (, and that every queue
can be drained, meaning that, for every ¢ € N, there is a j € N and k € Z for which §; > 0
and (Pk)” > 0.

We now explain the Jackson network connection to the particle system model as described
in Section 1.1; we use the notation introduced there. Define n(t) := Xpy1(t) — Xi(t) — 1, to
be the number of holes between consecutive particles at time ¢t € R;. Define

i = by + a1, for i € N, (2.1)

and
Al :=aq, and \; := 0 for ¢ > 2. (2.2)



Also define the matrix P := (P; j); jen by

bi bi
P qi=—=—"— fori>2;
pi  bitait (2.3)
Q41 Qi+1 . ’
Py = = , fori>1;
A pi b+ aip

and P, j := 0 for all 4, j with |7 — j| # 1.

The process n := (7;);en can, under appropriate conditions on the rates and initial states, be
realised as the queue-length process for a corresponding Jackson network, namely, the Jackson
network with parameters A, and P given as functions of (a;,b;);eny through formulas (2.1),
(2.2) and (2.3).

In the queueing network, the customers waiting at queue k£ are equal in number to the
unoccupied sites between particles k and k41 in the particle system. Exogenous customers enter
the queueing network only when the leftmost particle jumps to the left (rate a;). Customers
at queue k are served if either particle k& jumps right (rate by) or if particle & + 1 jumps left
(rate agy1). If particle k£ jumps right, the customer is routed to queue k — 1 (if k > 2, at rate
by = piPpr—1) or leaves the system (if k = 1). If particle k + 1 jumps left, the customer is
routed to queue k + 1 (at rate a1 = ppPyry1). Customers leave the system only when the
leftmost particle jumps to the right (rate p1d; = b1). Then a particle conservation argument
leads to a construction of X7, the position of the left-most particle, via

Xi(t) = X1(0) = = > (me(t) — m(0)), whenever » n(0) < oo. (2.4)
keN keN

Under condition (UE), existence and construction for both the queueing network and the
associated particle system is given for fixed environment in [28].

2.2 Some results on finite systems

Later we will use repeatedly the concept of intrinsic stability of a group [i, j] of particles in the
semi-infinite system, which means that if all particles outside the group were removed, then the
whole system would be a single stable cloud (in the sense of Definition 1.2); we give a definition
in terms of formulas at Definition 3.1 below. In our later argument we often also use coupling
and comparison results between the infinite system and various finite systems. To study these
finite systems we rely on some relevant results from [27], which we summarize in this section.

The finite system of n particles (hence n—1 queues) has parameters a1, b1, ..., a,, by, having
the same meaning as in Section 1.1, so that particle k& € [1,n] performs a nearest neighbour
random walk, rate ax to the left and by to the right, subject to the exclusion rule. The Jackson
network correspondence is similar to that described in Section 2.1 (see [27, §3]), but now cus-
tomers may also enter or depart the system from queue n — 1 (at rates b, and a,, respectively).
We denote by X, (t) the location of particle & at time ¢.

Let us recall the following notations from [28]:

op =1, and oy, := e Y eN; (2.5)
by - by
1 ag Qg -+ - ag
=0, and B == — + 4ot 2 2 fork eN. 2.6
o o b brbr—1 b -+ - b (26)
Also define ) 5 "
Up 1= —n _ L On a1 e . (2.7)

571 blbn_1+b1bn_2an++a2an

and set py 1= ay + v, 0 for k € [1,n —1].
The following result gives the intrinsic speed of a finite stable system.



Proposition 2.1 (Finite stable systems; Corollary 2.6 in [27]). Let n € N and suppose that
ag,bi € (0,00) for 1 < k <n. Then if p <1 for all k € [1,n — 1] the n-particle system is a
single stable cloud and, for every k € [1,n], we have

li Xn,k(t) o

im ————= = v,, a.s.

t—o00 t

We will also consider modifications of the dynamics of a group [i,j] in the semi-infinite

system which we call infinite pressure from the right, which corresponds to setting b; := 0, that
is, the rightmost particle of the group is forbidden to jump to the right (i.e., one may imagine
that there is always another particle just next to it, hence “infinite pressure”). We discuss some
applications of that later; for now, let us note that it is intuitively clear that this operation
preserves the intrinsic stability of a group. Putting the infinite pressure from the right on the
n-particle system described above amounts to setting b, := 0.

Remark 2.2. The results of [27] permit a; = 0 and so, by swapping the roles of the a; and b;
apply to the finite systems with infinite pressure considered here.

We need the following result about infinite-pressure systems.

Proposition 2.3 (Finite stable systems with infinite pressure). Assume that the n-particle
system is stable, and then change the value of b, to zero. Then the resulting system is stable
and its speed 1s given by

~ an al"'an (28)
Up 1= ——— = — . .
" B by - by1+bi-bpy_oay+-+as---an

(Observe that, even though oy, and (3, depend on by, the expression in (2.8) does not.)

Proof. Since the original system is stable, pp = oy + v, Bk satisfies pr, < 1 for all k € [1,n — 1].
Setting b, = 0 does not change the «ay, Sy for k € [1,n — 1], but replaces v, by 0, < vy,
obtained from removing the first term in the numerator from the rightmost expression in (2.7)
(Corollary 2.6 in [27] applies, see Remark 2.2). Hence the p; corresponding to the modified
system also satisfy pp < 1 for all k£ € [1,n — 1]. So the modified system is stable and its speed
is Uy,. ]

We finish this section with some stochastic monotonicity results.

Proposition 2.4. Consider a finite system of particles labelled by [1,n].

(i) For any k € [1,n — 1], there is a coupling of the system [1,n]| and the system [1,k] with
infinite pressure from the right at k, such that particles [1, k] start in the same relative positions
and every particle in the smaller system is no farther to the right than its counterpart in the
original system.

(ii) For any k € [1,n — 1], there is a coupling of the system [1,n] and the system [k,n], such
that particles [k,n] start in the same relative positions and every particle in the smaller system
18 no farther to the right than its counterpart in the original system.

Proof. We prove part (i). The coupling construction uses the basic coupling (or Harris graphical
coupling, see [25, Ch. II]) for the exclusion dynamics. We describe the coupling between system
[1,n] (with particle positions X;(t),...,X,(¢t)) and system [1, k] with infinite pressure at k,
whose particle positions we denote Y7 (t),...,Yx(t). We start the coupling with X;(0) = Y;(0)
for 1 < ¢ < k and use the same Harris graphical construction to execute jumps. We claim the
ordering Y;(t) < X;(t) for all « € [1,k] and all ¢ > 0 is preserved. To verify the ordering is
preserved, suppose it holds immediately before a clock rings. For the left-jump of particle ¢, we
must show that X; cannot jump left when Y; is blocked at a time when X; = Y] (we suppress



the time index for ease of reading). Indeed, if Y; is blocked then Y;_; = Y; — 1 and since
Y, 1 < X;1 < X; =Y; we must have X; 1 = X; — 1, so the jump of X; is also blocked. A
similar argument shows that for ¢ < k, we cannot have that Y; jumps right when X; is blocked,
from X; =Y;. It follows that the ordering is preserved at every graphical event, demonstrating
the existence of the coupling claimed in part (i). A similar coupling applies for the removal of
the particles to the left and proves part (ii). O

2.3 On stable clouds of infinite systems

Here we briefly discuss a general question about how to identify finite stable clouds of a semi-
infinite system. This question in its full generality was intentionally left out of our paper [28].
To indicate the difficulty, note that the notion of a stable cloud in the semi-infinite case may
depend on the initial configuration, as the following example shows. Consider first a stable
semi-infinite system that has more than one admissible solution, with the corresponding speeds
of these admissible solutions corresponding (say) to the interval [0,2] (to construct such an
example see Example 1.17 of [28]). To the left of this semi-infinite system, add one particle
with intrinsic speed equal to 1. Then, when starting from a finite initial configuration, the whole
system will be stable (that is, we would have only one stable cloud), with zero speed. However,
if we start at a sufficiently sparse configuration where the semi-infinite cloud is able to achieve
speed 2, then it will separate from the unit speed leftmost particle, meaning that there will be
two stable clouds in the system.

In the context of the present paper, the phenomenon described above does not occur. In-
stead, we will be typically in the situation where there are infinitely many stable clouds with
strictly ordered speeds. In this case we are able to make use of couplings between the infinite
system and appropriate finite systems as described in the following lemma.

Lemma 2.5. Suppose that, for some ko > 0, after putting an infinite pressure (from the right)
to koth particle (i.e., setting by, = 0, thus “detaching” the first ko particles from the rest of
the system), the resulting finite system can be decomposed into strictly more than one stable
clouds, C1,...,Cn,Cin+1, where kg € Cppqq. Let s1 < 59 < -+ < spp1 < 0 be the speeds of these
clouds; assume now that there exists k < m such that s < si11 (i.e., there is a transient queue
separating Cy, from Ci1).

In such situation, there exists a coupling of the original queue process n with the infinite
pressure queue process 7, such that there is a random time T with the property that for all
Jj=1,...,k it holds that n(t)|c, = 7(t)|c; for allt >T.

Proof. The stated coupling can be described in the following way: the customers in 77 are first-
class customers, and additional customers that may come to the original system in comparison
with the infinite pressure one are second-class customers' which have lesser priority in service
(i.e., they can only be served when there are no first-class customers in the queue). For the queue
process 17, let Ty be a random time (which is not Markovian) after which the transient queues
which separate the stable clouds never become empty. Then the crucial observation is that the
second-class customers never leave such queues after Ty, and therefore they are not transferred
to C1,...,Ck. Then, those second-class customers which were present in 7)|cj, j=1,...,kat Ty
will eventually either leave the system or get stuck in a transient queue forever.

Indeed, consider any fixed second-class customer which is to the left of the transient queue
separating Cj and Cj41. For each stable cloud C;, the first-class Jackson network on its finitely
many internal queues is irreducible positive recurrent, so it returns to the all-zero state infinitely
often a.s. At each such return there is a strictly positive probability that a given second-class
customer present in that cloud is served through a prescribed finite sequence of transitions and
exits the cloud before the next first-class arrival. Since there are only finitely many second-class

!That is, the second-class customers are those that come to the rightmost queue from the outside.
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customers to the left of the transient queue at time T, and no new second-class customers can
enter this region after T, the preceding probabilities may be bounded below uniformly by a
positive constant. Consider now any separating queue lying to the left of the transient queue
between Cy and Cypy1. Pathwise, either this queue is empty infinitely often, or there is a finite
random time after which it is never empty. In the latter case, any second-class customer which
reaches this queue is trapped there forever. In the former case, at each time at which the first-
class queue is empty, a second-class customer present there has a probability bounded below
by a strictly positive constant of being served before the next first-class arrival. Hence, on the
event that the first-class queue is empty infinitely often, every second-class customer present
there is eventually served from the queue almost surely.

Thus a tagged second-class customer cannot remain forever in any stable cloud, and at each
separating queue it is either eventually passed on or becomes trapped there forever. Since there
are only finitely many stable clouds and separating queues to the left of the transient queue
between Ci, and Cyy 1, every second-class customer present to the left of this separator at time Tg
is eventually either removed from the system to the left or trapped forever in a separating queue.
Since there are only finitely many such second-class customers, there is a finite random time T
after which no second-class customer is present in any of the internal queues of Cy,...,Cx. O

Corollary 2.6. Assume that there are two sequences of positive integers k1 < ko < k3 < --- and
Ky < ky <ky <--- also with the property that k; < k; for all j, such that, when putting infinite
pressure at kj, the k; th queue is transient. Then the system is decomposed into infinitely many
finite clouds with non-decreasing speeds, and there is an infinite number of transient queues.

Proof. Couple two infinite-pressure truncations at k < k by regarding the additional customers
generated by the particles in (k, k] as second-class customers. Starting from the same queues

on [1,k —1], this gives nz-(k)(t) < nz(k) (t) (superscript indicating the truncation), for all ¢ < k and
all ¢t > 0. Hence any queue which is transient in the truncation at k remains transient after
moving the truncation point to the right.
Fix r, and choose J sufficiently large. Then the truncation at k; has the transient queues
1,-.., k., and hence at least r + 1 stable clouds separated by these queues. Apply Lemma 2.5
using the transient separator k.. The internal queue processes of all clouds lying to its left
eventually coincide with those in the infinite system. Moreover, under the same coupling the
separating queues in the infinite system dominate their finite-system counterparts, so the sep-
arating gaps still diverge in probability. Thus these are stable clouds of the infinite system,
with the same, non-decreasing speeds as in the finite truncation. Since k. — oo, every particle
belongs to such a finite cloud. Finally, the domination also shows that every k! remains tran-
sient in the infinite system. Hence there are infinitely many finite clouds and infinitely many
transient queues. O

3 Finding stable clouds with the potential

In this section we define the potential and argue that it is a convenient tool for identifying stable
clouds and their speeds. The potential function (or simply potential) V : Z4 — R is defined by

V(0):=0, and V(n) := ilog

j: for n € N. (3.1)
=1

4
b

The potential is used extensively in the context of one-dimensional RWRE: see e.g. the definition
of w(™(t) on p. 257 of [35], or the first display in Section 2 of [13]. In the context of RWRE
the idea is that one frequently represents various quantities associated to the behaviour of the
random walk in terms of the potential, so that an analysis of the behaviour of the potential
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leads to conclusions about the behaviour of the random walk (in a particular environment). In
our context, something similar is true, as we shall explore in this section.

We point out that the choice of the initial condition V' (0) = 0 is rather arbitrary (although,
of course, natural). In the following, when discussing intrinsic stability of some finite groups of
particles, we will frequently consider finite pieces of the potential that do not necessarily start
at zero; therefore, we typically present formulas in terms of the potential differences so that
they can be applied whether or not the leftmost particle we are considering at the time is the
leftmost particle overall.

We will frequently need to consider finite groups of consecutive particles, and answer ques-
tions like if that group would be intrinsically stable (meaning it would be stable if all the other
particles were removed from the system). First, let us note that the formulas (2.5)—(2.6) can
be rewritten in the following way in terms of the potential:

k
ap = eV W=V for k¢ Z, and By := Za[lev(’“)*v(hl) for k € N. (3.2)

Then, consider a group [ip+1, ..., i9g+n] together with the potential V' on the interval [ig, . .., i+
n] and observe that the formulas (2.16) and (2.17) of [27] can be rewritten as

Pk = eV (k) =V(io) 4 5 Z a; V=V for k [io + 1,70 + n], where (3.3)
{=ig+1
1 — V(io-l-’n)—V(io)
U . 3.4
v Z@Otfﬂ a7 LV liotn)=V (1) (34)

Definition 3.1 (Intrinsic stability). We say the group [ig + 1,...,i9 + n] of n particles is
intrinsically stable if pp, < 1 for all k € [ip+1,...,i0 +n — 1], where py, is given by (3.3). If the
group is intrinsically stable, we say its intrinsic speed is v given by (3.4).

Remarks 3.2. (i) If the group [ig + 1,...,40 + n] is intrinsically stable, then when considered
as an isolated n-particle system it forms a single stable cloud (in the sense of Definition 1.2)
and has speed © given by (3.4) (cf. Proposition 2.1).

(ii) If the group [ig+1,... 40+ n] is intrinsically stable, then so is the same group with infinite
pressure from the right, i.e., when we set b;,4, = 0. This follows in the same way as for isolated
systems as in Proposition 2.3.

(iii) If the group [ig + 1,...,4i9 + n] is intrinsically stable, then, due to an elementary coupling
argument, it is contained in a single stable cloud in the system [1,m] (with or without infinite
pressure at m), where m > ig + n.

An immediate observation is that, in the case when the group [ig+1, ..., ip+n] is intrinsically
stable, the speed ¥ is positive (respectively, negative, zero) if V' (igp +n) < V(ip) (respectively,
V(io+mn) > V(io), V(io+n) = V(ip)). So, we will frequently study finite pieces of the potential
in order to draw conclusions about the intrinsic stability and speed of the corresponding group
of particles. Also, in this section we will typically assume ig = 0, since this obviously does not
restrict generality.

Having motivated the relevance of the potential, the main goal of this section is to under-
stand how the potential V' of stable (and unstable) clouds should behave. As an initial easy
observation, note that if V' looks like in Figure 2, then we have a stable cloud. More precisely,
the following fact holds:

Lemma 3.3. Assume that V(0) = V(n) = 0; then, the group [1,n] is intrinsically stable (and
has zero speed) if and only if V (k) <0 for all k € [1,n — 1].

12



Figure 2: An example of a potential profile of an intrinsically stable, in the sense of Definition 3.1,
system [1,7n] (see Lemma 3.3): V(0) = V(n) =0, and V (k) < 0 for k € [1,n — 1]. In this and
subsequent illustrations of the potential, we often take the licence to represent the potential by
a smooth curve.

\J

0] | Jr “Jg‘: Js

Figure 3: Finding stable clouds: for each j = 1,2, 3, the particles from .J; form an intrinsically
stable group. We do not claim that, in the infinite system, e.g., J; and Jo should be in different
stable clouds in the sense of Definition 1.2.

Proof. Indeed, (3.4) implies that © = 0 so, by Definition 3.1 and (3.3), we have that the cloud
is stable iff pr, = ¢V(*®) < 1 for all k € [1,7 — 1], which means V (k) < 0 forall k € [1,n—1]. O

The above is a very basic and also somewhat “rare” example (it is not easy to be so lucky
to have V(n) exactly equal to 0); the next situation is more general:

Lemma 3.4. Assume that V (k) <0<V (n) and V(k) < V(n) for allk € [1,n—1]. Then [1,n]
18 intrinsically stable.

Proof. Suppose that [1,n] is not intrinsically stable; consider its decomposition into stable
clouds. Let v be the speed of the leftmost stable cloud and v* be the speed of the rightmost
one. Then, (3.4) would imply that v > 0 and v* < 0; this is a contradiction, since cloud speeds
are non-decreasing from left to right (see [27, Theorem 2.1]). O

It is important to note that we can use Lemma 3.4 to identify groups that should be parts
of stable clouds; see Figure 3. Also note that this procedure finds clouds that have non-positive
intrinsic speeds (one can also formulate an analogous result for finding clouds with non-negative
intrinsic speeds, but the present form of the lemma is better tailored for the needs of this paper).

The following result goes in the converse direction: it shows that for stable clouds the global
maximum for the potential must be attained at (one or both of) the extremities.
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Figure 4: Illustration of the definition of the depth at (3.6).

Lemma 3.5. Assume that group [1,n] is intrinsically stable, and let

M={ke{0,....n}:V(k) = max V(j)}

0<j<n
be the set of the global mazima of the potential on the interval [0,n]. Then M C {0,n}.

Proof. Note that we can assume without restricting generality? that V' (0) > V(n). Then © > 0
by (3.4), so (3.3) gives pp > V¥~V () and the stability condition p;, < 1 implies V (k) < V/(0)
for all k € [1,n — 1]. Since also V(n) < V(0), we get M C {0,n}. O

As discussed in Section 2.2, it is a simple observation that, if we have a stable finite
group [1,n], then setting b, to zero preserves the stability (and makes the speed smaller);
recall that we refer to this operation as putting infinite pressure to the right extreme of the
group. As before, we will typically use the notation ¢ for denoting the speed with infinite pres-
sure from the right. This is also useful for the original semi-infinite system: if we have a good
estimate on ¥, then we know that, whatever the particles on the right do, they cannot increase
the magnitude of the speed of our cloud beyond |?|. Let us rewrite the formula for the speed
under infinite pressure (see Proposition 2.3) in terms of the potential, with the help of (3.2):

eV(TL)—V(O)

C LV(m)—V(n-1) 4 ... 4 ieV(n)—V(O)

an

(3.5)

[S3
|

(note that eV () will cancel, so, in fact, the above expression does not depend on bp).
Now, we define one of the central concepts of this paper. For [ny,ns] C Z4, let the depth of
the potential on this subinterval be defined by
D = l) —V(k ly) —V(k))). .
(ning) = max max ((V(E) = V) A (V(E) = V(1) (3.6)
k<tz<ng
In words, the depth is the “maximal height to overcome” when going out of the interval,
maximized over all starting points: see Figure 4. Also note that (3.6) takes the convenient form

D(ny,ng) = mrg?%(nz (nfrgz)ékV(é) — V(k)) whenever V' (ng) = mrgjagxm V(j), (3.7)
i.e., the depth is equal to the maximal descent from the running maximum when the maximum
potential is attained at the end of the interval.

A very important observation (which will be made rigorous in Lemma 3.6 below), is that
regions of significant depth, or potential wells (such as the one below the horizontal dotted line

2This is because one can “mirror” the system by setting the transition rates to (bn,an),..., (b1,a1); then the
potential will also be “mirrored”.
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Figure 5: Illustration for the proof of Lemma 3.6; this time, for more precision, the illustration
retains the discrete nature of the potential.

in Figure 4) tend to slow down the corresponding particles due to what we call jamming: the
particles in the left part of the well tend to want to go to the right, while the particles in the
right part of the well tend to want to go to the left, which results in a “traffic jam”. For this
reason, we also refer to such regions as traps; the role of traps is analogous to their role in
localization for RWRE.

The next result says that the speed of a stable cloud is roughly inversely proportional to the
exponential of the depth of the associated potential well.

Lemma 3.6. Assume that g9 < a < eal and gy < b, < 551 for some gy > 0, and all k € [1,n]
(i.e., the same assumption as in (UE)). Suppose that group [1,n] is intrinsically stable, and
assume also that V(n) = maxo<j<pn V(j), which implies that the intrinsic speed satisfies 0 < 0.
Denote by © < 0 the speed of group [1,n] with the infinite pressure from the right® (note that
|| > |0] by assumption that all by, > 0). Then with D defined at (3.6) we have

] < g5 e PO, (3.8)

and
0] > egn ™t (1 — e~ (V()=VI(0))o=POn) (3.9)

Proof. We refer to Figure 5 for a visualization of several of the quantities defined in this proof.
First observe from (3.7) and the fact that V(n) = maxo<j<, V(j) that

D(0,n) = ( - V(k)). 1
(0,n) = max { max V(£) —V(k) (3.10)
To prove (3.9), let k' € [0,n] be the smallest k£ such that V (k) = ming<j<, V(j). In the
formula (3.4) for , since V' (n) > V(0), the absolute value of the numerator equals e" (" =V(©) (1 —
e*(v(”)*v(o))), while the denominator is bounded above by aglnev(”)*v(k/). That is,
6] > eon ' (1 — e~ (V) =V(0))e=(V(O)-V(E)

where, by (3.10), D(0,n) > maxo<k<n(V(0) — V(k)) = V(0) — V(K'), which gives (3.9).

Next, we prove (3.8), so we consider the system with infinite pressure from the right. Let kg
be the largest k € [0,n] for which we have

— -D
Orgggk‘/(ﬁ) V(k) =D(0,n),

i.e., the largest site where the maximal descent from the running maximum is achieved. Define k;
to be the largest k € [0, ko] such that V (k) = maxo<j<k, V(j). Note that V (k1) < V(n), by
hypothesis. Observe that, by construction and (3.10), V (k1) — V (ko) = D(0,n).

3Recall from Remark 3.2(ii) that the system with infinite pressure is also stable.
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Figure 6: Another situation with one stable cloud.

Next note that kg = n if and only if D(0,n) = 0, which by (3.10), occurs if and only if
V(0) < V(1) <--- <V(n). In this case (3.8) follows directly from the fact that the denominator
in (3.5) is bounded below by ge¥ (M=) Suppose instead that ko < n. Then define

ko := min {k > ko : V(k) > V(k1)},

and observe that the group [k1 + 1, ko] is intrinsically stable, by Lemma 3.4. Then, observe that
the magnitude of the speed of this cloud with infinite pressure from the right will be at least |7,
because (i) the infinite pressure at ko is at least the “pressure” from the presence of any particles
in [ky + 1,n] and infinite pressure at n, and (ii) any particles in [0, k1] serve to slow down the
cloud’s movement to the left. More formally, start the system [1,n] with infinite pressure at
n, and the subsystem [k; + 1, k2] from corresponding positions, with particles [1, k1] removed
and infinite pressure imposed at k. Then applying both parts of Proposition 2.4 shows that
there is a coupling under which each particle of the subsystem remains no farther to the right
than its counterpart in the original system. Hence an upper bound for |9| is the magnitude of
the speed of the system [k; + 1, k2] with infinite pressure from the right. For the latter, we use
the appropriate version of the formula (3.5), the denominator of which is bounded below by
e (k2)=V(ko) (recall that ko < ko). Hence we get

5] < 561eV(kz)—V(kl)—(V(kz)—V(ko)) — gale—(V(kl)—V(ko))

)

which yields (3.8). O

To give a flavour of what we are going to do in the next section, let us discuss the situation
shown in Figure 6: we want to argue that the whole cloud has to be intrinsically stable. The
idea is that, first, by Lemma 3.4, the particles in [1,n;] should belong to the same stable cloud,
and, by (3.8), the absolute value of the speed of that cloud has to be quite small, around e P
at most. Now, let us think of the stable cloud that contains the rightmost particle (n). If we
assume that this cloud does not contain those particles with indices in [1, n1], then, by (3.9), the
absolute value of its speed would be much larger than e~ due to the fact that D(nq,n) < D
(note also that the speed has to be strictly negative since the maximum of the potential is at n).
The associated strong law for finite systems (see Theorem 2.1 of [27]) then gives a contradiction,
as particles to the right would want to go to the left faster than particles to the left. It follows
that there can be only one stable cloud, travelling to the left with speed of roughly e~ P.

4 Proofs in Sinai’s regime

4.1 The construction and growth of record wells

In Sinai’s regime, conditions (UE) and (1.3) ensure that the potential defined by (3.1) is a
trajectory of a random walk whose increments are bounded and have mean zero. As already
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discussed in Section 3, the behaviour of the potential can be linked to the problem of determining
which groups of the particles in the particle system form stable clouds, and what the intrinsic
speeds of these clouds are. In this section we give an explicit scheme for determining the
stable clouds from the potential, and use the fact that the potential is well-approximated by a
Brownian motion trajectory to draw conclusions about statistics of those stable clouds.

We describe a construction that lets us identify potential wells through successive local
maxima and minima of the potential, and to define associated well depths: see Figure 7 for a
diagram. First define the descent depth from the current maximum as

L(z):= max V(y) — V(z). (4.1)

0<y<z

: 3 u [\ z ; ;
0 hg U1 hy \: s ho us hs

Figure 7: Illustration of the definition of potential wells. Roughly, the h; and u; are interlacing
local maxima and minima, and the d; are the corresponding depths of the wells.

\J

Then, we set (here and in the sequel arg min and arg max always choose the leftmost can-
didate in case there are ties)

ho :=min{n >0:V(n+1) < V(n)},
¢y :=min{x > hg : L(x) > 0},
my :=min{z > {1 : V(z) > V(hg)},

up = arg min V (z),
z€lho,m1]

d1 = L’(ul),
and then, inductively, for k € N,

lyq = min{x > my, : L(x) > di},
hi == argmax V(x),

Ie[mk,€k+1]
Mp41 = min{z > {41 : V(x) > V(hg)},
Up4+1 := argmin V(x),

ze[hk,mk+1]

i1 = L(Uk+1)-
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Also, denote for k € N,
A = V(hk) — Imax V(]) >0 (4.2)
0<j<hy
for the ladder height at hy. Since hy is a strict record, V(hg) — V(j) > Ay for all j < hy. We
note that ug and hy are not stopping times with respect to the sequence V(0), V (1), ..., but my
and £, are stopping times, which will be useful below. We will need the following properties of
this construction (again, see Figure 7 for an illustration).

Lemma 4.1. The above construction defines two integer-valued sequences (hy)r>0 and (ug)k>1
such that 0 < hg < u; < hy < us < ho < --- and the following properties hold.

(i) For allk € Zy, V(hjy1) > V(hg).
(ii) For all k € Z, V(hi) = maxo<z<u,,, V(T) = maxy, <o<u,,, V() (set ug :=0).
(iii) For all k € N, dy, =V (hg—1) — V(ug) = D(0, hy,) = D(hg—1, h).
(iv) For all k € N, D(hg, hg+1) > D(hg—1, h).
Proof. First note that by the definition of my, for all k € N,

V(hg) = max V(x) >V (mg) > V(hk-1),
my<e<lgi1
which proves part (i).

Next we prove (ii). By definition of hg, V (ho +1) < V(hg) and V (ko) = maxo<y<n,+1 V (¥),
so that L(ho + 1) = V(hg) — V(ho +1) > 0. Thus ¢; = hg + 1. Then by definition of m; we
get V(ho) = maxo<y<m, V(y), and since u; < my this means V(hg) = maxo<y<qy, V(x), which
verifies the k = 0 case of (ii). Suppose k € N. By definitions of hy and mg1 we have V(x) <
V(hg) for all my < x < myy;. Hence also V(x) < V(hg—1) < V(hg) for all mp_1 < z < my,.
Since mp—1 < up < my < upyr < Mpq, it follows that V(hi) = maxy, <e<u,, V(2). This
completes the proof of (ii).

For (iii), first observe that dy = L(ug) = V(hx—1) — V(ug), for k € N, by part (ii). Then
by definition of ¢x11 we have L(x) < L(ug) for my < x < li11. Also, for hy_1 < x < my we
have V(hg_1) > V(x) > V(ug) so L(x) = V(hg—1) — V(x) < L(ug). That is, L(x) < L(ug)
for hy—1 < x < lp41 and in particular L(uy) = maxy, ,<g<p, L(x) for all k& € N. Also,
L(lgr1) > L(ug) where hy < lp11 < hgy1, meaning that L£(ug) < L(ugyq) for all k& € N. Since
maxo<zy<h, £(z) = 0, we conclude that

di, = L(ug) = ogal%}ﬁk L(x)= hk_?lgaa?cghk L(z). (4.3)
Now using part (ii) and the formula (3.7) with (4.3), we get D(0, hy) = maxo<z<p, L(z) = dy.
Moreover, by (3.7),

D(O, hk) > D(hk_l, hk) > max V(ﬁ) — V(uk) = V(hk;_1) — V(uk) = dk.
hp—1 <0<y
This completes the proof of (iii), and (iv) also follows from the observation made above that
L(ug) < L(ug1) for all k € N. O

In principle, one can understand how the above quantities behave by comparing the poten-
tial V' to the Brownian motion, via Donsker’s theorem, for example. Roughly speaking, we will
have hiy1 = Yihi and dg1 = Zidg, where Vs and Zs are approximately i.i.d.; the details will
be provided below.

Now, our programme is to show that

e For all large enough k, [hx + 1, hxy1] are distinct stable clouds.

18



\J

Figure 8: Constructing the next well in the proof of Lemma 4.2.

e All stable clouds go to the left (i.e., have negative speeds), and the speed of the cloud of
[hk +1, hk+1] is roughly —e dkt1,

e With v, being the speed of nth particle and d being the depth of the well containing n,
we have v, ~ —exp(—d) ~ —e 7%V where Z is a function of the environment with
distribution “almost independent” of n.

To make the above rigorous, we need some preparations. We intend to use the techniques of
Section 3 (in particular, Lemma 3.4 and the discussion after it, together with the ideas described
in the last paragraph of that section) to identify the stable clouds. Then, we will try to use
Lemma 3.6 to estimate their speeds, and, in particular, show that these speeds strictly decrease
(so that our candidate stable clouds are really stable clouds). In Lemma 3.6, the estimates for
the speed are off by essentially a factor proportional to the cloud’s size, which, in our case (for
the would-be cloud [hg+1, hg41]), can be bounded above by hy1, so, in principle, to “separate”
the clouds, we need that % > e %+1, Also, we need to take care of the height difference
between the extremes, with Condition (LH); as explained later, this would mean that instead
of hy we would have hj to some power, which changes essentially nothing; that is, we need the
following relation to hold, for a (large) fixed M

ek

R > e W, (4.4)

The following result addresses this, showing that with high probability, each dy.; has to be
appreciably larger than dj. Recall the definition of s from (1.2), and denote Fy, := o(V (j) :
0<j<m).

Lemma 4.2. Assume Conditions (N), (UE), and (1.3). Then, for any § > 0, we have
5dk + K

ody, — K
1— ——— <Pldpy1 > (14 0)di | Foppy] <1— ;

L+ 0)dn+r = R G v (45)

Proof. We have to be a bit careful with the preceding construction since hy’s are not stopping
times with respect to the random walk V. However, ¢;’s are stopping times, so, when {4
happens, the process V' is “free to evolve” (see Figure 8). Define

Ti=min{n > b : V(n) & [V (k) — (14 0)dk, V()] },

and
A= {V(T) < V(hk) — (1 + 5)dk} = {dk+1 > (1 + (S)dk}
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Note that, using (1.2), we have
V(hg) —di — k < V(lgy1) < V(hg) — d. (4.6)

We now use the optional stopping theorem for the martingale V' with the stopping time 7:
abbreviating p := P(A | F,,,) and using (1.2) again, we get

V(EkJrl) = E(V(T)HA ‘ f€k+1) + E(V(T)RAC ’ ‘ka+1)

p(V(h) — (1 +6)dy, — &) + (1 — p)V (hg)
V(hg) = p((1 + 6)dk + k),

Y

=1 ddi+k

. . d
SO (46) lmphes that P 2 (1_’_5)% = 1— m

. Analogously, we obtain that
V(lit1) < p(V(hg) — (14 0)dk) + (1 — p)(V(hi) + k)
= V(hg) +r —p((1 + 8)dk + K);

dd—k

t0)dr 7 and conclude the proof of the lemma. ]

again using (4.6) we obtain that p <1 —

Next, we need a result that permits us to control the “second deepest trap” in [hx_1+ 1, hg].
Lemma 4.3. Assume Conditions (N), (UE), and (1.3). For any § € (0,1), for all k € N,

1—-6
P [D(mp, hy) < (1= 8)dp, | Fonr ] > ——o AT
[D(my, hy) < ( Vi | Fony. T rd ! (4.7)

Proof. Let ¢ € (0,1). For convenience write 1y, := (1 — §)dy. Define

o :=min{n > my: max V(s)—V(n) > Y},

me<s<n
and set M := max,, <s<o V(s). Then define
v:=min{n >o0: M —V(n) > di}, and 7 := min{n > o : V(n) > M}.

We claim that {y < 7} C {D(my, hi) < ¥r}. Indeed, if v < 7, then no new record above M
is attained between o and . Hence at 7 the running maximum is still M, so £(v) > di. By
definition of o, this means that all descents before o are at most ¥y < di, so lky1 € [0,7].
Thus max,,, <s<¢,,, V(s) = M and its leftmost attainment h; occurs before o. Therefore, by
definition of o, D(my, hi) < V.

Now consider the martingale Y;, = M — V(n), n > o. Applying the optional stopping
theorem, and using the fact that i < Y, < ¢y + &, by (1.2), we get

Yy <Yy, =EY ar | Fo) < P(y <7 | Fo)(di + K),

since Y, < 0. Hence
Vg 1-0
(r<rl U)_dk+/~c 1+ wd; !

Taking conditional expectations given F,,, yields the claimed bound. 0
The next result gives exponential growth bounds on the dj.

Lemma 4.4. Assume Conditions (N), (UE), and (1.3). Then for any § > 0 there exist
Co < o0 and ¢y > 0 (depending on § and on dy) such that, for all k > 2,

P [e(l—é)k <d < e(1+5)k | ]:62] >1-— Coe_COk‘ (4.8)
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Remark 4.5. Consider
di = d @ @ ﬂ
A dy
and note that Lemma 4.2, says, for dj large, for 6 > 1,

1
i

dp+1
IP’[ d >9‘fgk+l}

Roughly speaking, this says that dj is approximated by Y7 ---Y;, = exp(logYs + - -+ + log Y)
where P[Y; > 0] = 1/6 for § > 1. This means that logY; is a unit mean exponential random
variable, and then the intuition for the result is by comparison with concentration for exponential
sums. The following proof makes this idea precise.

Proof of Lemma 4.4. For the duration of this proof, write X}, := log(dry1/dx) and Gy, := Fy, , ;
then dj, is Gi-measurable. Several times in this proof we use the fact that dii1 > dj for all
k € N (see Lemma 4.1). First note that, for A € (0,1), using the upper bound in Lemma 4.2,

E[e*** | Gi] = E[(dp+1/di)” | Gil

=1+ )\/ 0L Pldy 1 > 0dy, | Gi]dO
1

2 o0
<1+X (1 + H) / 02 —2d0.
dp ) J1

It follows that, for all A € (0,1),

1 QﬁA/dk
AXg < —
Ele | Gr] < My (A, dyg) - T + T (4.9)
A similar argument, using the lower bound in Lemma 4.2, shows that, for all A > 0,
Ele ™% |Gl =1— X / 0 A Pldyry > Ody | G]do
1
1 KA/ dy,
< M_(M\dg) = —— . 4.10

Iterating the bound (4.9) and using that diy; > dj for all k& € N leads to the bound, for all
A€ (0,1) and all & > m,

k—1
E[exp(A 3 X;) ‘ gm] < M.(\, D)™, on {d, > D}. (4.11)

j=m
Similarly, iterating (4.10), for all A > 0 and all k£ > m,

k—1
E[exp(—/\ 3 X)) ‘ gm} < M_(\,D)*™, on {dy, > D}. (4.12)

j=m

Observe that

. 1 . 1
gim My (A D) = 3=, and  lim M-(A, D) = 7.

Next we show that sequence dj quickly exceeds any fixed value D. To this end, let Ay :=
{dk+1 > 2di}. Then using the lower bound in Lemma 4.2 we have

(4.13)

dy. dy
P(A > > =
( ’“‘g’“)—2dk+n—p0 % 1

(4.14)
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Let N,, denote the number of Aj,..., A,,—1 that occur, and write r := [logy(D/d;)]. Then if
Np, > r we have d,,, > 2"dy > D, so we have P(d,, < D | G1) < P(N,, < r | G1). Here we
have from (4.14), by iterating the conditional expectation, Efe™*¥m | Gi] < (1 — po +poe~*)™ L.
Hence we obtain the Chernoff-type bound P(N,, < 7 | G1) < e (1 — pg + poe~t)™ 1. It follows
that, for C1 < oo and ¢; > 0 (depending on d;)

P(dy < D | G1) < Cre” ™, for all m € N. (4.15)
Fix 6 > 0. We prove that, for C' < oo and ¢ > 0 (depending on d;),
P(logd > (14 8)k | G1) < Ce . (4.16)

Set m = |nk| for n € (0,1) that we will choose to be small later. Write

k—1
Plogdi > (1+ 0)k | G1) < P(log dy, > 5k | G1) —HP’(Z X; > (1+ 3)k ’ gl).
j=m
To bound the first term on the right-hand side, take A € (0,1). It follows from (4.9) that
E[e** | Gi] < My(\,d1) = My < oc. Iterating this gives E[er(ogdm—logdi) | g] < pm—t,
Then, by Markov’s inequality,

P(log dm > 3k | G1) < df exp(—=ASk + (m — 1) log My) < Cre™“F, (4.17)

for C1 < oo and ¢; > 0 (depending on d;) provided n < §/8 (say) is small enough (depending
on ¢ and dj). Thus we have, allowing C; and ¢; to change from line to line,

k—1
P(logdy > (1+6)k | G1) < Cre—tF 4 IP’(Z X; > (14 3k ) gl)
j=m

k—1
<G 4+ P(Y X > (14 3k, dn 2 D | G1),
j=m

using (4.15). Then from (4.11) and Markov’s inequality, for A € (0,1),

k—1
(DX, > (14 3k, d 2 D | G1) < My, D) exp (<A(1 + 5)k)

j=m
<exp (—k (M1 +32) — (1 —n)log My (), D))).
We already chose 1 < §/8; then choose A > 0 small enough so that

AL+ 3) + (1 —n)log(l — A) = M2 + 1) + O(\?) > g)\.

Then, by (4.13), we can choose D large enough and we verify (4.16).
Finally, we prove for § € (0, 1) that, for C' < oo and ¢ > 0 (depending on d;)
P(logd, < (1 —08)k | G1) < Ce . (4.18)
Choose n € (0,d/2) and again put m = |nk]|. Then

k—1
P(logdy < (1-8)k | G1) < P(Y X; < (1-0)k, dyy > D ] G1) +B(dy < D | Gr),
j=m
where the final term satisfies (4.15). Using (4.12) and Markov’s inequality,

k—1
IP’(Z X; < (1= 06k, dp>D ‘ gl) < M_(\, D)* ™ exp (A1 — §)k)
j=m

< exp (—k (=A(1 =0) = (1 = n)log M_(A, D))) .

Here, by (4.13), log M_ (A, D) — —log(1+ A) as D — oo, and —A(1 — ) + (1 — n) log(1 + )
A(6—n)+0O()2). So we can choose A small enough and then D large enough to verify (4.18).

ol
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4.2 Stability and separation for the candidate clouds

In Sinai’s regime Theorem 4.6 gives our main structural result, which is a central step in
proving Theorems 1.4 and 1.5. The result shows that candidate clouds [hy + 1, hg4+1] are indeed
intrinsically stable, and obtains some quantification of associated statistics. Let u®) and @(*)
be the candidates for the normal and the infinite-pressure speeds of the cloud candidate [hx_1 +
1, hy] (computed using the formulas (3.4) and (3.5), respectively).

Theorem 4.6. Assume Conditions (N), (UE), (LH), and (1.3). For P-a.a. environments w
there exists ko = ko(w) € N such that the following hold.

(i) It holds that limy_,o k= logdy, = 1, a.s.
(ii) [hi + 1, hiy1] is intrinsically stable for each k > ky.
(ii) [u®)| > [a* D for all k > k.
(iv) It holds that limy_o d;* log [u®)| = —1.
(v) Let © < 0 be the speed of the rightmost stable cloud in [1, hy,] (considered as an isolated
system); then || > |a(Fot+D)|,

Proof. For part (i), fix § > 0. Then from Lemma 4.4 and the Borel-Cantelli lemma (conditioned
on Fy,) we have that P(1 —§ < k~!logd, < 1+ 6 all but finitely often | F¢,) = 1, which gives
the claimed convergence, since § > 0 was arbitrary.

For the proofs of parts (ii) and (iii) we make use of some more notation and several families
of events defined in terms of the potential. Define H}, := hy —hj_1 to be the size of the candidate
cloud [hg—1 + 1, hg]. Define the events (with §p from condition (LH) and Ay from (4.2))

G = {Hy, < e},

GY) 1= {dr1 > (1 +k72)d},
ng') — {1 —e Bk > e—560’1k}’
Gik) — {ek/Z <d, < ezk}_

We next show that, a.s., each of the events ng), ng), Gék), and Gflk) occurs for all but

finitely many k. For ng), this fact is a consequence of Lemma 4.4. We consider the rest.

Consider ng). Let us prove that there exists ¢ > 0 such that
P[Hpy1 > /4d2 | Fpp ] < ek (4.19)

Note that Lemma 4.2 implies that dg1 < ek d;, with probability at least 1 — ce k. Then
(recall (4.1)), define
T =min{s > 0: L(my, +5) > eFd;.}.

It then holds that my+T > hi,1 (and therefore Hy 1 < T) on the event {dg 1 < e*d}}; this is
because my+ 71 has to be in a well of depth greater than di; in that case. Then, since on every
interval of length (e**dy)? the descent £ is at least e*d;, with uniformly positive probability,
we also have the estimate
P [T > j(eFdy)? | Fny] < e,

and hence, by taking ¢ < 1/8, we obtain (4.19). It follows from (4.19) and the Borel-Cantelli
lemma that a.s., for all but finitely many k¥ € N, Hx1q < ek/4di. But dj, < €%/ for all but
finitely many k, by part (i). Hence we verify that

P-a.s., ng) occurs for all but finitely many k € N. (4.20)
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For ng), we have from the lower bound in Lemma 4.2 that

k_Qdk + K
(1 + k‘f2)dk + K

P(GY)° | F,

€k+1] <

<k 2+ kd; . (4.21)

Here ), cn d;l < oo by part (i). Hence, by Lévy’s conditional Borel-Cantelli lemma and (4.21),
P-a.s., ng) occurs for all but finitely many k € N. (4.22)
Next consider ng). Define

Gék) = {hk < 2e3k},
Gék) := {the first 3e3* ladder heights of V(-) are each at least e~*% 1k}.

Observe that Gék) N Gék) - G:())k), since, on Gék) N Gék), A}, is one of the first 2¢3* ladder heights,
and so

—1
A 67460 k .
1— e_Ak > k > 6—560 k’

LA T ek

for k sufficiently large. Since hy = ho + Z§:1 Hj, and ng ) oceurs for all sufficiently large j,
a.s., it follows that Gék) occurs for all large enough k, a.s. Now, due to Condition (LH),

P[Gék)] >1- (3e3k)’y(e*45071k)5° =1—3ye " (4.23)
Then from the Borel-Cantelli lemma with (4.23) and (4.20), we obtain
P-a.s., ng) occurs for all but finitely many k£ € N. (4.24)

Combining (4.20), (4.22) and (4.24) with Lemma 4.4 verifies that G(k), G(k), Gék) and Gik) occur
a.s. for all but finitely many k.

The idea of part (ii), i.e., to show that [hg + 1, hg41] is intrinsically stable for large enough
k, is to reason in the following way. First, Lemma 3.4 implies that [hg + 1, mg41] is intrinsically
stable, and Lemma 3.6 shows that its intrinsic speed is about e %+1. We will then show,
roughly speaking, that the particles [mgy1+1, hxr1] will join that group. Note that the particles
[mg+1 + 1, hiy1] alone need not form a stable cloud; however, Theorem 2.1 of [27] implies that
they can be decomposed into several stable clouds, and the speed of the rightmost one is maximal
among these (indeed, since it also has to be negative due to the fact that the unique global
maximum of the potential on [hy+1, hr11] is attained at hy1, the absolute value of the speed of
that rightmost cloud should be minimal among these). Next, we use Lemma 4.3 to control the
depth of that rightmost cloud (i.e., to assure that it is likely much less than dy1), and we also
have some control for the height increase at hiy1 (needed for the lower bound in Lemma 3.6).
Then, Lemma 3.6 will show that the rightmost cloud should catch up with [hg + 1, mp11]. We
now give the details.

Assume that k is large, and let us consider the particles [hx_1 + 1, hi| as a separate (finite)
system. By Theorem 2.1 of [27] this finite system can be decomposed into a finite number of
stable clouds; let [ig, hg] be the rightmost of these. Our goal is to prove that i = hx_q + 1.
Note that Lemma 3.4 and Remark 3.2(iii) imply that the particles in [hr_1 + 1, mj] belong to
the same stable cloud, so it is enough to prove that i < my.

Define

G = Dy, ) < (1 — k™ 2)dy )
Lemma 4.3 implies that
1— k2

PGy | Fol<1— — 5 < wkdt 4 k2 4.25
(G | P 1= < (1.25)
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which is a.s. summable, by part (i). Hence Lévy’s conditional Borel-Cantelli lemma implies
that, for a.a. w, the events Ggﬂ occur for all but finitely many & € N. Assume that k is large

enough so that ng) N ng) N Gflk) N G(7k) occurs, and assume that i, > my. Then, let v’ be
speed of the leftmost cloud of the isolated system [hy_1 + 1, hy], and v” be the speed of [ig, hy]
(when considered as separate systems). Since v” < 0 (as V(hy) > V(i — 1)) and cloud speeds
are non-decreasing from left to right, we have v < v” < 0, and hence |v/| > [v”|. We now
show that, for all large k, [v/| < |v”|, which gives a contradiction. Since v' < 0, the leftmost
cloud [hg—1 + 1,j] has V(j) > V(hg_1), so V(j) = maxp, , ;V by Lemma 3.5; moreover,
j > my (this cloud contains [hg_1 + 1, my]), so D(hg—_1,j) > di. Hence Lemma 3.6 implies that
[v'| < eyte™ and that, on ng) N Gék) N G(7k), [v"] > ege3ke 5% ke—dr(1-k~?) (apply (3.9) to
[ik,hk] using V(hk) - V(Zk - 1) > Ak, hk - ik +1 < Hk, and D(lk — 1,hk) < D(mk,hk), since
i, — 1 > my). We thus need to check that ek Pk > ea2e(3+5551)k, which is indeed so on ng)
for all large enough k. This gives us a contradiction, and so [hg_1 + 1, hg] is intrinsically stable,
proving part (ii).

Roughly speaking, part (iii) says that the candidate stable clouds [hy + 1, hgy1] (which
part (ii) says are intrinsically stable for large enough k) have, for large enough k, strictly
ordered speeds. In fact, it will follow from part (iii) that, in the infinite system, all but finitely
many of the candidate stable clouds remain distinct stable clouds. The idea of the proof of
part (i) is as follows. Lemma 3.6 tells us that u® and @(**1) are roughly e~% and e~%+1,
respectively, up to correction factors that we need to control (here Condition (LH) is used to
make sure V' (hy) — V (hg_1) is not too small). Then Lemma 4.2 ensures that dj.; is sufficiently
larger than dj to ensure the claimed inequality in speeds.

Part (iii) follows from the claim

for all k sufficiently large, G N G N G N G implies [u®| > |a®+1)], (4.26)

To verify the claim (4.26), recall from Lemma 4.1(iii) that dy = D(hg_1, h). Then we have by
Lemma 3.6 applied to the system [hi_1 + 1, hg] and the system [hy + 1, hi11] we have (since
V(hg) = V(hg-1) > Ag)

[u] 2 (1= e )e~ and [G0H)] < et (1.2
k

Then, we need to prove that 7-(1 — e Bk)e~ %k > goledk+1 which is equivalent to eds+1~d >
€E2Hk(1 — e 2%)~1 But, on ng) N Gflk) we have e®+1~% > exp(k~2d},) > exp(k~2e¥/?), and,

on ng) ﬂG:(,)k) we have 562Hk(1 —e ARl < 552 exp(3k+5(50_1k). Comparing these expressions,

we verify the claim (4.26). This proves part (iii).

Next we prove part (iv). Using the bounds in Lemma 3.6 we get, on ng) N ng),

Eale—dk > ‘u(k)’ > goe—Ske—E)églke—dk,
which, together with part (i), yields part (iv).

As for part (v), let [i, hg] be the rightmost cloud of the isolated system [1, hy], with speed .
Since hy is a strict record, we have V(hg) — V(i — 1) > Ay and 0 < 0. Also, D(i — 1, hy) <
D(0, hy) = dy, by Lemma 4.1(iii). Hence, by (3.9),

18] > eohy ' (1 — e 2F)e™ %,
while [a*t1)| < gjte~dr+1 by (3.8). On ng) N Gflk) N ng) N Gék) we have

-1
err1=dr > exp(k_Qek/Q) > 46626(3+460 k> 662hk(1 — e k)71

for large k. So (v) holds for all large k; enlarge ko accordingly. O
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4.3 Proofs of Theorems 1.4 and 1.5

Basically, Theorem 4.6 is the most complete result, which shows where the stable clouds are loc-
ated and what are their speeds. Now let us discuss how to obtain the results about convergence
in distribution in Theorems 1.4 and 1.5.

Proof of Theorem 1.4. Consider the isolated system [1, hy,] whose cloud decomposition is into
some Cy,...,C; and whose rightmost stable cloud C; has speed © where || > |akotD)| as
in Theorem 4.6(v). The isolated system [1,h,+1] with infinite pressure from the right then
has cloud decomposition into clouds Ci,...,Cp and Cpy1 = [hi, + 1, hgyt1] (this follows from
Algorithm 1 in [27]). Since the speed of cloud Cy is strictly less than that of cloud Cpy;, we
may apply Lemma 2.5 to show that there is a coupling of the infinite system and the finite
system [1,hg,+1] with infinite pressure from the right, in which the inter-particle distances
corresponding to clouds Ci,...,C; coincide after some finite time. It follows that Cq,...,Cy
are stable clouds in the infinite system, in the sense of Definition 1.2. Similarly, consider the
finite system [1, hg41], & > ko, with infinite pressure from the right. By Theorem 4.6(iii), this
finite system has cloud decomposition Cy,...,Cy, [hg, + 1, hig+1], - -, [P + 1, hgt1], with strictly
increasing cloud speeds. Another application of Lemma 2.5, using the fact that k£ > kg was
arbitrary, shows that [hg, + 1, hig+1], [Prg+1 + 1, Prg+2], - .-, are stable clouds in the infinite
system. In particular, this means that sequences s, and u®) coincide up to a finite (w-dependent)
shift, and the same for sequences Sy and Hy.

To prove part (i) of the theorem, we need to show that each particle in a cloud satisfies a
strong law with speed given by the cloud’s speed. Consider one of the clouds Ci, with speed sg,
that we now know is stable, and suppose particle j is in cloud C. There is a coupling (analogous
to the coupling of two finite systems in Proposition 2.4(ii)) of the infinite system and the finite
system made up of particles in clouds Cy,...,Ck in which all particles in the infinite system are
no further to the right than in the finite system. In the finite system we have from Theorem 2.1
of [27] that particle j satisfies 1 X;(¢) — sk, a.s. So in the infinite system we get

limsup ™' X;(t) < sg, PX-as., for P-a.a. w.
t—o0
On the other hand, consider the finite system made up of particles in clouds Cy,...,Ck,Cgxr1
with infinite pressure from the right. Now there is a coupling (analogous to the coupling of two
finite systems in Proposition 2.4(i)) of the infinite system and the finite system in which all
particles in the finite system are no further to the right than in the infinite system. We argued
above that Cj is still a stable cloud in this bigger finite system (with infinite pressure). So,
again using Theorem 2.1 of [27], in the infinite system we get

litrgiogf t71X;(t) > sg, Pi-as., for P-a.a. w.

Thus we obtain the strong law (1.4), proving part (i).
Recall that s;, and u(®) coincide up to a finite shift. Then combining Theorem 4.6(i) and (iv)
shows that u*) = — exp(—eF(+°W)) as k — oo, P-a.s. Then part (i) of the theorem follows.
Next we prove part (iii). For large k, as argued above, s, = u**% and S;, = Hj. where
¢ = c¢(w) is random. From Theorem 4.6(iv) we have that, a.s., as k — oo,

log |sg41] ditet1
——— = (1+4+o0(1 . 4.28

From the upper and lower bounds in Lemma 4.2, and the fact that d — oo we have, P-a.s.,

. di41 1
lim P[id >y ‘ fékﬂ} = ;a

k—o0 k
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Figure 9: On the proof of the convergence-in-distribution results in Theorem 1.4: definition of
the auxiliary random variables on a Brownian trajectory.

and hence, by dominated convergence, limy_, oo P[A N {dk11/dr > y}| = P(A)/y for every A €

éj, with fixed j € N, where F,, := o(a;,b; : i < m). Here we use that Lemma 4.2 holds,
with the same proof, with Fy, , replaced by ]'—ékﬂ- Every event in the environment o-algebra
can be approximated in probability by such events, so the same holds for every such event A.
Applying this with A = {¢ = j} and summing over j, we get limy_, oo Pldgicr1/dprc > y] = 1/y.
Combined with (4.28) this yields (1.6). Similarly, we have

di41 dp+2 di42
P[5 gy, T2 g | By | = B[ Wi /e > pi} P[22 > 4 | o] | o]
dg di11 dj+1
so that, by two applications of dominated convergence,
d d 1 1
k—oo L dj dj-+1 Y1 Y2

The same idea applies for arbitrary finite sequences. A similar argument to the marginal result,
with an indicator 14, followed by conditioning on {¢ = j}, handles the random shift for the
whole finite vector, and hence yields asymptotic independence, completing the proof of part (iii).
To prove part (iv), we will apply Donsker’s theorem. To describe the limit random variable,
consider a standard Brownian motion (B, t > 0), and define
£:=inf{t >0: Bs — By =15,
inf {t >0 amax By — By =1}
h := arg max By,
tel0,]
m :=inf{t > ¢ : By = B},
u := arg min By,
telh,m

d := max By — B,,
0<s<u
¢ :=inf {t >m :max B; — By = d'},
s<t

h' := arg max By;
te[m,l’']

see Figure 9. Then define the random variable
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K —h

(d')?
Note that if we replace the definition of ¢ by inf{¢ > 0 : maxo<s<; Bs — By = d} for d > 0, the
distribution of Y is unchanged, by Brownian scaling.

Let 0% := E[V(1)?]. We define a quantity like Y for an arbitrary continuous trajectory f,
which we call ®(f). Formally, for continuous f : Ry — R set M(t) := maxo<s<¢ f(s) and

Y= (4.29)

Kf::mf{t>0 Mf —1}
hy := arg max f(t),
t€[0,45]

my = inf{t > {; : f(t) = f(hy)},
uy = arg min f(¢),

telhymy]
dy = My(ug) = f(uy),
0 = inf {t > my: My(t) "},
Wy = arg max f(t).
tE[mf 14 ]
Define ®(f) := %; then Y = ®(B). When f = B all the above quantities are finite and the
i

relevant extrema are a.s. unique. Moreover, passage-time-like quantities are genuine crossings
of levels. It follows by the usual continuity of first passage times at genuine crossings and of
arg max / arg min at unique extrema that ® is a.s. continuous at B. For ¢ > 0, define f. by
fe(t) == f(ct); then hy, = hy/e, 'y = h;/c and d} = d);. Consequently ®(f.) = ¢ 1®(f). Thus
Brownian scaling shows that (I>(0B) has the same dlstribution as Y/o2.

Now condition on F,,, ,. For ¢ > 0 write

Ji(t) = [di_1t], and O4(t) = di_1t — ji(1),
and define the linearly interpolated process

1

Wi(t) = 7dk_1

V(mg—1+ ji(t)) — V(mg—1) + 0k (O){V (mi—1 + jr(t) + 1) = V(mg_1 + jr(t))}|-
Since my_1 is a stopping time, the post-my_1 increments are fresh i.i.d. increments. Since dj_1
is F, _,-measurable and djy_; — oo a.s. by Theorem 4.6(i), the conditional form of Donsker’s
theorem gives Wy, = 0B (denoting weak convergence).

For € = (e1,¢€2,¢3) € [0,1], let ®. be defined as ® but with the passage levels 1, f(hy), and
d} (in £¢,my, and E'f, respectively) replaced by 1+ ¢1, f(hy) + €2, and d’f + 3. Thus ®¢ = P.
The argument above (genuine crossings, unique extrema) shows that, a.s., sup.¢jg g3 [Pe(f) —
®(0B)| — 0 as f — 0B locally uniformly and § — 0.

The discrete construction starting at my_q is the same successive well construction. Its
first threshold is dp_q, its first maximum is hg_7, the subsequent minimum has depth dj,
and the next maximum is hg. Since W} is linear between mesh points, its running descent is
monotone between mesh points, and all extrema of W}, are attained at mesh points. Hence
each first passage in the discrete construction (which occurs at a mesh point) coincides with
the continuous first passage of Wy at the level attained there. By (1.2), this level exceeds the
nominal one by at most x/di_1. Thus

Hy,

5 T e (Wk)

dz F
for some ey, € [0, x/dg_1]?, and the continuous mapping theorem gives Hy/dz = ®(cB) = 4 Y/o?,
conditionally on F,, _,. The same argument shows Hy/d; = Y/o? conditionally on F;, _ , and
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My(1)
My (to)

Figure 10: On the definition of D;(f): on the left picture the supremum is attained at ty < 1,
while on the right picture it is attained at ¢, > 1 with M(t1) = My(1).

then, as in the proof of part (iii), the conditional form of the convergence handles the shift ¢, so
Hyio/d;, . = Y/o?. Finally, Sy = Hyy., and, by Theorem 4.6(iv), log |si| ™ /djsc — 1. Then
Slutsky’s theorem completes the proof of (1.8). All that remains is the explicit distribution for
Y given at (1.7): we give the proof of this in Lemma 4.7 below. O

Now we turn to the proof of Theorem 1.5, the per-particle speed result.

Proof of Theorem 1.5. First we have from Theorem 1.4(i) that v, = limy oot X, (t) = s
where k is such that n € C, which, as explained in the proof of Theorem 1.4, means that, for
all large enough n, n € [hy_1 + 1, hy| for k' with |k — k’| bounded by an w-dependent constant.
In particular, the strong law (1.9) follows from the strong law in Theorem 1.4. Theorem 4.6(iv)
then implies that v, = —e % (1+o(1)) a5 Thus to complete the proof of the theorem we must
show that n=1/2d}, converges in law, where dy is the depth of the potential well containing n,
and we must identify the limit distribution.

Let B; be a standard Brownian motion. We want to define a random variable Z as the
depth of the well (in trajectory B) that contains time 1. One cannot repeat the construction of
quantities associated with successive potential wells from Section 4.1 in the Brownian setting,
as there is no “first” well in that sense. Instead, we need a local definition of the depth of the
given well. To this end, recall that M;(t) = maxo<s<; f(s), and for continuous f : Ry — R,
define

p(f) = inf{t >1:f(t) > Mf(1)}

and then (see Figure 10)
Di(f) == sup {My(t) - f(t)}.
0<t<p(f)
Then set
Z = Dy(B), (4.30)

which we take as our definition of the depth of the Brownian well containing time 1.
Consider the linearly interpolated and scaled potential,

Va(t) :=n~1/? (V([nt]) + (nt — [nt])(V([nt] + 1) = V(|nt]))).

Almost surely, By < Mp(1), the first post-1 hitting time of Mp(1) is finite, and Brownian motion
crosses this level immediately. It follows that f +— D;(f) is a.s. continuous at f = B. Hence, for
the linearly interpolated potential V,,, Donsker’s theorem and the continuous mapping theorem
give D1(V,,) = Di(0B) =0Z.

If hpr—1 < n < hyr, Lemma 4.1 implies that the largest running descent before the first
future record maximum after n is exactly dis; since linear interpolation creates no new extrema,
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D1 (V,) = n~Y2dy,. Finally, every hy, is a running-maximum time of the potential, so

{n = hy, for some k} C {V(n) = max V(j)} :
0<j<n

By reversing the increments, the probability of this event equals the probability that a centered
finite-variance random walk stays non-negative for n steps, and hence P(n = hy, for some k) =

O(n=1/?). Therefore if we set Z, := —n~Y?log |v,| we have Z, = (1 + o(1))n"2dy = oZ.
It remains to identify the explicit distribution of Z given at (1.10): this is done in Lemma 4.8
below. O

4.4 Explicit limit distributions
Let BES(q) denote the Bessel process with dimension g.

Lemma 4.7. The distribution of Y given by (4.29) is the same as the first hitting time of 2 by
a BES(3) process started at 0, and hence has distribution function given by (1.7).

Proof. Let T, denote the hitting time of z by a BES(3) process started at 0, and note that
TV2N
sinh(zv/2\)’

see equation 2.0.1 of [7, p. 469]. Recalling the definition of Y from (4.29), and the quantities
m, h, h' and d’ defined prior to Y, decompose Y = Y7 + Y5 where

Ee Mo = (4.31)

m—h h —m
Y, = W, and Y5 := W
Condition on d’. Williams’s decomposition of a Brownian excursion at its maximum says that,
conditional on the maximum being d’, the part before the maximum and the time-reversal of
the part after the maximum are independent BES(3) processes started from 0 and stopped on
first hitting d’. Hence, given d’, m — h has the same law as Ty + 7}, where T}, is an independent
copy of T. By Bessel scaling, Ty has the same distribution as (d’)?7;. Hence Y7 has the same
law as T} + T meaning that by (4.31), for A > 0,

2\

sinh? v2X~

Now, conditional on d’, (B4t — Bm)i>0 is again a Brownian motion, and so i’ — m is the left
endpoint of the first reflected-Brownian excursion of height at least d’. By Brownian scaling,
Y5 has the same distribution as o1, where, if R; denotes reflected Brownian motion and 7 :=
inf{t > 0: R = 1}, 01 := sup{s < 71 : Rs = 0}, the left endpoint of the excursion containing
71. The Laplace transform of o; follows from results of Neveu-Pitman [31] (for the explicit
statement see e.g. equation (5.9) of [32]): for A > 0,

Ee 1 =

tanh v/2\
NN

Since the law Y5 conditional on d’ is independent of d’, the strong Markov property at time m
shows that Y5 is independent of the Brownian motion up to time m, and, in particular, Y5 is
independent of Y;. Then we get

2 tanh V2X V22X O 2V2)
sinh?v/2X  v2X  sinhv2Acoshv2X  sinh(2v2))

Comparison with (4.31) shows that Y has the same law as T5. The explicit form of the distri-
bution function at (1.7) is given in [17] (in their equation (2.7) take v = 1/2 so j,; = k7 and

Jo1(vk) = (=1D)F1/2/(n2k)). -
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Lemma 4.8. The random variable Z as defined at (4.30) has the distribution given at (1.10).

Proof. Let My := supp<y<; Bs and p := inf{t > 1: B; > M1}, so that Z = supy<;<,(M; — By).
Here R; := M; — B, is reflected Brownian motion. For a > 0, let 7, := inf{t > 0: R, = a} and
04 = sup{s < 74 : Rs = 0}. We relate Z to o,. A.s., By < My, so time 1 lies strictly inside
an excursion of R away from 0. Brownian motion immediately crosses level M7, and hence the
infimum in the definition of p is the terminal time of that excursion. We have Z > a if and
only if an excursion of R whose height reaches a has begun by time 1: either such an excursion
started earlier and finished by time 1, or the excursion includes time 1 and finishes at time p.
In other words, up to events of probability zero, {Z < a} = {0, > 1}. Brownian scaling implies
that o, has the same law as a®0;. Thus we get, for z > 0,

P(Z < z) = P(oy > 272). (4.33)

As at (4.32) above, we have from [31] that, for A > 0,

Foo1 tanh v2A _ i 1
V2 LA+ T2 (2m +1)2/8

Since every term is non-negative, Tonelli’s theorem shows that the following density has the
required Laplace transform

f(t)=;eXp{—W},

and hence, by uniqueness, f is the density of o1. It follows that, for ¢ > 0,

T 8

m=0

0 2(9 1)2
P(oy > t) = % Z(2m+ 1) Zexp {—ﬂ(m—i_)t} .
Combined with (4.33) this yields (1.10). O

5 Proofs in the Kesten—Kozlov—Spitzer regime
Proof of Theorem 1.7. Define a P-a.s. finite random variable N = N(w) in the following way:
N :=min{k >1:V(j) <V(k—1) for all j > k}. (5.1)

Note that N — 1 is the last global maximum of V; since V(0) = 0, this means that

{N >k} C {Sup V(i) = 0}.
Jjzk
Write & := log(ag/bg). Since & is bounded (by (UE)) and has negative mean (by (1.13)), a
Chernoff bound gives P(V(j) > 0) < Ce~% and hence, for some ¢’ < oo and ¢ > 0,

P(N > k) <Y P(V(j) >0) < ek,
Jjzk

as claimed.

Denote the shifted potential by W (r) := V(N—1+r)—V(N—1), r > 0. Then by definition of
N, W(r) <0 for all r € N and, by the strong law, W (r)/r — E& < 0. The zero-speed solution
to the general traffic equation for the system [N, c0) (see Section 1.2 of [28] for definitions) is

then a, = () satisfying 0 < @, < 1 and > >1 0 < 00. Thus the zero-speed solution is
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admissible and summable. Theorem 1.12 of [28] then shows that [NV, 00) is intrinsically stable
started from any finite configuration.

Since [V, 00) is intrinsically stable, a coupling argument shows that [N, co) must be either
an infinite stable cloud in the full system, or a subset of one, since deleting the particles to the
left can only increase the internal gap process of [N, 00), so intrinsic tightness gives the required
internal tightness in the full system. If N = 1, then the proof is complete. Otherwise, suppose
from this point on that N > 2: to complete the proof we must show (see Definition 1.3) that
Xn(t) — Xn-1(t) — oo in probability.

First suppose that NV — 1 is the unique time at which the global maximum for V is attained.
Then the rightmost cloud of the isolated finite system [1, N — 1] has strictly negative speed, say
s < 0. Using the basic couplings (similarly to Proposition 2.4) Xn_1(t) < X _,(t) where X’
is the system obtained by deleting all particles to the right of N — 1, while Xxn(¢t) > X} (t)
where X" is obtained by deleting all particles to the left of N. It follows that

limsupt ' Xn_1(t) < s <0,

t—o0

applying the strong law for the finite system X’ (Theorem 2.1 of [27]) whereas

liminf ¢ ' X (t) > 0,
t—o00

applying the strong law for the stable semi-infinite system X” (Theorem 1.9 of [28]). Thus
Xn(t) — Xn_1(t) — oo a.s. (at linear speed) and hence also in probability.

It remains to consider the case where N — 1 is not the unique global maximum for V. Put
H := V(N —1) and jo := min{j > 0 : V(j) = H}; we are in the case jo < N — 1. Then
V (k) < H for k > jo with strict inequality for every k > N.

We use a truncation and approximation argument. For M > 1, consider the finite particle
system [1, M] with infinite pressure from the right, i.e., with by set to 0, and let nM)(t) :=

(n§M) (t))jen,m—1) be the associated gap process. Start from the same gaps as the infinite

system, so n§M) (0) =n;(0) for all j € [1, M —1]. Using the second-class customer coupling from
the proof of Lemma 2.5, we may couple the infinite system with the finite system truncated
at M with infinite pressure from the right. Starting from the same queues on [1, M — 1],
the customers of the truncated system may be regarded as first-class customers in the infinite
system, with all additional customers regarded as second class. It follows that nJ(M) (t) < n;(t)
for all j € [1,M — 1] and all ¢ > 0.

For M > N consider the block [jp + 1, M| with infinite pressure at M. Define

k
A= > a; exp{V(jo) = V(£ — 1)}, for k € [jo+ 1, M].
l=jo+1

The infinite-pressure speed of block [jo + 1, M] is 0y = —1/Aps (this is the shifted version of
the formula (2.8)). The corresponding traffic intensities are

k
| . A
oM = VRV 4 gy 3T g VYD) Z oV )-VGo) <1 _ Ak) 52
=jo+1 M
(M)

Here e”(¥)=V(0) < 1 while 0 < Ay, < Ay for k < M. Thus it holds that p; ’ € (0,1) for all
k€ [jo+ 1, M —1]. Hence [jo + 1, M] with infinite pressure at M is intrinsically stable (and 0as
is its speed).

At the queue N — 1, since V(N — 1) = V (jo) formula (5.2) reduces to

M An-1
Py =1~ Ay
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Moreover, by hypotheses (UE) and (1.13), Ay — oo as M — oo. Therefore
Tar 10, and p7 11,

We next argue that, for all sufficiently large M, the block [jo+1, M] is the rightmost stable cloud
in the system [1, M] with infinite pressure from the right. If jo = 0 there is nothing to prove; so
suppose jo > 0. By definition, V(j) < V(jp) for 0 < j < jo. In particular, the rightmost cloud
in the isolated finite system [1, jo] has strictly negative speed, s < 0, say. The block [jo + 1, M]
has speed vy — 0, so for all M large enough s < v5; < 0. The finite-cloud decomposition
algorithm (Algorithm 1 from [27]) implies that the cloud decomposition of [1, M] is given by
the decomposition of [1, jy] followed by the single rightmost cloud [jo + 1, M]. Moreover, the
queue separating these two parts is transient. Hence from some finite time onwards, the internal
gaps of [jo+1, M] evolve exactly as the gaps in the isolated stable system [jp+1, M| with infinite
pressure at M. Consequently, from Theorem 2.1 of [27] applied to that finite system,

lim PP 77%\{)1@) < B} =1- (pg\]f\{)l)BH, for B € Zy.

t—o0

It follows from the coupling described earlier that, in the infinite system,

limsupP [py_1(t) < B] <1-— (pg\],\{)l)BH, for Be Zy.
t—o0
Take M — oo. Since pg\],\{)l — 1, we can conclude, for every fixed B, P(nn_1(t) < B) — 0, as
was required. O

Remark 5.1. We expect that in most cases the restriction on the initial condition in Theorem 1.7
can be removed, but since there are some subtleties, and the theory of non-finite initial conditions
is not so developed [28], we do not pursue this extension, but make some observations here.

Indeed, suppose additionally that P[¢; > 0] > 0. Since E&; < 0, we have P[¢; < 0] > 0 also;
i.e. (N) holds. Choose § > 0 such that ¢ := P[¢; > ] > 0. For every given m € N there are
infinitely many r € N for which &,41,...,&+m are all at least 4. At the endpoint &k = r +m
of such a run, V(¢) < V(k) for r+1 < ¢ < k. The formula for fj in (3.2) implies that, under
condition (UE),

Br > eo- #{L <k V(D) < V(R)),

and so B > gom. Since m was arbitrary we get limsup,_,., Sx = oo. Applying the same
argument to the shifted environment on [N, c0), for every fixed m there are a.s. infinitely
many runs of m consecutive non-negative (indeed, uniformly positive) increments. Hence the
corresponding shifted [ is unbounded. Thus no v > 0 can give an admissible solution. Nor can
v < 0, since a, — 0 while B is bounded below away from zero. Consequently the zero-speed
solution is the unique admissible solution. Hence we anticipate the initial condition can be
general in that case.

The other case is the one-sided case where P[§; > 0] = 0. Then & < 0, a.s. Now V is
non-increasing and N = min{k > 1: &, < 0}. Here there can be other admissible solutions: the
homogeneous case ar = a < b = by, already shows this: see Example 3.3 of [28]. Thus this case
may be more delicate with regards to extending the initial condition in Theorem 1.7.

Proof of Theorem 1.8. The main idea is the following. For the upper bound on the speed, we
argue that one can find a trap of depth essentially 5 log k to the left of k; then, even with infinite
pressure, the cloud that contains this trap cannot go faster than about e #1°8% = k=8 For the
lower bound, we consider the stable cloud containing the kth particle, and, with a suitable
refinement of the arguments of Lemma 3.6, prove that the magnitude of its speed cannot be
much less than k7.
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Figure 11: On the proof of Theorem 1.8: the deepest trap in [0, k] has depth about S log k.

The key fact about the potential that we need is that the deepest trap in the interval [0, k]
has depth roughly Slogk (as shown on Figure 11). As shown in Sections 2 and 3 of [13], one
can obtain quite precise control on the number of traps of given depth (note that the analysis
of [13] is in the case Elog 8—; < 0, but one can obtain the results of our interest by symmetry).
In any case, here we only need the following consequence of the results in Section 3 (specifically,
see Lemmas 3.4 and 3.5) of [13]: for any ¢ > 0,

(B—10)logk < max D(jo,j1) < (B+0)logk, eventually a.s. (5.3)
[70,71]C[0,K]

It follows from (5.3) applied at [k/2] that max; ji)c(o,(k/2)] P(Jo,J1) = (B — J)logk even-
tually. Choose a time m < |k/2| such that

N _ N VNS (3 '
o2x V(i) =V(m) = max = max(V(i)=V(j)) = (8 —0)logk

Then set a := max{i < m : V(i) = maxo<j<m V(j)}. Then a < m and V(j) < V(a) for

a < j < m. The strong law for V, with p := Elog(©~/0%) > 0 by (1.14), implies that, P-a.s.,

V(k)

L1 o V)
dm 3 pmax ) Vi) =5, and Jim == = p

Thus V (k) > V(a) eventually. Let b := min{j > m : V(j) > V(a)}. Thus we have shown
existence of a,b,m with a < m < b < k, V(j) < V(a) for a < j < b, V(b) > V(a), and
V(a) = V(m) > (8 — d)log k. Thus by Lemma 3.4, we have that [a + 1,b] is intrinsically stable
with depth D(a,b) > (8 — 0) log k.

Counsider the finite system [1, k'] with &' > k and infinite pressure at k’. Then in the cloud
decomposition of [1, k'], either [a+1,b] and k are in the same cloud, or else k is in a cloud to the
right of the cloud containing [a+ 1,b]. In either case, let w be the speed of the cloud containing
[a+ 1,b]. As in the proof of (3.8), Proposition 2.4 gives a coupling under which the particles
[a+ 1,b] of [1,k'] are no farther to the left than in the system [a + 1,b] with infinite pressure
at b. Hence w > @, where @ is the speed of the latter system, and |3 < g5 'e~P(@ by (3.8)
(note that V'(b) = maxp, V). Since the cloud speeds in [1, &'] are negative and non-decreasing
from left to right, the magnitude of the speed of the stable cloud in [1,%’] containing & is at
most salk_(ﬁ_‘s).
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We next seek a lower bound on the magnitude of the speed. Unfortunately, Lemma 3.6 is
not sharp enough in this case, because we are now aiming for polynomial bounds in %, and (3.9)
contains a potentially polynomial factor. Therefore, to prove that |vi| is at least ck= B+ we
need to do a finer analysis of the formula (3.4).

Recall p = Elog(©~/0") > 0 and notice that there exist ug, co > 0 such that

P > upg| > Co. (5.4)

log §
Then, we say that a site m is good if

> ).
V(m) > ug + o V(j)

There are typically plenty of good sites; this is a consequence of the following elementary fact
about ladder epochs. Denote by L; = min{n > 0: V(n) > 0} the first ladder epoch. Provided
that p > 0, usual large deviation estimates imply that we have for some ¢ = ¢(u, £¢)

P[L; > t] <e . (5.5)

Then, notice that at each ladder epoch, the next site will be good with probability at least cg.
From this, it is elementary to obtain that

P-a.s. for all k large enough, the interval [k, k 4 log? k] contains a good site. (5.6)
Next, for an interval I, define

V() := ZeV(mI)—V(j)’ where m! := arg min V' (j).
jel el

Let us prove that
P-a.s. for all k large enough it holds that W(I) < 2log?k for all I C [0, 2K]. (5.7)

Indeed, let T = [n1,ns], and assume that ny — n; > 2log?k (otherwise (5.7) trivially holds).
First, usual large deviation bounds imply that

P [V(ni +log?k) — V(n1) > Zlog?k] > 1 — e 118"k,
Then, we also have
P [V(z) —V(ni+ log? k) > —% log? k for all i € [n1 + log? k, ng]] >1—e @ 1°g2k,
and so (observe that V(m!) < V(n1))
P [V (i) — V(m') > &log? k for all i € [ng + log? k,no]] > 1 — 2e™ log® k. (5.8)
Next, on the event in (5.8), for I C [0,2k] we have that
U(I) <log?k + |I| exp(— 4 log? k) < 2log k,

and therefore (5.7) follows from (5.8) with Borel-Cantelli and the fact that there are O(k?)
choices for interval I C [0, 2k].

Now, we are ready to obtain a lower bound on |vg|. Let k1 > k be the smallest good site
one can find in [k, 00); observe that, by (5.6), we have k; < k 4 log® k. Then, consider the
finite system with particles {1,...,k;} and let [ig + 1, k1] be the stable cloud containing k; (see
Figure 11), let © be its speed. Let mo = arg minjc;, 1,1 V' (j), and abbreviate sy = V' (k1) —V (io),
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sg = V(k1) — V(mp). From (3.4) and using that s; > ugp (because k; is good) together with
Condition (UE), we obtain that

eV (k1)=V(io) _q

1 — — 1 -V (i
aeV(kl) V (k1 ”*"‘*mev("”) V(io)

Cet
> — -
o 652\1’([20,]{1])
> Cle= (2751 1og 2 k.

~

0] =

Since s3 — s1 < D(0,2k), and finite-system cloud speeds are non-decreasing from left to right,
this implies the desired lower bound, i.e., that in the system [1, k1] the cloud containing k has
speed of magnitude at least ck~(5+9).

Next we argue that in the infinite system there must be infinitely many clouds. Let ki be
the good site used above, and put M = k2. Denote particle speeds in the system [1, M] with
infinite pressure by wj(-M). Removing particles to the right of k1, and releasing the pressure, can
only increase the positions of the retained particles. Hence the lower-magnitude estimate in the
ordinary system [1, k1] gives fw,(CM) < —ck~(B+2) On the other hand, the trap estimate at scale
M gives

w%) > —CM~B=e) — _—2B-¢)

Choose 0 < € < (/3. Eventually, wliM) < w](\f[w). Therefore there is a strict increase in cloud

speed across some queue with index in [k, M — 1]. That queue is transient. Since k is arbitrarily
large, these transient queues occur arbitrarily far to the right; extracting increasing sequences
gives exactly the hypothesis of Corollary 2.6.

To finish the proof, we apply Lemma 2.5 to show that t~! X} (¢) has a limit and the finite-
system speed estimates derived above apply to the resulting speed vg. Indeed, for fixed k, choose
one of the finite infinite-pressure truncations having a transient separating queue strictly to the
right of k. Lemma 2.5 then identifies the dynamics on the clouds to its left, after finite time,
with those of that finite system (up to an irrelevant spatial translation), so the finite-system
strong law gives the strong law for particle k. The infinite-pressure truncation gives the lower
bound on vy, while removing particles to the right and using the ordinary [1, k1] system gives
the upper bound on vi. Hence, for every € > 0, —k~(B=8) <y, < —k~(B+9) | ag claimed. ]

A Ladder height condition

An example where Condition (LH) trivially holds is when the distribution of log(©~/O%) is
lattice, because in that case n will always be at least the mesh of the lattice. Another example
is provided under a bounded density hypothesis, as in the following result. Condition (LH) can
fail, even under (UE) and (N), for example by taking ©~ = ¢*/?2 and ©F = e=*/2 where X
has a distribution with a sequence of atoms going rapidly to 0 from above.

Lemma A.1l. Suppose that (N) and (UE) hold. Then sufficient for (LH) to hold is either
condition (a) that the distribution of log 8—1 under P has a bounded density, or (b) that ©F and
O~ are independent and each has a bounded density under PP.

Proof. Let ¢ := log 8—;. First we prove the lemma under condition (a). Suppose that (IN)
and (UE) hold, and that ¢ has a bounded density. Let f,, denote the density of V,,. Then
0 < Var ¢ < oo and (since f is bounded over a bounded support) f; € L2(R). Let p(t) := Ee¥¢;
then ¢ € L?(R) by Plancherel’s theorem. If ¢’ is an independent copy of ¢, then |p(¢)|? =
E et~ =1 — 2 Var ¢ + o(t2) as t — 0. Hence for some ¢, > 0, |o(t)] < e~ for all |¢] < 4.
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Moreover, |¢(t)| < 1 for every t # 0 (see [26, p. 18]) and the Riemann-Lebesgue lemma [26,
p. 19] says that () — 0 as [t| — co. Hence p := supy 5 [¢(t)| < 1. For n > 2,

/ l(t)]"dt < / e~ dt + p 2 / o(t)]*dt = O(n~Y/2) + O(p"2) = O(n~/?).
R [t|<s |t|>6
Thus by Fourier inversion (see Theorem 3.2.2 of [26])

1 n _
Ifull < 57 [ le®at = 0,

as n — oo. Formula (3) (with k£ = 1) of [1] implies that

P0<V,<yl,

SEE

M8

Pln <yl = %P[0<Vn§n,Vn<y]§Z
n=1

1

n

where, for some C' < oo and all n € N (recall || il < oo by hypothesis),

y
P0<V,<y] = / fu(2)dz < yllfolloe < Cyn~/2.
0

Thus we get P[n < y] = O(y) as y | 0, which verifies (LH).

Finally we show that condition (b) implies (a). Suppose that ©~ and ©" are independent
and have densities f~ and fT respectively, and that, for some B < oo, fT(z) < B and f~(z) <
Bforalleg <z < 5! (recall that (UE) is assumed). Then a Jacobian calculation shows that ¢
has density f given by

—1

fy) = e / Cwf (W) (ue V) du < o VB,

€0

showing that f is bounded. O
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