DYNAMICAL METRIC ORDER

MARIA CARVALHO AND FAGNER B. RODRIGUES

ABSTRACT. We introduce a counterpart of the metric mean dimension with the role of the
box-counting dimension being played by the metric order. This new concept is devised for
continuous maps acting on compact metric spaces with infinite box-counting dimension but
finite metric order. It provides further information about full shifts with infinite metric mean
dimension; and yields a sharper estimate of complexity for the maps induced on the space of
probability measures by continuous transformations on compact metric spaces, whose upper
metric mean dimension is known to admit only two values (zero or infinity). When applied
to homeomorphisms, it satisfies a variational principle where the maximization is taken over
the space of invariant probability measures and whose equilibrium states always exist.

1. INTRODUCTION

Let (X,d) be a compact metric space and f: X — X be a continuous map. Denote by
P(X) the space of Borel probability measures on X endowed with the weak*-topology, by
P#(X) the subspace of f-invariant measures and by £¢(X) its subset of ergodic elements.
The space P(X) is nonempty, and it is also compact when endowed with the weak*-topology.
There are metrics on P(X) that induce this topology, the classic ones being the Wasserstein
distances Wy, for 1 < p < 400, and the Lévy-Prokhorov distance LP (see Subsection 2.7 for
the precise definitions). The map f induces in a natural way a continuous transformation
fe: P(X) — P(X) defined by fi(u) = po f~, where for every Borel set B one has (u o
F1)(B) = u(f1(B)).

Dimension theory studies the geometrical complexity of spaces by measuring sets using,
for instance, open covers with varying diameters and estimating the exponential growth of
their covering numbers with the approximating scale. Although the list of options is large,
we consider the (upper) boz-counting dimension, defined by

_ log N(X,d
dimp(X,d) = limsup log N(X, d, )
e—0t | log 6‘
where, given ¢ > 0, N(X,d, ) stands for the minimum number of open balls with radius ¢,
in the metric d, that cover (X,d). When the box-counting dimension is infinite, one may
need to employ a refined concept to distinguish spaces; we resort to the (upper) metric order,
defined by
loglog N(X,d
mo (X,d) = limsup oglog N (X, d, )
e O+ | loge|
The topological entropy is a classical invariant of topological conjugacy, introduced by R.
Adler, A. Konheim and M. McAndrew in [1], which informs on the dynamical complexity of
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2 M. CARVALHO AND F. B. RODRIGUES

systems and sometimes provides a way to select elements from P;(X). It quantifies to what
extent nearby orbits diverge as the dynamical system evolves. Recall that it is a non-negative
real number or 400 defined by
hiop(f) = limsup he(f)
e—=0t

where the topological entropy of f at scale ¢ is

1
he(f) = limsup — log S(X,n,¢) (1.1)
n—+oo N
and, for each n € N, S(X,n,e) stands for the maximal cardinality of the (n,e)-separated
subsets of X with respect to the Bowen dynamical metric d,, given by

du(z,y) = max  {d(f’(2), [/(y)}-

For example, on a compact metric space with finite box-counting dimension, a Lipschitz map
has finite topological entropy. However, if the dynamics is just continuous, the topological
entropy may be infinite. Actually, K. Yano proved in [32] that, on compact smooth mani-
folds with dimension greater than one, the set of homeomorphisms having infinite topological
entropy is C%-generic.

M. Gromov proposed in [19] a new topological invariant of dynamical systems, called mean
dimension, which brings together dimension and dynamics. This concept paved the way
for the definition of a related metric-dependent entropy-dimensional quantity, proposed by E.
Lindenstrauss and B. Weiss in [26]: the metric mean dimension, denoted by mdimys (X, d, f).
It may be thought of as a dynamical box-counting dimension, since it is both a dynamical
analog of the box-counting dimension and a dimensional analog of the topological entropy.
Its upper version is defined by

limsup,,_, 1o = log S(X,n,¢)

mdimy (X, d, f) = limsup

e—0t ’ lOg €|

Thus, the upper metric mean dimension vanishes if the topological entropy of f is finite;

if, otherwise, f has infinite entropy, it quantifies the speed at which the entropy at scale &

approaches +0o as the scale goes to zero. Moreover, it is bounded from above by the upper

box-counting dimension of (X,d) (cf. [26]). For example, it is known (cf. [29]) that, if

X = YN is a shift space whose alphabet is a compact metric space (Y,dy), the space X is
endowed with the metric

+o00
py ((@)ken, (be)ren) = > 27 dy(ax, by)
k=1

and o is the shift map on X, then
mdimM (YN, PY U) = RB(Y, dy). (1.2)

The purpose of this paper is to introduce a counterpart of the metric mean dimension,
which we call dynamical metric order, based on the metric order instead of the box-counting
dimension, and meant to distinguish dynamical systems acting on infinite box-counting di-
mensional spaces. It is defined by

log™ <lim SUP,, s 100 < log S(X,m, 6))
mdimy,, (X, d, f) = lim sup

1.3
e 0+ | loge| 43
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where log™ (t) = max{0,logt}, logt 0 = 0 and log™ (+00) = +00. Some of its properties are
expected and deduced by methods similar to those used to study the metric mean dimension.
For example, the metric order is an upper bound of the dynamical metric order; and, as
happens in (1.2) for the metric mean dimension, a full shift satisfies (cf. Theorem A)

mdimy,, (YN,p, J) = mo (Y, dy).

However, there is an important departure in this new approach that is of great value. Given
a continuous map f: X — X, if W) stands for a Wasserstein distance on P(X) (for which
one has dimg (P(X), W;) = +00), then

mdimy (P(X), W1, fi) =0  or  mdimy (P(X), Wi, fi) = 400

whether hiop(f) = 0 or hyop(f) > 0, respectively. Whereas, if 0 < dimp (X, d) < 400 and f
is Lipschitz with positive topological entropy, then (cf. Corollary 5.2, a simple corollary of
10])

0 < mdimp, (P(X), W1, fi) < dimp(X,d) < +o0.

We can find in the literature a number of interesting suggestions on how to define a measure-
theoretic dynamical metric order. See, for example, a comprehensive list in [15]. When
considering the metric order, a natural choice seems to be the quantization of measures.
More precisely, given € > 0, the quantization number Q, p(e) of p € P(X) at the scale ¢
with respect to the metric D in P(X) is the least positive integer N such that there exists
v € P(X) supported on a set of cardinality N with D(u,v) < €. The upper quantization
order of y € P(X) with respect to the metric D is defined by

©o(n) = limsup EEDDE)
e—0t | log 5|

This notion yields an immediate variational principle for the dynamical metric order of a
full shift, with equilibrium states in P(X) (cf. Corollary 3.5). More precisely, if (V,dy) is a
compact metric space, X = YN and D € {LP} U {W,: 1 < p < 400}, then

— N __

mdimpy, (Y, py,0) = | nax aop (1)
In Section 4, we discuss a dynamical variant of the quantization of measures that also builds
a variational principle of interest, with equilibrium states invariant by the dynamics (see
Corollary 4.2). This variant was inspired by [5], where the authors consider, for each n € N,
dynamical Wasserstein distances Wp,,, for 1 < p < +o0, and a dynamical Lévy-Prokhorov
distance LP,, defined using the dynamical metric d, in X instead of the original metric d.
The proof of such a variational principle is just a slight modification of the argument given
in [11, Theorem A and B|, where a classical variational principle is established for the metric
mean dimension of a homeomorphism.

The aforementioned dynamical distances on P(X) led us to ask how the metric order of
P(X) varies with n. We establish the following lower bound (cf. Theorem B):

lim sup mo UD(X)’ Wl’n) = limsup —dlmB EzX’ dn)

n— +o0o n n — 400

> mdimyg (X, d, f)

The paper is structured as follows. In the next section, we gather information on the
notation and concepts we will use. We thoroughly explain our contributions in Sections 3
and 6, where we also discuss several examples. In Sections 4 and 5, we describe the two main



4 M. CARVALHO AND F. B. RODRIGUES

motivations for our new approach. Section 7 gathers more examples that help to clarify the
sharpness and scope of our results. We present a number of basic properties of the dynamical
metric order in Section 8, and the proofs of our contributions appear in Sections 9-12.

2. DEFINITIONS
Let (X, d) stand for a compact metric space and f: X — X be a continuous map.

2.1. Bowen dynamical metrics. Givenn € N, the dynamical metric d,,: X xX — [0, 4o00]
determined by the distance d in X and the map f is defined by

dn(@,y) = max {d(z,y), d(f@), F©), -, d" @) "7 ) }-

It is easy to check that d, is indeed a metric and that it generates the same topology as d.
Given € > 0, n € N and a point x € X, the open (n,¢)-ball around z is the set

Bp(z,e) ={y € X : dy(x,y) < e}.

2.2. Separated sets, spanning sets and open covers. Given € > 0 and n € N, the next
three quantities count the number of orbit segments of length n that are distinguishable at
scale ¢.

A set E C X is (n,e)-separated if any two distinct points in E are at least e-apart in the
metric d,, that is, d,(x,y) > € for every x # y € E. We denote by S(X,n,e) the maximal
cardinality of the (n, £)-separated subsets of X. When n = 1, we simplify this notation saying
that the set E is e-separated and changing the notation to S(X, d, ). Thereby, for every e > 0
and n € N, S(X,n,e) = S(X,dp,¢).

A set FF C X is said to be (n,¢e)-spanning if for any x € X there exists z € F' such that
dn(z,z) < e. We denote by R(X,n,¢e) the minimal cardinality of the (n, )-spanning subsets
of X. Again, when n = 1, we refer to e-spanning sets, with minimal cardinality denoted
R(X,d,e). So, R(X,n,e) = R(X,dy,¢) for every e > 0 and n € N.

Given € > 0 and n € N, the e-covering number of (X,d,), denoted by N'(X,n,¢), is the
minimum cardinality of a covering of X by sets of dy,-diameter less than € (the diameter of
a set is the supremum of the distances between pair of points in the set). When n = 1, we
refer to N (X,d, ), hence N (X,n,e) = N(X,d,,¢) for any € >0 and n € N.

We observe that, due to the compactness of X, the values of S(X,n,¢e), R(X,n,c) and
N(X,n,e) are finite for every n € N and £ > 0. In addition, the previous three quantities are
related by (cf. [9, Lemma 2.5.1]:

N(X,n,2) < R(X,n,e) < S(X,n,e) < N(X,n,e). (2.1)
Moreover,
N(X,n+m,e) < N(X,n,e) N(X,m,e) (2.2)

thus the sequence (log N(X,n, 5)) is sub-additive.

neN

2.3. Box-counting dimension. Given ¢ > 0, let N(X,d,¢) stand for the smallest number
of open balls in the metric d with radius € which cover X. We observe that, for every € > 0,
one has

S(X,d,2e) < N(X,d,e) < S(X,d,e). (2.3)
The upper bozx-counting dimension of (X,d) is defined by
log N(X,d,¢)

dimp(X,d) = limsup
e 0+ |loge|
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The lower box-counting dimension dimp (X, d) is defined by taking liminf instead of lim sup.
Notice that, due to (2.3), the upper box-counting dimension may be computed using (n, ¢)-
separated sets, that is,

S 1 X
dimp(X,d) = limsup log S(X, d, )
e—0t | log €|
(and similarly for the lower version). We observe that, by (2.1) and (2.3), we also have
log V(X d,¢)

dimp(X,d) = limsup
e | log e
2.4. Metric mean dimension. The upper and lower metric mean dimensions are labels of
complexity specially devised for dynamical systems with infinite topological entropy. They are
denoted by mdim; (X, d, f) and mdim,;(X,d, f), respectively, to emphasize their dependence
on the fixed metric d of the space X where the dynamics f acts. They are defined by

limsup,, , ;o = log S(X,n,e)

mdimM(X,d,f) = limsgp Tog 2]
e—=0

limsup,, , ;o = log S(X,n,e)

mdimy (X,d, f) = liminf [loge]

Due to (2.1), the metric mean dimensions may be computed using R(X,n,e) or N(X,n,e)
instead of S(X,n,e). It is known (cf. [29, Section 5]) that

mdimy (X, d, f) < dimp (X, d). (2.4)

2.5. Metric order. The upper and lower metric orders of (X,d), defined by Kolmogorov
and Tikhomirov [24], are given, respectively, by

loglog S(X,d loglog S(X,d
0 (X, d) = limsup B8N D) g g (X, d) = limine 281085 LE)
e—07 |log | e—07T |log €|

where it is agreed that log 0 = 0. In case both quantities coincide, we simply denote them by
mo (X, d), which is named the metric order of the set X with respect to the distance d. By
(2.3), in the previous limits we may use NV (X, d, ¢) instead of S(X,d, ). Observe that, since
logt < t for every t > 0, one has

o (X, d) < dimp (X, d).

2.6. Dynamical metric order. The dynamical metric order of f in X with respect to d is
defined by

- log™ <lim SUPy s o0 & log S(X, n, g))
rndirnmo (X, d, f) = lim sup
e— 0t | 10g€‘

where log™t (t) = max{0,logt}, log0 = 0 and log (+00) = +o00. Similarly, we define the lower
dynamical metric order of f in X with respect to d by

log™ (lim SUP,, s 100 + log S(X,n,s))
mdim,, (X,d, f) = lim irif Toge| .
e—0 oge

The relations (2.1) and (2.2) imply that the dynamical metric order can be computed using
R(X,n,e) or N(X,n,e) instead of S(X,n,e).
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From (2.4) and the inequality logt¢ < t for every real ¢t > 0, we conclude that
mdimp, (X, d, f) < mdimy (X, d, f) < dimg (X, d) (2.5)
and similarly for the lower dynamical metric order. Observe that (2.5) implies that, if either
dimp (X, d) =0 or hgep(f) < 400, then
mdimp, (X, d, f) = mdimy (X, d, f) = 0.
Example 3.1 shows that the inequalities (2.5) may be strict.

2.7. W, and LP metrics on P(X). The space P(X) of the Borel probability measures on
X is metrizable if endowed with the weak*-topology. The classic distances on P(X) are the
Wasserstein distances and the Lévy-Prokhorov distance. The former are defined by

W) =t ([ ey dw(x,w)l/p

m €I (p,v)

where p € [1,+o0] and II(u, v) denotes the set of probability measures on the product space
X x X with marginals p and v (see [30] and references therein for more details). The latter
is defined by

LP(u,v) = inf {5 >0: VE CX V eneighborhood VZ(E) of E one has

V(E) < p(V(E) +=  and  p(E) < v(V(E)) +¢}.

We refer the reader to [6] for more information on these distances.

Whenever we consider in (X, d) the dynamical metric d,,, for some n € N, then the cor-
responding Wasserstein and Lévy-Prokhorov distances will be denoted by LP, and Wp,,
respectively.

2.8. Quantization order. The quantization of measures, as addressed in [18], consists in
approximating, at arbitrarily small resolution with respect to a fixed distance D in P(X), a
given measure by another with finite support.

Definition 2.1. Given p € P(X) and e > 0, the quantization number @, p(€) of i1 at a scale
e with respect to the metric D is the least positive integer N such that there exists v € P(X)
supported on a set of cardinality N with D(u,v) < €.

The previous definition admits a reformulation when D is the Lévy-Prokhorov metric.

Lemma 2.2. [5, Proposition 3.3] The quantization number Q, rp(e) for the LP metric is
the least number of closed balls with radius € that cover any subset of X with u-measure at
least 1 —e. Therefore, for every e >0 and pu € P(X)

QMLP(E) < ./\[(X, d,é‘). (2.6)

The following is a similar characterization of the quantization number when using a Wasser-
stein metric.

Lemma 2.3. [5, Propositions 3.2 and 3.4] The quantization number Q. w, () for a W), metric,
where 1 < p < +00, is the minimal cardinality of the finite sets F© C X such that

/ (d(z, F))" du(z) < €.
X
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Moreover, for every e >0 and pn € P(X)
Quw, () < N(X,d,e). (2.7)

Definition 2.4. The upper and lower quantization orders of y € P(X) with respect to the
metric D are defined by

_ . loglog @, p(€)
qo = limsup —————"—~
(1) . “loge
.. . loglog@Qu,p(e)
= 1 f : .
aop, (1) Do —loge

We observe that, by (2.6) and (2.7), for every p € P(X) one has
qop(p) < mo(X,d)  and  qop(p) < mo(X,d).

3. SHIFTS ON INFINITE-DIMENSIONAL ALPHABETS

In the space XN of the unilateral sequences generated by the alphabet (X,d), endowed
with the product topology, we consider the following compatible metric: given z = (k) en
and y = (yx)ren, define

+

=y SO x’“’ Ur) (3.1)

k=1
Let o: XN — XN be the shift, defined by a(( keN) = (Tg+1)ken. It is known (cf. [29])
that

mdimy (X", p,,0) = dimp (X, d). (3.2)

The next result shows that, when dimp (X , d) = 400, the equality (3.2) has a counterpart
where the role of the box-counting dimension is played by the metric order.

Theorem A. Let (X,d) be a compact metric space. Then
mdimy,, (X", py,0) = mo (X, d)
and, for every continuous map f: X — X,
mdimp, (X, d, f) < mo (X, d).
Since the upper metric order has the intermediate property (cf. [13, Theorem 4]), the
previous result implies that, within the shift maps, the dynamical metric order has this

property as well. More precisely, given a compact metric space (X,d) and § that satisfies
0< B <mo (X , d), there exists a subset Y3 C X such that mo (Y/g, d) = 3. Therefore, given

a such that 0 < a < mdimy,, (XN7 pX,J), by Theorem A one has

0<a<mo (X,d)
so there exists a subshift Y§ c XN such that mdimp, (Y§ , 0, pYa) = mo (Ya, d) = a.
Example 3.1. Let (X, d) be a compact metric space such that 0 < dimp (X, d) < +00. For

instance, X = [0,1] or X = {0} U {1/k: k € N}, whose box-counting dimensions are 1 and
1/2, respectively. Then, by (3.2), one has mdimy; (XN,pX,J) = dimp (X, d) > 0.

Lemma 3.2. If dimp (X, d) < 400, then mo(X, d) =0.
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Proof. Given 6 > 0, take g9 = €9(d) > 0 such that

0<e<e = S(X,d,e)<e(ﬁB(X’d)+5)|logs|.

Thus,
loglog $(X,d,e) _ log (dimp(X,d) +6)  log|loge| 10, 0]
’10g€’ “Oge‘ ‘logg‘
hence -
log (di X,d ) log |1
W(X,d) < limsup og( img ) + ) og |loge| _
e—=0t |].0g€| |]_0g8|

Thus, mo(X, d) =0. O

Since we are assuming that dimp (X , d) < 400, by Theorem A and Lemma 3.2, one has
mdim,,, (XN,pX,a) =mo(X,d) =0. W

We note that Lemma 3.2 implies that, if dimp (X , d) < 400, then the dynamical metric
order of (X,d, f) is zero for any continuous map f: X — X.

The previous example makes plain that, for alphabets X with finite box-counting dimen-
sion, the metric mean dimension is a sharper label of complexity for the shift map on XN
than the dynamical metric order. This is no longer true when the box-counting dimension of
X is infinite, as the next example illustrates.

Example 3.3. Let (Y, dy) be a compact metric space with 0 < dimp (Y, dy) < 400 and let
X =P(Y) endowed with a metric D € {W,,: 1 < p < 400} U{LP}.

Lemma 3.4. mO(P(Y), D) = dimp (Y, dy) and dimp (P(Y),D) = +00.

Proof. Regarding the first equality, recall from [5, Theorem 1.3] that, for any compact metric
space (Z,dz),

dimg(Z,dz) < mo(P(Z),D) < mo (P(Z),D) < dimp(Z,dy). (3.3)

Since we are assuming that dimp (Y, dy) = dimp(Y,dy ), then (3.3) yields
mo(P(Y),D) = dimg (Y,dy). (3.4)
The equality dimp (P(Y), D) +oo is a direct consequence of Lemma 3.2, the equality (3.4)
and the hypothesis dimp (Y, dy) > 0. O

From (3.2) and Lemma 3.4, we deduce that
mdimy (P(Y)Y, ppy,0) = dimp (P(Y), D) = +oc.
On the other hand, by Theorem A and (3.4),
0 < mdimue (P(Y)Y,0,p0,4,) = mo(P(Y),D) = dimg (Y,dy) < +oc. W
The previous example also shows that the dynamical metric order can span any non-

negative value: for every 0 < 8 < 400, there is a compact metric space (Y,d) whose box-
counting dimension is 8 (cf. [16]); hence, mdimy, (P(Y)Y, pp(y),a) =p.

The upper quantization order of p € P(X), defined in Subsection 2.8, is related to the
metric order. More precisely,
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e [5, Proposition 3.4] For every p € P(X), one has qop(p) < mo (X,d).
e [5, Theorem 3.9] There is px € P(X) such that qop(px) = mo (X, d).

The next variational principle is an easy consequence of this information and Theorem A.

Corollary 3.5. Let (X,d) be a compact metric space and D € {LP} U{W,:1 < p < +o0o}.
Then

— N __

mdimpy,, (X, py,0) = #éng&) qop ().

4. DYNAMICAL QUANTIZATION ORDER

Recall from Section 2.7 that, given n € N, we denote by LF,, and W), the Wasserstein
and Lévy-Prokhorov distances in P(X), respectively, induced by the metric d,, in X.

Definition 4.1. Consider D € {LP} U {W,:1 < p < +oo} and, given n € N, the cor-
responding dynamical metric D, € {LP,} U{Wp,,:1 < p < 4o0}. For p € P(X) and
e > 0, the dynamical quantization number @, p, (¢) of v at scale € is the least positive integer
K = K(n,e,p) such that there exists v € P(X) supported on a set of cardinality K with
D, (u,v) < €. The upper and lower dynamical quantization order of u with respect to the
metric D are defined, respectively, by

log“‘ (lim SUP, s 400 % log Qu,p, (5))

mdimme (X7 d, f,D,u) = limsup (4.1)
R | loge|
log™ (limsup,, , o 3 10gQup,(€))
mdimmo(X, d, f,D,u) = liminf n —r .
e—0t | log ¢|

When f is a homeomorphism, the dynamical metric order satisfies a classical variational
principle with respect to the upper dynamical quantization order. This property is a conse-
quence of [11, Theorems A and B], whose proofs admit a direct adaptation to the dynamical
metric order.

Corollary 4.2. Let (X,d) be a compact metric space, f: X — X be a homeomorphism and
D be a metric in {LP}U{W,: 1< p < +oo}. Then
di X.,d, = a di X,d, f,D,u).
mdimme ( f) MEH717f}((X) mdiimme ( f ,LL)

5. COMPLEXITY OF THE INDUCED MAP

Let (X, d) be a compact metric space, f: X — X be a continuous map, P(X) be the space of
Borel probability measures on X endowed with the weak*-topology and f,: P(X) — P(X) be
the map induced by f on P(X). It is known (cf. [10]) that, if D € {W),: 1 < p < +o0}U{LP},
then

heop(f) >0 < mdimy (P(X), D, f.) = +oo. (5.1)
In addition, by [3, 17] the following dichotomy holds:
hiop(f) > 0 ¢ hop(fi) = +00 (5.2)

htop(f) =0 = htop(f*) = 0.
Besides, the definitions yield that
heop(fx) = 0 =  mdimy (P(X), D, fx) = 0. (5.3)
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The equivalence relations (5.1) and (5.2) together with (5.3) imply that the metric mean
dimension of f, only admits two values, namely zero and infinity. In contrast, the dynamical
metric order of f, is aware of both the topological entropy of f and the dimension of X, and
we will show that, under mild assumptions, it exhibits a wider range of values.

The next application of Theorem A is an easy consequence of (3.3).
Corollary 5.1. Let (X,d) be a compact metric space and f: X — X be a continuous map.
If De {W,:1<p<+oo} U{LP}, then
mdimpy, (P(X), D, fi) < dimp(X,d).

We observe that, if dimg(X,d) = 0 then, by Corollary 5.1, mdimy,, ( (X),D, f) =0 for
every continuous map f: X — X. Assume, otherwise, that 0 < dimp (X, d) < 400 and
f: X — X has positive topological entropy; then, by (5.1), mdlmM( (X),D f) = 400,

whereas Corollary 5.1 ensures that
mdimy,, (P(X), D, f«) < +o0.

In the next subsection, we discuss a class of functions for which the dynamical metric order
of the corresponding induced maps is finite and non-zero.

5.1. A particular case: Lipschitz maps. Given A > 0, a map f: X — X on a compact
metric space (X, d) is A-Lipschitz if

d(f(x), f(y)) < Md(z,y) Va,yeX
and

A = min{L €]0,400[: d(f(z), f(y)) < Ld(z,y) Vaz,yeX}.

It is known (cf. [22, Theorem 3.2.9]) that, when f: X — X is A-Lipschitz, then its topological
entropy is bounded from above by
heop(f) < max {0, log A} . dimg (X, d). (5.4)
Therefore, if f: X — X is A-Lipschitz and has a positive topological entropy, then A > 1 and
the upper box-counting dimension of (X, d) is positive.
The next result is an immediate consequence of Corollary 5.1 and [10, Corollary 19].
Corollary 5.2. Let (X,d) be a compact metric space with finite upper box-counting dimension

and consider a continuous map f: X — X. If f is A-Lipschitz and has positive topological
entropy, then

0 < mdimp, (P(X),Wl,f*) < Ho00.

In this setting, one always has mdimy; (P(X ), Wi, f*) = +o0; therefore, the dynamical
metric order provides a better informed estimate of the complexity of f,.

Example 5.3. Consider X = {0, 1} with the metric

e ®, where k = min{j € N: z; # y;}, if this set is nonempty
d(z,y) = .
0 otherwise

and the shift map o: X — X. Then o is Lipschitz, has positive topological entropy and
dimp (X , d) = log 2. Indeed:
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(1) Given (zk)ken), (Uk)ken € X,
d(o((zr)ken), o((rken)) = d((@rr1)ren, Wrr1)ren)) < ed((@p)ren, Wr)ren)-
(i7) It is known (cf. [31]) that hop(o) = log 2.
(i4i) Given m € N, let ¢ = ¢™™. Then S(X,d,£) = 2™, and so dimg (X, d) = log 2.
Therefore, from item (ii) and (5.1) we get
mdimy; (P(X), W1,0,) = +o0.
On the other hand, by Corollary 5.1,
mdimpy, (P(X), Wi,0,) < dimg (X,d) = log2;
and, by properties (i) — (iii), Corollary 5.2 ensures that mdimy, (P(X), Wi, a*) >0. N

6. GROWTH RATE OF THE METRIC ORDER

The topological emergence of f, introduced in [4], evaluates the complexity of a map by
the size of the space of its invariant ergodic probability measures. It is defined by

loglog &
Emerop(f) = limsup 08108 £1op(f)(€)
>0+ | loge|
where Eiop(f)(€) is the minimal number of e-open balls of P(X) in the distance W), (respec-
tively, LP) whose union covers £¢(X). According to [5, Section 2], for every 1 < p < +o0,

Emeriop(f) = W0 (E4(X),W,) = mo (&7(X), LP).

An analogous measure of complexity might be achieved by estimating the size of the space
P(X) endowed with dynamical metrics. The following class of metrics on P(X) was intro-
duced in [5] and are determined by the Bowen dynamical metrics generated by f on (X, d).
More precisely, for each p € [1,+oo[ and n € N, define

1/p
Wonlpo) = nt ([ faatog)? dnton)) (6.1)
€I (p,v) XxX
LP,(u,v) =1inf L(p,v,n)
where

L(p,v,n) = {8 >0: VE CX Ve-neighborhood V; ,,(E) of E in the metric d,,

V(E) < Ven(E) +e  and  u(B) < W(Ven(E)) +¢ |-

Since the notions of metric order and box-counting dimension are metric-dependent, we may
wonder how they change when the distance d is replaced by d,,. This question is the motivation
for the next result.

Theorem B. Let (X,d) be a compact metric space and f: X — X a continuous map. Then

lim sup mo UD(X)’ Wl’n) = limsup —dlmB (X’ dn)

n— +o0o n n — 400 n

> mdimyg (X, d, f)
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Observe that limsup,, _, ., dimpg (X , dn) /n is defined like mdimy; (X ,d, f) but with the
order of the limits in € and n exchanged. In what follows, we refer to it as the mean boz-
counting dimension of (X,d, f), as done in [20] with respect to a similar concept used to
reformulate the notion of metric mean dimension for subshifts.

Example 6.1. From Theorem B and (3.2) we deduce that, if (Y,dy) is a compact metric
space and ¢ is the full shift on (YN, py), then

T N
lim sup dimg (Y ’ (py)n) > dimp (Y, dy).
n— 400 n

However, this inequality may be strict (see Example 7.4). An analogous inequality is known in
a rather different setting. More precisely, in [12], the authors showed that, for any C°-generic
homeomorphism f: X — X of a compact smooth boundaryless manifold X with topological
dimension dimX > 1 endowed with a metric d compatible with its smooth structure, the
upper metric mean dimension of f on (X,d) attains its maximum value, which is dimX.
Therefore, from Theorem B we conclude that, for C%-generic homeomorphisms f: X — X,
one has

limsup B (X dn)

n— 400 n

> dimX.

In contrast, in the next example the mean box-counting dimension is strictly smaller than
the upper box-counting dimension of the phase space.

Example 6.2. Let (X,d) be a compact metric space such that 0 < dimp (X , d) < +o00 and
f: X — X be a A-Lipschitz map. Then f has finite topological entropy and hence zero metric
mean dimension.

(a) If 0 < A < 1 then, for every n € N and any pair z,y € X, one has

dn(xay) = ma‘x{d(x7y)7"' 7d(fn71(aj)7fnil(y))} = d(xvy)

Thus,
_ dimg (X, dy) _ dimp (X, d) - —
limsup ————— = limsup ——— = = 0 = mdimy (X, d, f) < dimp (X, d).
n— 400 n n— 400 n

(b) If A > 1 then, for every n € N and any pair z,y € X, one has
() = max {d(z,y), -+, ("N @), F7 )} < A d(z,y)
and so, for all e > 0 and n € N,
dp(z,y) 2 ¢ = d(z,y) = e/\".

Therefore,

S(X,dn,e) < S(X,d, e/\")
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and

_— . logS(X, dn,s)

, dimg (X, dy,) _ limsup, _, o+ —jog7
limsup —— = = limsup
n— +oo n n—+o0o n

log S (X, d, /")

lim sup, _, g+ Tog 2]

N

lim sup
n — +o0o n

: log S(X,d,e/A")  |1og (e/A")]
hmsuPHO*( Mog(e/x) * [logd] )

= limsup
n— +oo n

_ log S(X,d, /")
lim SUp. - o+ —Trogermr

= limsup
n— +oo n

= limsup dimg (X,d) (X,d)

n— +oo n

= 0.

So,

dimn (Xodn) S (X,d, ) < Qi (X, ).

lim sup
n — 400

7. MORE EXAMPLES
Here, we address some particularities of the previous concepts and theorems.
Example 7.1. The dynamical metric order is metric-dependent.

Consider the Banach space

B = {(ﬁn)neN e RY: limsup |xn|/n:0}

n — +00
endowed with the norm given by ||(2n)nen| = sup,en |zn|/n. Let K be the compact set
K = {(zn)nen €B: |z, <1 YneN} = [-1,1]Y

and denote by d the distance induced on K by the norm || - ||.
Given 0 < e < 1, let ng = ng(e) € N such that

Define m = [1] and the sets
7= {0, /2, £2/2, ... j:ma/Q} c [-1,1]
and

L = {(xn)neNEK: ;€7 V1<i<ng and z; =1 Vi>ng}.

Claim: L is an e-spanning subset of K with cardinality [2/¢|™°, and so mo (K, d) <1.

13
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Proof. Clearly, by construction, L has cardinality |2/e]". Given (yn)nen € K, take (zp)nen
in L such that

l2n —ynl < €/2 V1< n<ng.
Then,
[(Tn)nen — (Yn)nenll = max{ sup |zp — yn|/n, max \azn—yn|/n}
1<n<no

n>ng+1 INx
max {s, 6/2}

Thus, L is e-spanning. Therefore,

log ng(e) + loglog 2 log 2 + loglog 2
W(K,d)glimsup gmo(€) 808 < limsup Se ha = 1.
e—0t —loge 0+ —loge
]
On the other hand,
Claim: L is an 2 /4-spanning subset of K, and so mo (K,d) > 1/2.
Proof. Given (zn)nenN # (Yn)nen in L, one has
€ g2
[(@n)nen — (Yn)nenll = :16111)\1 |Zn = yul/n = lgnrlzagxno |Tn = Yul/n = 27710 > i
So, L is e-separated. Hence,
log ng(e) + loglog &
W(K,d) > limsup gno(€) 1 Chi
e—0+ log =2
no(e) 4
i log (no(e) + 1) + log no(os)+1 + loglog =
e— 0t 0og
log +log (E()J)rl + log log 1
> limsup -
e—0t log =2 2
O

Take T: [-1,1] — [—1,1] such that mdimy ([—1,1],] - |,T) = 1. Regarding the existence
of such a map T, we refer the reader to Example 7.6. Define

f: K - K

(xn)neN — (T(xn))neN'

Claim: 0 < mdimyy, (K, d, f) <1

Proof. Fix 0 < § < 1. Since mdimyy ([—1,1],] . |,T) = 1, we can take gy = £¢(d) > 0 and
no = ng(eg) such that, for any 0 < € < g9 and n > ng, one has

S([-1,1],n,e) = " (Iloga\ (1—5))_
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For each n > ng and each 0 < € < g¢, let {x1,...,2p} C [—1, 1] be a maximal (n, )-separated
set of [—1, 1] with respect to the map 7' (hence, M = S([—1,1],n,¢)). Consider the space

A = {(zn)neN €EK: zp€{r1,...,xp} VI<n<npand z;=1 Vi> Ll/aj}
We note that A is a finite subset of K whose cardinality satisfies
#A > en(|loge|(1—5))/€'

Moreover, A is a (n,e?)-separated subset of K with respect to the map f. Indeed, given
(zn)nenN # (wp)nen in A, there exists 0 < ¢ < 1/e such that z; # w;. As z and w; are
(n, e)-separated with respect to the map 7', there exists 0 < N < n for which

TN (i) = TN (wi)| > e
This implies that

_ _ €
HfN 1((Zn)n€N) _fN 1((wn)n€N)H = 17/8 = ¢
Consequently,
1
limsup — log S(K,n,e%) > |loge| (1 —9)/e
n—+oo N
and 1
mdimpy, (Ka ” ’ Haf) = 5
[l
Consider now in [~1,1] the Euclidean metric | - | and endow [—1,1]N with the product
topology. Then, by Theorem A,
mdimm ([—1, 1]%, pj-117, ) < W0 ([-1,1]Y, pj_1.1)) = 0 < mdimume ([—1,1]%, [ - ||, ),
where the equality mo ([—1, 1N P[—l,l}) = 0 is due to the estimates in [27, Example 1]. |

Example 7.2. The inequality in Theorem A may be strict.

Let (Y,d) be a compact metric space with 0 < dimp (Y, d) < 400 and consider the space
X = P(Y) endowed with a metric D € {W,:1 < p < +oo} U{LP}. As explained in
Example 3.3, one has

0 < mo(P(Y),D) = dimp (Y,d) < +oo.
Let g: P(Y) — P(Y) be a continuous map with finite topological entropy (e.g. the identity
map). Then, due to (2.5),

mdimm, (P(Y),D,g) = 0 < mo(P(Y),D). R

Example 7.3. [10, Remark 18] The assumptions in Corollary 5.2 are sharp.

Let (Y, dy) be an infinite compact metric space with zero dimension. Then the space X = YN
with the product topology may be endowed with a compatible metric d so that (X,d) has
zero box-counting dimension. Consider the full shift o on X. Since Y is infinite, hyop (o) > 0;
and, by Corollary 5.1,

mdimy,, (P(X),Wl,a*) < dimp(X,d) = 0.
So Corollary 5.2 does not apply. This is due to the fact that o is not Lipschitz on (X,d). H
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Example 7.4. [10, Remark 18] The inequality in the statement of Theorem B is
sharp.

Consider the shift map o: [0,1]N — [0, 1], where [0, 1] is endowed with the Euclidean dis-
tance. Then, mdimy ([0, 1Y, pjo.1),0) = 1 (cf. [27, Example 1.1]). Moreover, o is 2-Lipschitz:
given (zg)ken, (Yr)ken € [0,1],

+oo
P11 (0 ((@e)ken), o((We)ken)) = ppa(@es)ren, o(Yrs1)ren)) = ZTk |Tht1 — Y1l
=1

400 00
= 2> 2 — ] <2) 2% ey —yep|
k=1 k=0

= 2p[0,1] ((xk)kENu (yk)keN)'

Since o has infinite topological entropy and is Lipschitz, if d = pyg 1) then, by (5.4), we must
have

dimg ([0, 1]V, d) = +oo0.

Note also that, since d,, 11 > d,, for every n € N, one has S([0,1]N,d,,e) < S([0,1]N,dp11,€)
for every € > 0; thus,

dimg ([0, 1Y, dpy1) > dimp ([0, 1]V, dy,). (7.1)
Therefore, dimp ([0, 1N, dn) = +oo for every n € N and so

dimg ([0,1]Y,dy)

lim sup > mdimyg ([0, 1}N,p[071},0). [ |

n — +00

More generally, if dimp (Y, dy) > 0, then (YN, py,o) has positive upper metric mean
dimension, and so infinite topological entropy. As the shift is a Lipschitz map, we must have
dimp (YN, dy) = +oc. Thus, the mean box-counting dimension of (YN, dy, ) is +oc.

Example 7.5. [20, Example IV-C.2] The inequality in the statement of Theorem B
may be strict, even if the metric mean dimension is zero.
Given K € N, consider

A = {[0,1/251% x {(0,0,---)}} < [0,1]"

A = |J o"(4x)
n € Np

A = |J Ak
KeN

Then A is a subshift of ([0,1]Y, pjg1) (that is, A is a non-empty compact o-invariant subset
of [0, 1]Y) which satisfies the following conditions:

(1) For every z € A, one has lim,, , y~ o"(z) =0= (0,0, --). Thus, the non-wandering set
of 0|4 is {0} and so

mdimy (A, p[o,l],a) = 0.
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(2) On the other hand, if d = py 1}, then
T (A, d)

limsup ——= > 1.

n — +00 n
Indeed, in [20, Appendices A & E] it was established that:

(2a) For every n € N and ¢ > 0,
#(WH(A)a [ 15 5) < S(A,dn,¢)
where 7,: A — [0, 1]™ is the projection given by ﬂ'n((l‘j)jeN) = (1, " ,Zn),
1(@5)je 1, mllee = max{z;: 1 <j<n}

and #(B, A, ¢) denotes the minimal cardinality of an open cover {U;}; of B such that each
U; has diameter in the metric A smaller than e.

(2b) In addition,
# (n(A), || 1%, )

lim limsup = 1.
Y
From (2a) and (2b), we conclude that
dim .A, d S A7 d €
lim sup M = lim sup lim sup M > 1 > mdimy (.A, Pl 1},0). |
N — 400 n n—+oo o+ N |logel ’

Example 7.6. [20, Example IV-C.2] There exist two maps with infinite topological
entropy, equal metric mean dimension and equal dynamical metric order, but
distinct mean box-counting dimension.

Consider the interval [0, 1] with the Euclidean distance d = |- | and the following 2-parameter
family of interval maps, first introduced in [25] and further discussed in [21, 29, 14, 2]. Fix
a sequence a = (ax)renu{oy of real numbers and a sequence b = (bg)ren of positive odd
integers satisfying the following conditions:

o (ar)r>o is strictly increasing and converges to 1.

o (ap —ag_1)ren decreases to zero.

o (br)ken is strictly increasing (hence (bg)x e n has limit +00).
Given k € N, denote by fi: [0,1] — [0, 1] the unique continuous piecewise affine map with by,
equidistributed full branches such that f; is increasing in the first one (and, since by, is odd,
also in the last one). Let

i = lag—1, ax]

and Ty: Jx — [0,1] be the unique increasing affine map from Ji onto [0, 1]. Define:

T.p:  [0,1] — [0,1]
z€J, — TlofroTy (7.2)
r=1 1

Each map is determined by a sequence of horseshoes that accumulates at the extreme point
1 (see Figure 1). The sequence (ay); defines the intervals (Ji ) where the horseshoes lie, and
each by represents the number of branches in the k-th horseshoe. In particular, the topological
entropy of Tpp restricted to Jj is logby. Write e = |Ji|/bk, which represents the length of
the injectivity domains in Jj.
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FIGURE 1. Graph of the map T (reproduced from [2]).

For every pair a,b, the map 7, has infinite topological entropy since a classical result of
Misiurewicz (see [28]) yields

hiop(Ty,p) = limsup log b, = +o00.

k — 400

The metric mean dimension has been computed for specific choices of the parameters (see for
instance [29] and [14]). In general, one has (cf. [2])

—_— . IOgbk
mdim; ([0, 1], | - |, Ty = limsup ————
MO I Taw) = 0ol 4o (1)

1
mdim, ((0,1], | - |, Top) = liminf —8%

k—+oo log(1/er)
For instance:
(1) far = Zﬁ:l 6/(mn?) and by = 3F, then mdimy,([0,1], Top, |- |) = 1.

: . _ k n(1—-1) _ +o00 on (1—%)y—1
(2) Given0< B < 1,ifar = >, ,C(B)3 ¢/, where C(8) = (31293 )", and
by, = 3%, then mdimp([0,1]), Top, | - |) = B
(3) Ifay = 1/2% and by, = 2k + 1, then mdim ([0, 1], Top, |- |) = 0.
We observe that, since dimpg([0,1]) =1 < 400, by Lemma 3.2 and Theorem A one has

mdimp, ([0, 1], Ty, | - ]) = 0.
Regarding example (1) and its mean box-counting dimension, Theorem B yields
dimg ([0, 1], d,
lim sup imp ([0, 1], dn) > mdim([0,1], Top, |- |) = 1. (7.3)

n — +0o n
On the other hand (cf. [12, Proposition 10.1]), for all n € N and 0 < ¢ < ¢,
1 n
S(Ta,bana 6) < |\*J X %
Ek 9

so, since



DYNAMICAL METRIC ORDER 19

we have
1 |n-1 1 1 1 1
log S(Typ,n,€) < log Q—J ) + log— = (n—1) log L—J + log— < nlog —.
€k € €k € 5
Thus,
. log S(Tup, . €)
limsup ———=
e—0t | IOgE‘
hence,
3 10g S(Ta bvn’e)
lim sup I e
lim sup =20 [loge] < 1. (7.4)
n — +o0o n

From (7.3) and (7.4), we conclude that

lim sup dimp ([07 1}3 dn)

n— +0o n

= 1.

Consider now the shift map o: [0, 1] — [0, 1] discussed on Example 7.4. We know that
mdim ([O, 1N, p[m},a) =1, hence hiop(0) = 400, and, by Theorem A and Lemma 3.2,
mdimme ([0, 1]V, p.13. ) = mo([0,1],]-]) = 0.

Yet, we have already verified (cf. Example 7.4) that the mean box-counting dimension of
([07 1]Na g, ;0[0,1]) is +00. u

8. BASIC PROPERTIES OF THE DYNAMICAL METRIC ORDER

In what follows, it will be useful to recall that, given two sequences (an)nen and (by)nen
of real numbers, then

limsup (a,, + b,) < limsup ay, + limsup by, (8.1)

n— +0oo n — +00 n — +0oo
and that, if a,, > 0 and b,, > 0 for every n € N (or for n large enough),
limsup (a, - by) < (limsup ay) - (limsup by,) (8.2)
n — +00 n — +0o n — +0o
unless the product at the right-hand side of this inequality is oo - 0 or 0 - co.

8.1. Power of a map. Given a continuous map f: X — X on the compact metric space
(X,d), it is known (cf. [31]) that, for every £ € N,

hoop(f©) = £+ huop(f)
and (cf. [26])
mdimy (X, d, f*) < ¢-mdimy (X, d, f).
Due to the impact of applying the map log twice to define the metric order, a formula for the
dynamical metric order of the power of a map is slightly different.

Proposition 8.1. Let f: X — X be a continuous map acting on the compact metric space
(X,d) such that 0 < mdimy,, (X, d, f) < +o0. Then, for any ¢ € N there exists Cy € [0,1]
such that

Cy - mdimpm, (X, d, f) < mdimm, (X, d, f*) < mdimm, (X, d, f).
If, in addition, f is a Lipschitz map, then Cp =1 and
mdimy, (X, d, f) = mdimm, (X, d, f9).
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Proof. Fix a continuous map f: X — X and £ € N. To distinguish the separated sets
of f: X — X from the ones of f¢: X — X, for the moment we denote by S(Y,n,¢,g) the
maximal cardinality of the (n, €)-separated subsets of Y under the action of amap g: Y — Y.
Given ¢ > 0,
S(X,n,e, fY < S(X,n,e,f) V¥neN

and so
1 1
limsup — log S(X,n,e, f) < £ -limsup — log S(X, In,e, f)
4
log* (limsup,, _, ., 3Xmel)) log¢  log* (limsup, , . ‘&SCtuen)

[loge] S Tloge] [log e
Therefore, using (8.1) we get
mdimp, (X, d, f*) < mdimm, (X,d, f). (8.3)
Notice that, to deduce (8.3) we do not need any assumption on mdimy, (X ,d, f). Yet, if
we suppose that mdimy,, (X, d, f) < 400, then (8.3) yields mdimy, (X7 d, fé) < +o00 and, in
particular, if mdimy,, (X, d, f) = 0, one also has mdim;, (X, d, fg) =0.

On the other hand, since f is continuous and X is compact, given € > 0 there exists
0(g) > 0 such that

d(z,y) < 6(e) = max{d(f'(z),f(y): 0<i<l}<e.

Thus, for every n € N,
S(X,n,6(e), ) = S(X,n,¢, f).

So,
. 1 ‘ ) 1
limsup — log S(X,n,d(e), f*) > limsup — log S(X,n,e, f)
n—+oo T n—4+oco N
log™ (limsup,,_, ., 0&S(ndE). 1) log* (limsup,, _, ., eSnef)y
| loge] - |log e|
. log S § ¢ . log S
log* (limsup, .o "2 logd(e) _ log® (limsup, 4o RS
| log d(e)| | log | | log |
Letting
log d(¢)

Ay = limsup ———=
cso+ loge

and taking into account that mdimy,, (X ,d, fe) < 400, we deduce by applying (8.2) that
Ay - mdimpy,e (X, d, ff) > mdimy, (X, d, f).

Moreover, since mdim,y, (X ,d, f) > 0 by assumption, then we must have A, > 0. Conse-
quently, if Cp = 1/Ay, then

mdimy,, (X, d, ) > Cp - mdimy, (X.d, f).

When f is Lipschitz, that is, if there is a constant L > 0 such that
d(f(z), f(y)) < Ld(z,y) Va,yeX
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then we can choose

1 . € .
i) = 5 min {E 0< <€}
and so Cp = 1 and mdimy,, (X, d, fé) = mdimyy,, (X, d, f), as claimed. O

8.2. Product of maps. Given continuous maps f: X — X and g: ¥ — Y acting on compact
metric spaces (X, dx) and (Y, dy), respectively, let Z = X x Y be the product space endowed
with the product metric

dZ((xlvyl>v($2,y2)) = max {dx(afl,a?2)7dY(y1,y2)}

and f X g: Z — Z be the map defined by (f x g)(x,y) = (f(x),g(y)) It is known (cf. [31])
that

hiop(f % 9) = hiop(f) + htop(9)
and (cf. [26])

mdimyy (Z, dg, [ x g) < mdimyg (X, dX,f) + mdimyy (Y, dy,g).
Under a mild assumption, a similar relation is valid for the dynamical metric order.

Proposition 8.2. Let f: X — X and g: Y — Y be continuous maps with infinite topological
entropy, acting on compact metric spaces (X,dx) and (Y,dy), respectively. Then,

it (Z, f  g,dz) < mdimm (X, dy, f) + mdimme (Y, dy, ). (8.4)
Proof. Firstly, note that, for any ¢ > 0 and n € N,

R(Z,n,e) < R(X,n,e) - R(Y,n,e)
and so, by (8.1),

1 1 1
limsup — log R(Z,n,e) < limsup — log R(X,n,e) + limsup — log R(Y,n,¢).

n—+oo T n—+4oo T n—+oo T

If these three values are finite, we can apply the function log™ to both sides of this inequality,
and get

log* (limsup,, _, ;o = log R(Z,n,¢))

[Toge|
logt (limsup,, _, ;o % log R(X,n,e) 4+ limsup, _, ;o = log R(Y,n,¢))

(8.5)

~X

| log g
From (8.5) we easily conclude that:
o If hiop(f) and hiop(g) are both finite, then there exist A > 0 and g9 > 0 such that
he(f), he(g) < A for every 0 < & < g9. By (8.5), we obtain

mdimy,, (Z,f X g,dZ) = mdimpe (X, dx, f) + mdimy,, (Y, dy,g) =0.

o If 0 < hiop(f) < hiop(g), then there exists g > 0 such that, for every 0 < € < g, one has
0 < he(f) < he(g)- By (8.5),

log™ (limsup, _, o = log R(Z,n,¢)) < log™(2h:(g))
|log £ h | loge|
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SO
mdimy, (Z, dz, f x g) < mdimy,e (Y, dy,g) < mdimy,e (X, dx, f) + mdimp,, (Y, dy,g).
However, since the logarithm is a concave function, log (a + b) is, in general, not smaller than

loga + logb. Thus, we cannot conclude (8.4) from (8.5). Nevertheless, we can derive (8.4)
whenever f and g have infinite topological entropy.

Assume that

1 1
lim limsup — log S(X,n,e) = +o0 = lim limsup — log S(Y,n,¢).

e—0T ns4o00 N e=>0t n—o4oo N

Then we can find €y > 0 such that, for every 0 < € < &y,

1 1
limsup — log S(X,n,e) > 2 and limsup — log S(Y,n,e) > 2. (8.6)

n—+oco T n—+oo N
Claim: Ifa > 2 and b > 2, then log(a + b) < log(ab) =loga + logb.

Indeed, a >2,6>2 = (a—1)b—-1)21 <= ab—a—-b+1>21 < ab>a+bh.

Summoning (8.5), (8.6) and the previous claim, we get

log* (limsup, _, 1o = log R(Z,n,¢€))

| loge]
log® (limsup,, _, ;o = log R(X,n,e) + limsup, _, ;o + logR(Y,n,e))
h | loge]
log* (limsup,, _, ;o = log R(X,n,¢)) N log™ (limsup, _, 1 = log R(Y,n,¢))

| loge| | loge|
Therefore, applying (8.1) we conclude that
mdimy, (Z, dz, f % g) < mdimy,g (X, dX,f) + mdimy, (Y, dy,g).
]

8.3. Restriction to the non-wandering set. Given a continuous map f: X — X on a
compact metric space (X,d), a point z € X is said to be non-wandering for f if for every
open neighborhood U of x there exists n € N such that f*(U)NU # 0. It is well known
that the topological entropy (respectively, the metric mean dimension) of f is equal to the
topological entropy (respectively, the metric mean dimension) of the restriction of f to the
non-wandering set of f (denoted by Q(f)).

Proposition 8.3. Let f: X — X be a continuous map acting on a compact metric space
(X,d). Then
mdimy,e (X, d, f) = mdimm, (), d, flag))-
Proof. By definition, one has
mdimp, (X, d, f) > mdimme (Q(f), d, flogp)-
The converse inequality

mdimme (X, d, f) < mdimme ((f), d, flas)-
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is an immediate consequence of the fact that, for every £ > 0, one has (cf. [8])

hae(f) < he(flags))
where h. is the topological entropy at scale € defined in (1.1). O

8.4. Bi-Lipschitz invariance. The dynamical metric order is invariant under a bi-Lipschitz
conjugation. The proof of this property is entirely analogous to the one done for the met-
ric mean dimension since a bi-Lipschitz homeomorphism changes distances and scales by a
uniform constant.

9. PROOF OF THEOREM A

Let (X,d) be a compact metric space whose diameter (which we denote by diam(X)) is
positive.

(a) Given ¢ > 0, take a maximal 2e-separated set {z1,..., 2} in X; hence m = S(X,d, 2¢).
Let n € N and fix g € X. Any two distinct points in the set

A= {(yk)keN e XNy e {z1,...,2m} forall 1 <k <n,and yp =9 otherwise}

are e-separated in the metric (px),. Consequently,
S(XN n,e) > S(X,d,2e)"
and so
lim sup ! log S(XN n,e) > log S(X,d,2).

n—+oo T

Thus,
mdimp,, (X5, p,,0) > mo(X,d).

Regarding the opposite inequality, given € > 0, take N = N(¢) € N such that
diam(X)
el gy
k>N

Fix z9p € X and let {x1,...,2¢} be an e-spanning subset of X, with minimal cardinality
¢ =R(X,d,e), and

B = {(yk)keN e XNy, € {z1,...,x¢}for all 1 <k <n+ N(e) and y, = g otherwise}.
Then B is an (n, e)-spanning subset of XN with cardinality R(X,d,e)"tV ). Thus,

1
limsup — log R(XN,n,e) < logR(X,d,¢)

n—+oco T

and so
mdimp,, (X5, py,0) < mo(X,d).

(b) Given a continuous transformation f: X — X, consider the map
h: X — XV

v (F7@), e
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It is straightforward to verify that A is continuous, one-to-one over its image and satisfies
hof =o0oh. As X is compact, h is a topological conjugacy between (X, f) and (h(X), o).
We claim that

mdim,, (h(X),pX,U) > mdimy, (X, d, f)
Indeed, given an (n, £)-separated set £ C X in the metric d, then h(E) is an (n, £/2)-separated
set in (XN, p, ). This yields the claimed inequality and completes the proof of Theorem A.

10. PROOF OF COROLLARY 4.2

Given n € N and € > 0, by Lemma 2.2 and Lemma 2.3 one has
QN:Dn(e) < N(X,n,s) V,LL € Pf(X)

Therefore,
mdim,, (X, d, f) >  sup mdimy, (X, d, f,D,u). (10.1)
nePr(X)

For the converse inequality, we can adapt the proofs of [11, Theorem A and B| and [15,
Theorem 1.3] by just applying an extra log before dividing by |loge| and taking the final limit
with the scale ¢ — 07. This reasoning yields, when f is a homeomorphism, the existence of
an f-invariant Borel probability measure pg such that

mdimyy,, (X, d, f) < mdimpy, (X7 d, f,D,,uo). (10.2)
The proof of Corollary 4.2 is complete by bringing together (10.1) and (10.2).

11. PrROOF OF COROLLARY 5.2

Let (X,d) be a compact metric space with dimp(X,d) < +oc and f: X — X be a
continuous map. The upper bound for the dynamical metric order of the induced map f,
stated in Corollary 5.2 was already obtained in Corollary 5.1, which yields

mdimp, (P(X), W1, fi) < dimp(X,d) < +oo. (11.1)

The lower bound for the dynamical metric order of the induced map announced in Corol-
lary 5.2 is a direct consequence of [10, Lemma 17|, which states that, if (X, d) is a compact
metric space with finite upper box-counting dimension and f: X — X is a continuous \-
Lipschitz map with positive entropy (hence, hiop(fi)) = 400 and we may replace log™ by
log), then there exists a > 0 such that

log (limsup,, , o + log S(P(X),n,¢))

Vo<e<l1 Z «
| log ¢|
where P(X) is endowed with the metric W;. More precisely, let
log 2
L=2log\+ K ;g

where K is a positive constant, depending on X and f, provided by [23, Proposition 3.9 (2))].

Lemma 11.1. [10, Lemma 17] Consider the space P(X) endowed with the metric Wy. For

any 0 < v < K;(?Q} there exists a constant C' > 0 such that

log (limsup,, , ;o + log S(P(X),n,¢))
|loge|

Vlo<e<l1 > Ce .
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In particular, from Lemma 11.1 we conclude that, if (X, d) is a compact metric space with
finite upper box-counting dimension and f: X — X is a continuous A-Lipschitz map with
positive entropy, then

limsup 28 (RSP0 oo i l0g S(P(X),n.¢)) _ K log2
e—0t |log €] Z Tor

that is,

K log 2
2L

Inequalities (11.1) and (11.2) together complete the proof of Corollary 5.2.

mdimp, (P(X), W1, fi) > > 0. (11.2)

12. ProoF OF THEOREM B
We start by showing that

lim sup W(P(X),len) = limsup dlmBng’dn).

n— 400 n n — 400
Recall that, given n € N and £ > 0, we denote by N(P(X), Wi ,,¢) the smallest number of

open balls of radius € in the distance W1, needed to cover P(X). By [7, Theorem A.1], for
every € > 0 and n € N one has

C\N (X, dn,/2)
N(P(X),Win,e) < <>

e

where C' > 0 is a multiple of the diameter of (X, d). Therefore,
loglog N'(P(X), Win,€) _ logN(X,dn,e/2)  loglog ()

n|loge] h n|loge] nlloge|
So,
limn sup loglog N (P(X), Wi pn,€) < dimB(X,dn)‘
e— 07t n|10g6’ n
Consequently,
log1 X), W dimp(X,d
lim sup lim sup 0og OgN(P( )s 1,5 €) < limsup m
n—+00 g0t n‘10g5| T — tou
that is,
lim sup mo (P(X), Win) < limsup M. (12.1)
n — +00 n n— +o00 n

We now address the converse inequality. Following [5], given n € N and € > 0, one says
that two Borel probability measures on (X,d) are (n,e)-apart if their supports distance at
least € in the Hausdorff distance determined by the metric d,,. More precisely, p,v € P(X)
are (n,e)-apart if and only if

min {dn(z,y): = € supp(p), y € supp(v)} > e.

Denote by A(P(X),dp,e) the maximal number of pairwise (n, €)-apart Borel probability mea-
sures in P(X). Observe that, if {z1,...,2x} C X is (n,e)-separated, then the set of Dirac
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measures on those points, that is, {6z,, -+ ,0,} C P(X), is made of pairwise (n,e)-apart
Borel probability measures. Thus,
S(X,dp,e) < A(P(X),dy,¢). (12.2)

On the other hand, from the proof of [5, Theorem 1.6] we conclude that, for every ¢ > 0
and n € N, one has

loglog S(P(X), Win,e/4) _ loge +log (A(P(X), dn, <))
n - mn

where ¢ > 0 is a constant. So,

log 1 X n, /4 | A(P(X),d,,
lim sup oglog S(P(X), Win,/4) > limsup og( (P(X) E»
e— 0t ’)”L“Og&“‘ e— 07t n\log€|

Therefore, by (12.2),

loglog S(P(X), Wy /4 log (A(P(X), dn,
lim sup lim sup oglog S(P(X), Wi £/4) > limsup limsup o8 (A(PX), dn.¢))
n—+oo g0+ n|loge] N 00 &30t n|loge]

log S(X,dn,€)

> limsup limsup

n—+too eyor  nllogel
Consequently,
mo (P(X), W, di X, d
lim sup mo (P(X), Win) > limsup M. (12.3)
n— +0o n n — +oo n
Bringing together (12.1) and (12.3), we obtain
. mo (P(X), Wl,n) . dimp (X, dn)
lim sup = limsup ——M8M ™.
n— +00 n n— +00 n
We proceed by proving that
di X, d -
lim sup m > mdimy (X, d, f) (12.4)
n— +o0o n

We may assume that dimp (X,d,) < 400 for every n € N, otherwise (12.4) is immediate
due to (7.1). As mentioned previously (see Subsections 2.4 and 2.3), we can use N(X,n,¢)
instead of S(X,n,¢e) to express these quantities.

Denote by v the limit

_ dimp (X, d,) . 1 /. log NV'(X,n,¢)
v = limsup —————= =limsup — | limsup ———————= | .
n— 400 n n—+oo N e— 01 |10g€|
Fix 0 > 0 and take N = N(0) € N so that
1 X, N
— limsup M < v+o.
e—0* |10g€|
Now choose g9 = €9(IN) > 0 such that, for every 0 < € < g¢, one has
log N(X, N,
log N(X, N, ¢) < N(y+9).

|log el
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Hence,
log N (X, N,e) < N(y+9)|logel.
Fix € such that 0 < € < 9. Then, since the sequence (logN(X, n, 5))n
all £ € N one has
log N (X, kN, ¢) o klogN(X,N,e)  logN(X,N,e)

¢ is subadditive, for

< (y+9)|loge]

kN kN N
and
) log N (X, kN, ¢) ) log N (X, m,e)
lim sup = lim ——=
k — 400 kN m— 400 m
since the latter limit exists. Therefore,
_ log N (X, m,e)
o m - < (7+0) |loge]
Thus,
li log V'(X, m,€)
Thm o oo m <v+946
[loge
and, as ¢ is arbitrary in ]0, gq],
lim log N(X, m,€)
lim sup Mmoo m < v+0.
e 0t | log e
Consequently,
limy, - 400 log;./\/(n)i'7 m,e)

mdimyg (X, d, f) = lim sup
e—0+ |log €|

As 0 > 0 is arbitrary, we conclude that mdimy (X ,d, f) < 7. The proof of Theorem B is
finished.

< v +4.
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