FOURIER-MUKAI TRANSFORMS AND NORMALISATION OF NODAL CURVES

EMILIO FRANCO, ROBERT HANSON, JOHANNES HORN, AND ANDRE OLIVEIRA

ABsTRACT. We study Arinkin’s Poincaré sheaf P on the singular locus of Jacc, the compactified
Jacobian of rank one torsion-free sheaves on an integral nodal projective curve C. Each stratum of the
singular locus Sing(Ec) is indexed by a partial normalisation ¥ — C. We prove that the Poincaré
sheaf P restricted to each stratum can be expressed through the Poincaré sheaf Py, obtaining a relation
between Fourier—-Mukai transforms associated to Pc and Pyx. Our approach uses an intermediate
geometry: the moduli space of parabolic modules of Bhosle and Cook, to intertwine sheaf data over

g the two curves. In a sequel, our formulae are used to study mirror symmetry in singular loci of Hitchin
systems.
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1. INTRODUCTION

In seminal work of Mukai [Muk81], a categorification of the Fourier transform yields a derived equivalence
&4 : DY(A) — DP(AY) between an abelian variety A and its dual AY := Pic®(A), with ®4 satisfying
properties that emulate the Fourier analysis of L2-functions. Equivalences of this type, known as
Fourier—Mukai transforms, have since become widespread in algebraic geometry.

A classical example of an autodual abelian variety is given by the Jacobian of a smooth projective
curve, over which the Fourier—Mukai transform is a non-trivial derived autoequivalence. For certain
singular curves C, the Jacobian may be replaced by the compactified Jacobian Eg of rank one, degree
zero torsion-free sheaves on C, the geometry of which is classically studied [AK80; Cap94; DSo79;
Est01; EGK02; EK05; MRV17; Sim94]. Extending results of Esteves—Gagné—Kleiman [EGKO02], the
autoduality of Eg for integral planar curves was proven by Arinkin [Aril3], and later generalised by
Melo-Rapagnetta—Viviani [MRV17; MRV19a; MRV19b] to fine compactified Jacobians of reduced planar
curves. These works establish an autoduality isomorphism Jacg 2 Pic (Jace) and a Fourier-Mukai
transform ®7¢ : Db(Eg) =5 DZ’(Eg)7 both controlled by the Poincaré sheaf Pe on Eg X Eg; the
universal family for autoduality as a moduli problem.

Let C be an integral nodal projective curve. This article and the sequels [FHHOa; FHHOD| describe a
filtered approach to computing ®7¢ over the singular locus of Eg. The starting point for our work is
the observation that the singular locus of Jace is stratified by subvarieties of the form

Jacy 2 Jacy, "« Sing(Jacy) ,

where v : ¥ — (' is a partial normalisation of C' that resolves k nodes. These subvarieties have appeared
in several contexts in algebraic geometry, for instance: the study of parabolic modules [Bho92; Co093]
and presentation schemes [EGKO0]; the singularities of Hitchin systems via the normalisation of spectral
curves [Ngo06; Ngol0; FGOP21; FP23; Hor22; MS21]; and Hitchin’s study of ‘critical loci’ [Hit19],
generically modeled on Jacy, b Eg studied in families. This article, alongside [FHHOa; FHHOD)]
(see also Sections 1.2, 1.3), develops an approach that compares, in a systematic way, the interactions

. L. ——k —0
between these different appearances of the subvarieties Jacy; —— Jac,.

1.1. Outline of results. In this article we work over an integral nodal projective curve C' with a fixed
partial normalisation v : ¥ — C resolving k nodes. We consider two ways of passing between the derived
categories of Eg and Eg: firstly by pushforward along the map  : Jacy e, Eg, M — v, M,
and secondly by convolution over an intermediate geometry: the parabolic modules of Bhosle and Cook
[Bho92; Co093], which consist of pairs (M, V) where M € Eg and V is a subsheaf of M restricted to the
resolved nodes. The parameter V' may be interpreted as gluing data on M, used to construct a point of
Eg. The resultant fine moduli space PMod", of such objects then fits into a (non-commutative) diagram

PMod"

(1.1) B / kx B

Jacy, A Jacy, —— Jacg,

such that v(M,V) = M is a projective fibre bundle and p is a finite map that defines a partial
resolution of singularities. We take the translation 73, ,, := (¢) ® Os(kyo), at fixed yo € X, to trivialise
Jacy, * as a torsor and correct for degree changes caused by pushforward along v. The moduli PModS
receives a tautological bundle Vs, universally parameterising the subsheaves V. By treating the arrows
Eg <— PMod? — Eg as a convolution diagram, with convolution kernel det(Vs) — PMod", we

define a pair of convolution functors

(1.2) 0= .= p.(det(Vs) ® i (e)) : D*(Jacy) —s DP(Jacg),

(1.3) 6% = (id x p). (a5 det(Vs) @ (id x 1)*(e)) : D'(Jacs " x Jacy) — D¥(Jacs " x Jacg),

R . . ———k c
with ©Y® a relative version of ©Y*, and qy : Jacy, x PMod? — PMod" the natural projection.
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These functors are then used in the following comparison result, which identifies the relation between the
. . ) . . -—0 —0
respective Poincaré sheaves and Fourier-Mukai transforms over Jacs; and Jac..

Theorem A. Let C be an integral nodal projective curve, with partial normalisation v : ¥ — C resolving
precisely k nodes.

e (Theorem 5.3). The Poincaré sheaves Ps on Eg X Eg and Pc on Eg X ES are related by
the isomorphism
(7 x id)* P = OV ((7h,y, x id)*Px).

o (Theorem 5.7). The associated Fourier—Mukai transforms ®F¢ : Db(Eg) — Db(Eg) and
oP= . Db(Eg) — Db(Eg) admit, for every object F* € Db(Egk), an isomorphism

P (0, F°) =2 OV (D7 (14 4y +F*)).

Theorem A can be thought of as a natural transformation law for composing integral and convolution
functors, emulating classical formulae in harmonic analysis. The convolution kernel det(Vs) in our setup
universally captures the variation of the subsheaves V' in the moduli PMod?, of parabolic modules, thus
taking into account the singular geometry of Eg. In this way Theorem A describes the relationship
between the three universal families on the moduli under consideration.

Abelian analogue. Theorem A admits an analogue for Fourier—Mukai transforms taken on either side
of an embedding f : A — B of abelian varieties. The transforms for sheaves pushed along f can be
computed via the dual map ¥ : BY — AV and the natural transformation

(14) BP0 f. = () 0 B

see equation (11.3.3) of [Pol03]. Theorem A can be considered a singular variant of (1.4), where we take
7 :Jacy, — Jacs to play the role of f. The matching of terms is not exact, stemming from the fact
that the dual map 7V = v* : Jacoc — Jac% does not extend to the compactified Jacobian Eg. Instead,
we use U : PModS — Eg, a resolution of the rational map v* : Eg - Eg, and pullback along »

in the convolution construction. This is why the pullback term in (1.4) is replaced by convolution in
Theorem A.

Spin-valued formulae. By choosing a spin structure on Pl\/lodg, we derive a spin-valued version of Theorem
A, expressed in terms of a so-called spin-valued Wilson operator
1/2 b0 b, 70
Wi/2 e - DY (Jacy) — DP(Jacy).

" 1/2 1/2 1/2
See (5.17) for the definition of Wz/@Exc(y 2/,®Exc(u) o WZ/)@)EXC(V)

and so are genuine square roots of the usual (abelianised) Wilson functors, defined by a universal tensoral
action (as in [DP12, §4.6]). The following is a spin-valued reformulation of Theorem A.

) These functors satisfy Wy gy = W

Corollary B. (Corollary 5.12). Adopt the same hypothesis as in Theorem A. Additionally, let wé,/v?od be
one of the spin structures on PMod®, described in Corollary 3.10.

e One has isomorphisms of Poincaré sheaves

(7 x i) Pe 2 (id x p). (a3 (whlaos © 7" U/ 2y ) @ (T X 9)*Ps ) -

o For every F* € Db(Jacgk), one has isomorphisms of transformed sheaves

ey~ 1/2 o (rrl/2 .
D1, (1.F°) = p. (wPﬁllod Qv (WE/@EXC(V) 0 D%, (Th g o F ))) .

The choice of wé,/v,QOd is auxiliary to Corollary B, in the sense that both displayed formulae are independent
of which spin structure is chosen (see Remark 5.13). The appearance of square roots can be heuristically
explained by the fact that v : ¥ — C' is two-to-one over the locus of resolved singularities, so performing
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a ‘Wilson loop’ over resolved nodes of C' lifts to a so-called ‘Wilson spin-half loop’ over & (see [KW07,

§6.1] for the physics of Wilson loops).

Prym-valued formulae. We also establish an analogue of Theorem A over the compactified Prym varieties
Prymy C Jacy,  Pryme C Jace.

These are defined as preimages of certain norm maps, associated to a pair of finite, ramified and commuting

n-coverings B¢ : C — X and Py : ¥ — X over a smooth projective curve X. Our Prymian results are
based on the Fourier-Mukai transforms

wRe, : DY (Prymy) — D(Pryme,T), WP, : DY(Prymy) — D'(Prymy, T),
established in [FHR25, Thm 4.8] and [GS22, Thm 4.7]. Here T is the group of n-torsion points in Jacx,

—0
acting via tensor product, and Db(Prym ﬁz,f‘) denotes the I'-equivariant derived category. In Lemma
5.14, we construct a Prym variant of the diagram (1.1):

0 =0
PMod,, XTacd Prymq

Prymy ¢——— Prymg, —— Prymg,

compatible with restriction from the ambient compactified Jacobians. The following is the analogue of
Theorem A for compactified Prym varieties.

Corollary C. (Corollary 5.18). Let C be an integral nodal curve with arithmetic genus g and a partial
normalisation v : ¥ — C. Consider compatible n-coverings C — X and ¥ — X and their compactified

——k
Pryms, as described above. Then, for every F* € D*(Prymy, ), one has the isomorphism

VS, (RLF*) = p. (Z’; det(Vs) @ U, (7. ]—")) _

In the remainder of the introduction we discuss future applications of the above results.

1.2. Varying the normalisation. By allowing the partial normalisations > — C' to vary, Theorem A

. —0 . . —0
can be used to make global statements on the autoduality of Jac,. The strategy is to cover Sing(Jac)
by an increasing filtration of subvarieties

(1.5) pp(Jacy, ") C - C in(Jacy, ) C Sing(Jac) C Jace,

obtained from chains of partial normalisation maps X, —% --- — %1 = C. By applying Theorem A
inductively along (1.5), one obtains new global descriptions of the Poincaré sheaf P and the associated
Fourier—Mukai transforms. This will be taken up in the sequel [FHHOD].

1.3. Higgs bundles and Langlands duality. Our work is motivated by the study of Langlands duality
on moduli of Higgs bundles, most directly in the form of the Dolbeault geometric Langlands conjecture
of Donagi and Pantev [DP12]. Via a classical limit of the (global, unramified) de Rham geometric
Langlands correspondence, the conjecture predicts, for Langlands self-dual group G = GL,,, a derived
autoequivalence on the moduli stack Higgs(X) of GL,-Higgs bundles on a smooth projective curve X,
linear with respect to the Hitchin fibration Higgs(X) — B discovered in celebrated work of Hitchin
[Hit87]. The base B parametrises spectral covers C — X, built from the eigenvalues of Higgs fields. The
fibre at a point C' € B, known as a Hitchin fibre, is isomorphic to Eg.

o . . -—0 -—0 . . . .
Arinkin’s Fourier-Mukai transform D’(Jacs) — D®(Jacs), understood in families, provides a solution
to the GL,-Dolbeault geometric Langlands conjecture over the cuspidal (i.e. elliptic) locus B**? C B
consisting of integral spectral curves. The conjecture is solved by a relative Fourier—Mukai equivalence

o°u*P : Db (Higgs(X) x 3 B°*?) — D' (Higgs(X) x5 B™**P).

Our work provides a method for computing ®<“*P within a particular locus of singular spectral curves:

Bnodal,k

the equisingular locus C B¢*P of irreducible nodal curves with exactly k nodes. Indeed, our
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Theorem A can be understood as a method for computing the functor ®medelk = Heusp y ; Brodalk gyey
each strata of the singular locus Sing(Higgs(X) x5 B"°:k) with each strata defined by pushforward
along v : ¥ — C. Following the ideas outlined in Section 1.2, the sequel [FHHOD] describes how to
extract more global conclusions, via an inductive computation of ®7°%¢:F in which all strata participate.

Langlands duality also manifests as mirror symmetry on the hyperkéhler moduli space Mpjggs(X) of
semistable GL,-Higgs bundles on the base curve X. In this context, the Hitchin fibration Mpiges(X) — B
is studied as a special Lagrangian torus fibration, where autoduality of the fibre spaces Jac. describes
Muiggs(X) as SYZ mirror self-dual, in the sense of Strominger—Yau-Zaslow [SYZ01]. A classical heuristic
in mirror symmetry is that mirror A-branes and B-branes are interchanged by Fourier—-Mukai transforms
along dual SYZ fibres. On Myjiggs(X), this heuristic has been studied by many authors via the Fourier—
Mukai transforms Db(Eg) = Db(Eg). Typically, one is constrained to the dense locus Bs™*" C B of
smooth spectral curves, where the transforms are classical. Mirror symmetry over the discriminant locus
A = B — B*™" of singular and possibly non-reduced curves remains poorly understood in many aspects.

The results of this article allow us to run the above-described mirror symmetry heuristic on so-called
‘critical loci’ of Hitchin [Hit19], generically modeled on the family of subvarieties v, : Jacg " < Eg,
with v the full normalisation and C varying in B"°%:F c A. When the spectral cover C — X has
the maximal number of nodes, work of the first and fourth named authors with Peon-Nieto and Gothen
[FGOP21; FGOP26] gave a description of the mirror pairing using the autoduality Jaco = Pic® (Jace).
With the Fourier—Mukai technology developed in this article, we give a twofold extension of their results:
to any number of nodes, and to a more complete computation of the mirror pairing; using autoduality on
the entirety of the Hitchin fibre Eg. This will appear in future work [FHHOa].

1.4. Structure of the paper. Section 2 recalls Arinkin’s Fourier—Mukai transform for compactified
Jacobians, specialised to the case of nodal curves. Section 3 introduces related moduli of divisors and
sheaves used throughout the paper, including a non-standard algebraic space we call the Chow—Hilbert
space: a ‘mixture’ of symmetric products and Hilbert schemes. We also recall the moduli spaces of
parabolic modules, introduced by Bhosle and Cook, adapting their constructions to partial normalisations.
Section 4 is dedicated to technical lemmas, comparing several universal families that encode information
about Arinkin’s Poincaré sheaf. This allows us, in Section 5, to prove our main result: a comparison
between Poincaré sheaves and Fourier-Mukai transforms over C' and its partial normalisations, as stated
above in Theorem A. We then apply this result to derive spin-valued and Prym-valued reformulations, as
stated above in Corollaries B and C.

1.5. Acknowledgements. We thank Jonathan Pridham and David Ben-Zvi for discussions on Math-
Overflow and pointing out the references [GS26; Pri22|, which helped us understand the role of spin
structures in this article and subsequent work [FHHOa]|. We also thank Yifan Zhao for discussions on
presentation schemes.

2. AUTODUALITY FOR COMPACTIFIED JACOBIANS OF NODAL CURVES

2.1. Compactified Jacobians. Let C' be an integral projective curve over C of arithmetic genus g¢, with
|Sing(C)| < g nodal singularities. Given a sheaf F on C, we denote its degree by deg(F) = x(F)—x(O¢).
Consider the Jacobian Jacdc, of degree d line bundles on C. Let v : ¥ — C' be a partial normalisation
resolving k < |Sing(C')| nodes. X is again a nodal (possibly smooth) curve of genus g5 = gc — k, and we
have the exact sequence of groups

1 — (C*)* — Jacd, AN Jack — 1.
If k = |Sing(C)], then Jac% is an abelian variety and, in this sense, Jac, is said to be a (torsor for a) semi-
abelian variety. Note that Jac‘é is not proper, and the study of its compactifications is a classical problem
in algebraic geometry [DS079; AK80; Est01; Sim94]. We are primarily concerned with a compactification
Eg parametrising rank 1 and degree d torsion-free sheaves on C, rigidified by global scaling. For C
smooth, a torsion-free sheaf is automatically locally free, thus one recovers the classical Jacobian as
Eé = Jacd.
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Notation 2.1. To streamline notation we abbreviate
— —0
Jace = Jac%, Jaceo = Jacg,

and similarly over partial normalisations X.

Eg satisfies the following geometric properties [DS079; AK80; MRV 19a]:

e Jac, is a connected, reduced and irreducible projective scheme of dimension g, with locally
complete intersection singularities;

T—=d - .
e Jac, has trivial dualising sheaf;
—d .. .
e the smooth locus of Jacs coincides with the dense open subset Jact.

Let Hilb,, ¢ denote the punctual Hilbert scheme of C, parameterising zero-dimensional subschemes D C C'
of length n. Associated to a smooth point xg € C' is the Abel-Jacobi map
Ac : Hi|bn,c — EC

D — L)) (—nxo),

with Zp the ideal sheaf of the subscheme D C C' and 7)) its dual.

(2.1)

We also consider the curvilinear Hilbert scheme Hilbfffg, parameterising subschemes D € Hilb,, ¢ that can
be locally embedded into A, i.e. D is locally isomorphic to the spectrum of C[z]/(z"#) for some n, € N.
Hilb5 is particularly useful for studying Jace over nodal curves, due to the following result of Arinkin.

Proposition 2.2 (Proposition 4.5 of [Aril3]). Let C' be an integral nodal projective curve. There exists a
sufficiently large integer n € N such that the restriction of the associated Abel-Jacobi map

cur

ac = Ac |Hi|bf1f‘fg : Hil n,C — Jace,

18 surjective.

Both Jace and Hilby"¢, are fine moduli spaces, giving rise to the following universal objects.

-—d . .
e The sheaf Uy on C x Jacy, universal for rank 1 and degree d torsion-free sheaves on C.
. . -—d . . . .
The universal property is as follows: for every F € Jaco, there is a universal isomorphism
Uacloxiry = F. We normalise Uy ¢ at a fixed point z € C, i.e. udvc‘{mg}XE = OE%' For
d = 0, we simply write Uc = Uy c.

o The universal divisor Do C C x Hilb;"5, universal for curvilinear subschemes.

cur

e Along (a restriction of) the projection hc : C' x Hilbj', — Hilb"(,, which over D is a finite map
of degree n, we take the pushforward

(22) AC,n = hC,*O'Dca

which is a locally free sheaf on Hilby"5 of rank n.

e The Poincaré line bundle P — Jacc x Jacc, universal for topologically trivial line bundles on
Jacc. P can be constructed by applying determinant of cohomology to Uc [EKO05.

2.2. Fourier—Mukai transform of Arinkin. We now review Arinkin’s construction of the Poincaré
sheaf Pc on Jace x Jaco as a universal extension of the Poincaré bundle Po. We give a simplified
construction that suffices for nodal curves [Aril3, § 4.3.]. The simplification originates from the surjectivity
of the Abel-Jacobi map stated in Proposition 2.2.

Consider the flag scheme, Flag,, ~, parameterising length n filtrations
) =Dy C---CDC---C Dy,

of finite subschemes D; € Hilb; ¢ in C. Let Flagy'c be the corresponding curvilinear flag scheme
such that each D; is a point of Hilb{'¢. Hilby"¢ and Flag, s are open subschemes of Hilb, ¢ and
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Flag,, o respectively, as described by Arinkin [Aril3, Section 3]. Moreover, by Lemma 3.9 of [MRV19b],
codim(Hilb,, ¢ \ Hilby,'¢;) > 2 in Hilb,, ¢. The forgetful morphism

n
Ve : Flagl's — Hilb's, Do G -+ C Dy s Dy,

is a finite flat morphism of degree n! [Aril3, Proposition 3.5]. Moreover, we define

cur

oc : Flag,'c. — C", Do C--- C Dy, + supp(ker(Op, — Op,_,)i=1)-
The curvilinear flag scheme Flag, ", carries a natural action of the symmetric group &,,. Every divisor in
Al is the zero locus of some polynomial (2 —t1)---(z — t,). Hence, there is a natural &,-action that
permutes t;. This induces a &,-action on flags of curvilinear subschemes. With respect to this action ¢
is 6 ,-invariant and o¢ is a G,-equivariant morphism using the permutation action on C".
Consider the diagram

. —d ’L/}cXid? —d O’cXid; —d
Hilb;"t, x Jacy «———=— Flag;'c; x Jaco ————— C" x Jacg

I

cur

Hil n,C

—d . L
Further, denote by Z/{?g’j — C" x Jacy the external tensor product with respect to the projections

cur

C™x Jacc — C'x Jace onto each factor. We then define the Cohen-Macaulay sheaf Ga,c on Hilb, XEZ
by

sign
(2.3) Gu.c = (e x idge)u(oc x idg) Usiz) @ pidet(Ac,n)”.

Note that the pushforward sheaf under ¥¢ inherits a &,,-action on the level of germs of sections. The
superscript “sign” denotes the anti-invariant subsheaf, where &,, acts by the sign representation.

The main result of Arinkin [Aril3] is as following descent statement for Gy ¢ along the Abel-Jacobi map.

Theorem 2.3 ([Aril3]). There exists a mazimal Cohen—Macaulay sheaf Pc over Jacc x Jace, called the
Poincaré sheaf, which restricts to the line bundle P under the inclusion Jacc x Jacc U Jace x Jace —
Jace x Jace. The Poincaré sheaf Pc:

e is flat over both factors and symmetric under permutation of these factors;
e satisfies
(2.4) Go.c = (ac x idj)"Pe @ p3N,

for some line bundle N on Jacc, where py : Hilbfffg x Jacc — Jacc is the projection;

e is the universal family for the moduli problem PTCO(EC) of topologically trivial rank one torsion-
free sheaves on Jacc.

Remark 2.4. The fact that Go ¢ and (ac x idy)*Pe differ by the pullback of a line bundle is clarified

Jac

in Proposition 4.12, Remark 4.13 and Lemma 4.14 of [MRV19b]. The twist has, however, no influence on
Arinkin’s results.

Consider the natural projections
EC X EC
/ \
Jace Jace.

The associated Fourier—Mukai transform with kernel P¢ is defined to be

(2.5) ¢, D'(Jacc) — Db (Jace)
' F* — R (7] F* @ Pco).
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Moreover, the dual sheaf P defines the Fourier-Mukai transform

oFC

(2.6) 251 - Db (EC) — Db (EC)

F* —  Rmy (13 F* @ PY).
The following is a special case of [Aril3, Theorem C].

Theorem 2.5. Let C be an integral projective curve with nodal singularities and arithmetic genus g.

\
Then, @ng 18 a derived equivalence, with quasi-inverse the g-shifted functor @;)gl[g],

2.3. Varying the degree. This section states a relation between the sheaves Gy ¢ and Gg ¢ that will be
crucial in Section 5. We pass between the two sheaves via twists taken at the fixed smooth point x¢ € C
over which the universal family Uy ¢ is normalised. Since C' is irreducible, the choice of 2y defines an
isomorphism

—d —d'+d
(2.7) Tdwo @ Jacg — JacCJr
F — F® Oc(dmo),

. . ——d'+d —d’ . . . .

with inverse 7_q4 4, : Jaco M Jaco . The choice of normalisations on the universal sheaves Uy c —
_ —d . . .

C x Jacg and Ug,c — C x Jacy provides a universal equivalence

(28) Z/ld,C = (ldc X T_d@())*U(Lc ®pEOC(d.TC0),

with pc : C x Jacc — C the projection to the first factor.

Given a point = € C, the line bundle O¢(z)®" = O¢(z) K --- K Oc(z) over C" is &,-equivariant under

permutations in C™, and since tensorization is invariant under permutations, it follows that &,, acts

trivially on its fibres over the &,,-fixed points. By a result of Drézet—Narasimhan [DN89, Theorem 2.3],
Oc(x)®» descends to a line bundle L on the symmetric product Sym;

(2.9) Oc ()™ = mg L,

with 7o : C™ — Sym¢: the quotient map. To describe L, note that Oc(z) admits a section vanishing
at x, thus L can be endowed with a section vanishing at any tuple containing x, i.e. vanishing over the
subvariety of Sym¢ given by the image of

fow: Sym’cb_1 — Symgs
Sl e S
Let
(2.10) chowc :  Hilby'e — Symg.

D — ZpGC length(Op p)p

be the Chow morphism. On the universal family Do C C x Hilby,"¢; of length n curvilinear subschemes

we take the slice
Dc,x = De N{z} x Hilby'c
parameterising curvilinear finite subschemes containing a point x € C'. Then
De,, == chowc (Do N {z} x Hilb"s,),
is a Cartier divisor in Sym¢:, and is equal to the image of fc ;. Therefore, we may conclude that
(2.11) L = Osym(De),
with Sym = Sym¢,. From D¢, = chowa1 (YSC@) in Hilb;’¢ it follows that

(2.12) OHiIb(DC,m) = ChOW*COSym (ZSC,z)'

In particular, if C' is smooth, then chow¢ is an isomorphism and we may identify OSym(ﬁc,x) =
Ohiiv(Dez)-
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Let po : C x Jace — C and he : C x Hilb'c — Hilb“¢; be the natural projections. The following

cur

universal relation on C' x Hilb;, '~ is Well-known for smooth curves; see for example [Sch63, Proposition 9].

Lemma 2.6. Let C be an integral projective curve, either nodal or smooth. The universal sheaf Uc and
the dual of the ideal sheaf of the universal divisor Do C C x Hilby"(, are related by the isomorphism

ID = (id X Ozc)* (UC ®pEOC<nl‘o)) X h*COHiIbc (DCwo) .

c
Proof. Denote D¢z, = DcN{xo} x Hilb,’c and recall the Abel-Jacobi map ac : Hilbj'c — Jace defined
n (2.1). Consider the rank 1 torsion-free sheaf

(id x ac)” (Uc ® peOc(nxo)) ,
defined on C' x Hilby,"¢,. For fixed D € Hilby’c, its restriction to C' x {D} is given by
I (—nwo) ® Oc(nwo) = Ip.

Thus 7}, and (id x a¢)* (Uc @ p&Oc(nxo)) are equivalent families of rank 1 torsion-free sheaves on
Hilbs. Therefore, they differ by the pullback of a line bundle £ on Hilb"¢, i.e.

I = (id x ac)” (Ue @ pOc(nag)) @ hi:L
Restricting to {zo} x Hilby"¢,, we obtain
OHilbc (DC,IQ) = O‘Z‘(UC“mO}xRC) ® L= ‘Cv

where we used that the universal sheaf U is normalised at xg. This proves the formula. O

We now provide a relation between the sheaves G ¢ and Gy ¢, defined over Hilb,, ¢ ng and Hilb,, ¢ xJace
respectively, that will be used in Proposition 5.1. Let G'¢: and G§'¢ be the restrictions to Hilby, ¢ x Edc
and Hilb%"/, x Jacc. Let Opib(De .z )? be the line bundle over HilbS" obtained by taking d-times the
tensor product of the sheaf defined in (2.12) over the point xy € C. Let p1 : Hilb}'¢, x Jace — Hilby"c,

—d
be the projection and recall the tensorization isomorphism 7_g4., : Jacc — Jacc from (2.7).

Lemma 2.7. In the above notation, there exists an isomorphism of sheaves
GI'e = (iduibe X T—d,zo)” (98“5 ® PloHilb(DC,wg)d) .

In particular, G3'¢; ts a mazimal Cohen-Macaulay sheaf.

Proof. Consider the diagram

—d Yo Xidy— —d oo Xidj— —d
Hilb;"¢; x Jacy «——— Flag}'"c;, x Jacg ———— C™ X Jacg
idHilb Xde,zol% gJ{idHagxr,d,IO %J{idcn XT_d,zg
Hilby " x Jacc +————— Flag'ts x Jace ————— C™ x Jac
J © w X1 dJac g J © CdeJac C J o

By plugging (2.8) into (2.3), applying functoriality around the right square and base change around the
left square, one has an isomorphism

" . N . sign N
Ga'¢ = ([dHibe X T—d,ap) ((1/)0 % idyze)« (00 % ids2) " (Un,c ® peOc(dao))™ ) @ p; det(Ac,n)".

Here we made use of the fact that the pullback under the isomorphism idniib, X T—g,z, is invariant under
the symmetric group action. Considering the commutative diagram

_— q; Xidjc _—
C" x Jace ———= C x Jace

acr | Jpe

cn : C,
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and recalling from (2.9) and (2.11) that O(dz)™" is isomorphic to 7 Osym (58%;0)% we obtain

* . . * * * ~Neur sign
ggfg = (idHiIbc X T—d@o) ((¢C X ldE)*(OC X ldE) (UJ)ZJ" X qcnﬂ'COSym(Dgfmo)d))

®p; det(Acn)”.
Next, we apply functoriality with respect to
_ id— _
Flag,'c x Jacc 2%, om x Jace Flag;'c. ————— C"
qFlagJ/ J{CICn wcl JWC
Flag.": - o, b, ———— Sym,

and

. _— ’L/)cXidf JE—
Hilb;,"¢, x Jace +————— Flag;'¢; x Jaco

le, J{qFIag

Hilbes, _ Flag®™s,
to observe that
GI'e = (idHibe X T—dao)” ((1/Jc X idyoo)« ((Uc X idg)“/&?& ® (Yo x idE)*pTOHnb(DC,mO)d))Slgn
®py det(Acn)”,
where we recall that Opi (D iy ) =2 chow(: Osym (’5320)‘1. The statement follows after applying projection
formula with respect to 1)¢ x idj; followed by (2.3) for d = 0. O

3. CHOW—HILBERT SPACES AND PARABOLIC MODULES

Over a nodal curve C and a partial normalisation v : 3 — C, this section establishes preliminary results
on fine moduli spaces of sheaves and divisors. We introduce the moduli spaces of parabolic modules
associated to v and discuss the interplay with the curvilinear Hilbert scheme over C. Throughout we
refer to the following class of divisors related to the normalised nodes.

Definition 3.1.
e The resolved singular locus RSing(v) C Sing(C) is the divisor consisting of nodes resolved by v.

e The non-resolved singularities are denoted by URSing(v) := Sing(C') \ RSing(v).

e The exceptional divisor Exc(v) C ¥ is the reduced divisor v~ !(RSing(v)).

It will also be convenient for us to fix an ordering Sing(C) = {b1,...,bk,...,b,} on the nodes such that
RSing(v) = by + - + by, Exc(v)=b] +by +---+ b +b,

where, for each i = 1,...,k, the divisor b;” + b; is given by v~1(b;).

3.1. Chow—Hilbert spaces. In this section we introduce the so-called Chow-Hilbert space H, associated

to a partial normalisation v : 3 — C'. Roughly speaking, the Chow—Hilbert space resembles the Hilbert

scheme away from RSing(v) and the symmetric product over RSing(v). This space will play an important

role in our later analysis of partial normalisations. The construction of the space H, is as follows. Recall

the Chow map chowc : Hilb,, c — Sym¢ and consider the subvariety R, C Hilb,, ¢ Xsymy, Hilb,, ¢ given
by pairs of ideals whose localization outside the resolved singular locus RSing(v) coincide:

(3.1) R, ={(Zp,Zp’) € Hilb, ¢ X symz, Hilby, o |Zp,o = Ips, for all z € C'\ RSing(v)}.

Observe that Zp , = Zps , whenever x lies outside the singular locus Sing(C'), so the defining condition
of R, needs to be imposed only on the finite set URSing(v).

The subvariety R, naturally provides an equivalence relation on the Hilbert scheme Hilb,, ¢ given by
Ip ~TIp if and only if (Zp,Zp/) is a point in R,. By identifying Hilb,, ¢ with its sheaf of points over
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the étale site, we define the Chow—Hilbert space associated to v to be the quotient sheaf
H, := Hilb, ¢ /R, -

The Chow-Hilbert space H, receives two natural maps: the quotient map

(3.2) c : Hilb, ¢ — H,,

and a descent of the map chow : Hilb,, ¢ — Sym¢,, invariant under R,,,

(3.3) H, — Sym¢.
Lemma 3.2. H, is an algebraic space.

Proof. Consider the pair of Zariski-open subschemes C := C'\ URSing(v) and C5 := C' \ RSing(v). We
define an atlas

(3.4) U Symg¢., x Hilb,_j.c, — H,,
k=0
where each chart is defined on S-points by
Syme, (S) x Hilby_p,c, () — H,(9),
(Dl,Dg) — [Dl U DQ}

On geometric points, the atlas represents the possible decompositions of a divisor D C C' into disjoint
components D = D; U Dy such that D; contains D NRSing(v) and Dz contains D N URSing(v). The fibre
at [D] € H,(Spec(C)) is finite, of cardinality between 1 and 2"; the lower bound is obtained when [D] is

a single point, and the upper bound when [D] is supported on n points in C'\ Sing(C)). Each chart is
therefore étale and so (3.4) defines an étale presentation on H,,. O

Remark 3.3. The sheaf H, also represents a complex analytic space, where in the analytic topology, one
can separate the nodes of C' by pair-wise disjoint analytic open neighborhoods Dy C C, modeled on the
standard open charts {(x,y) € C* | zy = 0,|z|, |y| < €} One can then represent H, as the analytic space
obtained as a gluing of analytic Hilbert schemes over the neighborhoods Dy.

Remark 3.4. When v : X — C is the full normalisation, H, is the symmetric product Sym¢: and the
quotient Hilbe — H,, coincides with the chow map in (2.10).

3.2. Moduli of parabolic modules. A key ingredient in our work will be the moduli of parabolic
modules [Reg80; Bho92; Co093; Co098; GO13; FGOP21|, used to intertwine sheaf data over ¥ and C.
The existing literature concerning these objects is still somewhat limited, having been studied over an
integral curve C with only simple singularities (i.e. of type ADE). We specialise to the case where C' has
simple nodal singularities (i.e. of type A4;).

A key reason for introducing parabolic modules is the observation that the map o : Jacg — Jacg acting
via the pullback L — v*L does not extend to the compactifications by rank one torsion-free sheaves.
The moduli of parabolic modules, introduced by Bhosle and Cook [Bho92; C0093; C0098], defines a
compactification of Jacc(l; where U does extend. We define a particular case of parabolic modules living
over the exceptional divisor Exc(v) = bljE 4+ bf C X consisting of nodes resolved by a fixed partial
normalisation v : ¥ — C.

Definition 3.5. Let v : ¥ — C be as above. A rank 1 and degree d parabolic module for v is a pair
(M, V) where M is a degree d rank 1 torsion-free sheaf on ¥ and V' is a subsheaf of M ® Og,(,) such that
V=& - oV,

with V; a 1-dimensional vector subspace of M ® O{b_+ by = M+ ® M-, where M+ :== M ® O, +.

Remark 3.6.
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(1) The more general notion of parabolic modules associated to other kinds of singularities is defined
by Cook [C0093], where the subspaces V; are allowed to be higher dimensional. In this situation,
one needs to impose that V; is an Ocy,-submodule of M ® O{b,j,b;} via pushforward under v
i.e. via the inclusion Ogc — v, Ox.

(2) In the case where C has only k = 1 node these objects were first considered by Bhosle in [Bho92],
who named them ‘generalised parabolic bundles’. The case of various simple nodes is an easy
generalization of Bhosle’s definition, so our setup fits that of [Bho92].

Denote by PMod,ji the fine moduli space of rank 1 and degree d parabolic modules for v : ¥ — C. We
refer again to [Co093; C0098; Bho92| for its construction.

By [C0098, Theorem 1] or [Bho92, Theorem 3], there is a finite morphism

PMod? — Jace

p:
(3:5) (M,V) +— F

i

where F is defined by the short exact sequence
(3.6) 0— F — vuM — v, (M ® Ogee(ny/V) — 0,
and the surjection is defined by the composition v, M — v, (M ® OEXC(V)) — Vs (M ® OEXC(V)/V). Note
that, for each 7, dim(v,(M ® O{bj,b;}/vi)) =1, hence
Vi (M @ Oye(1)/V) = ORsing(v)-

Since the quotient v, (M @ Ogxc(,)/V) is an Oc-module and v, M — v, (M ® Ogye(1)/V) is a morphism
of O¢-modules, F inherits an O¢-module structure too. In addition, deg(v. M) = d+k and dim (v, (M ®
OEXC(V)/V)) = k, thus indeed deg(F) = d.

Let po denote the restriction of p to p~!(Jack). By [C0098, Theorem 1] or [Bho92, Theorem 3|, we have
an isomorphism

(3.7 po : p~t(Jacd) — Jac,

and so Jacdc can be seen as a dense open subspace of PModlfl . Moreover, PModf is proper and therefore
a compactification of Jac‘é. It is however different from the compactification Jac., for it admits a natural
projection

v: PMod? — Jace

(3.8)
(M,V) +— M,
extending the pullback morphism #, via the isomorphism (3.7).

We then have the following diagram summarising the previous discussion:
~1(Jacl) —— PMod?

N

Jacd, —— Jacc Jacz.

The geometry of PModlfl and p is particularly simple in our case and appears in [Bho92] in the case of
a curve with a single node. We provide a proof of the following result for completeness. Recall from
Definition 3.1 that we have attached the divisors

RSing(v) = by + - -+ + by, Exc(v) =bf +b7 + - +bf +b;, v (b)) = b 4+ b,

over C and ¥, associated to the partial normalisation v : ¥ — C.

Lemma 3.7.

(1) The morphism i : PMod? — E‘; from (3.8) is a (PY)k-bundle.
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—d
(2) The morphism p : PMod? —s Jacg, from (3.5) is a partial resolution of singularities, i.e. it
is a proper birational morphism which is an isomorphism on an open dense subset of PModf,
containing p~*(Jacl).

(8) Two points of PMod? have the same image
p(M,V) = p(M", V"),
if and only if
(3.9) M =M®J,
where J is the line bundle
J = Os(by —b{ )" @---® Os(b, — b )™,

with a; € {—1,0,1}, such that for those l with a; = 1, those m with a,, = —1 and those n with
an, =0, we have

(3.10) Vi=M@O, and v/ :M/®Obz_’

(3.11) Vn=M®0, and V;, =M @O
and

(3.12) Vo =V,.

(4) If F € Eg is not locally free at £ € {0,...,k} points of RSing(v), then p~'(F) = Z5.

Proof. (1) Follows directly from the definition of a parabolic module.

For (2), the surjectivity of p can be proven as in [FGOP21, Lemma 5.9]. Moreover, as p is an isomorphism
on the smooth locus Jacc C Jace, any two different points (M, V) and (M’, V') with the same image
under p will be mapped to the singular locus of Jacc. Hence, p is a partial resolution of singularities.

For (3), let us first consider that the stalk of F := p(M,V) at b € Sing(C) is the kernel of a map
Os p+ @ Og p- — Oy If Fy is not locally-free at b, then

(3.13) Fo = Os pr @ Ox (=07 ),
if V is locally Os; +, or
(3.14) Fp = Os(=b")p+ ® O -,

when V is given by Oy, ;-. The previous distinction is redundant since one can build the isomorphism of
O¢ p-modules between (3.13) and (3.14), by means of a meromorphic section of Ox (b~ —b™) with divisor
b —bT.

It then follows that, given (M,V), (M',V') and J satisfying (3.9)—(3.12), one obtains an isomor-
phism between the sheaves F = p(M, V) = ker (,M — v, (M ® Ogyc()/V)) and F' := p(M', V') =
ker (1,M' — v, (M’ ® Ogxc()/V’)) by means of a meromorphic section of J having simple zeros on the
b; ’s and on the b;"s, and having simple poles on the bj"s and on the bj_’s.

Assuming that F = F'; one has, for every point b; € RSing(v), that F and F’ are either locally-free or
their stalks are described as (3.13) or as (3.14). If both have the same local description we set a; = 0. If
not, we set a; = 1 if we need an isomorphism given by a meromorphic section vanishing on bzr ora; =—1
in the remaining case. Repeating this construction for every point of RSing(v), we obtain J satisfying
(3.9) and the conditions (3.10), (3.11) and (3.12) hold.

Finally for (4), given a sheaf F € Eg which is not locally free at {b;,,...,b;,} C RSing(v), one
immediately sees that its preimages under p are of the form (M, V') with V}, of the form M ® Obf or

M ® O,- . The statement follows from this observation.
Ji
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We now study the universal families associated to the fine moduli spaces that have been previously
introduced. Fix a smooth geometric point ¥y € C' and the unique preimage yo = v~1(xg) € X. Let
—d
Us — ¥ X Jacy,,
. -—d . . . .
be the universal sheaf for Jacy,, normalised at yy. Thus Us; is the universal family such that

Usl o xTae = Oe:

We denote the restriction of the universal bundle to a slice by Us, , := uz‘{y}xE’ for any point y € 3.
Whenever y is non-singular, Us; ,, is a line bundle. In particular, this is true for y € Exc(v).

For each of the resolved singular points {b1,...,b;} = RSing(v), consider the rank two vector bundle
D*Uz)b;f @ D*L{&bi—,

over PMod?, where we recall & : PMod? — Eg is the forgetful map (3.8). Then, consider the relative

tautological line bundle Vs ; — PModZ, that is, the line subbundle

(3.15) Vs i C D*L{E}b:r @ D*UZ,bi"

whose fibre over the point (M,V; @ --- @ Vi) € PMod? is V;, where we recall from the definition of
parabolic modules that V; is a 1-dimensional subspace of M,- ® M,+. The restriction of this tautological

bundle to the preimages 71 (M) € PMod? is given by
Vsilp—1ry = 7 Op1(—1),
with ; : (P)¥ — P! the projection to the i-th factor.

The universal family of parabolic modules is the tuple ((id x v)*Us, Vs ), where Vs, is the vector bundle
on PModf given by

(3.16) Vs =Vs1@© - OV,
which comes naturally equipped with the inclusion
k
Ve =Vs1®@--- @ Ve C U Us|y-1(Rsing(1)) xPMod = @ VUs oy @V U -
i=1

Due to the compatible normalisations of U¢c and Us;, we obtain a universal version of the exact sequence
(3.6) on C' x PMod?, given by

(3.17) 0 — (id x p)*Uc — (i x id)s(id x 2)"Us, — T — 0,
where
(3.18) T = ((v x id). (id X 2)*Us|,-1(sing(C)) xPMod) / Vs

is supported on Sing(C) x PModZ. The pushforward of T along the projection C' x PModl‘f — PModff
recovers the universal quotient bundle
k

(3.19) Q=018 ® Q= @(D*uz,bj ® D*UE,b;)/VE,i

i=1
on PModf.

We conclude this section by describing the canonical bundle wppmog of PI\/Iodff.

Lemma 3.8. Let C be an integral nodal projective curve with partial normalisation v : ¥ — C. Let
RSing(v) = {b1,...,bx} be the divisor of singularities resolved by v. Then, there exists an isomorphism
of line bundles

k
(3.20) wemod = (R V3, @ U @ U
=1
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Proof. The vector bundle U; := Z/{CWr @ L{d7b‘_ gives rise to the projective bundle
piPU) =P (Uy,r ©Uy, ) — Jacs.
By a standard formula (see [Har86, Ex III, 8.4]) the relative dualising sheaf of the bundle map p is

ey /Taed = O,(—2) @ p* det(U;)" = O,(—2) ®P*udv,bj ®p*udv7b;,

where O, (—2) is the square of the relative tautological line bundle. PMod? is the (P')*-bundle given by
the fibre product

P(U1) Xgms - - Xgma P(Uy) — Jacy,

.. . -—d ..
PMod,/Tacs 15 isomorphic to (3.20). Moreover Jacy, has trivial

PMod,/Jacy! concluding the proof. 0

It follows that the relative dualising sheaf w
canonical bundle, and so we have wppmod = w

We now take square roots of the expression in Lemma 3.8, which requires the following.

Lemma 3.9. For each y € £\Sing(X), the restriction Us, , = uE‘{y}XEZ admits a square root. Moreover,

the choice of square root is parameterised by H* (X, Zs).

Proof. The compatibility A3 Ps; = Us, between the Poincaré sheaf with the Abel-Jacobi map shows that
Us y = PZ'{AE(y)}xEE is a geometric point of PicO(Rg). The autoduality Pic’ (Jacs) = Jacy, preserves
the group structure, so it is equivalent to describe the square roots of the corresponding geometric point in
Jacy. These are parametrised by the 2-torsion points of Jac%, which in turn correspond to H(X,Zy). O

Corollary 3.10. Adopt the same hypothesis as Lemma 3.8. At every point bii € Exc(v) = v 1(RSing(v)),

choose a square root Ll;/;i of the line bundle U, +. Each such family of choices {Z/{;/;i }iz1,...k determines

a spin structure on PModg given by

k
whhioa = Q) Vera @ U M @ U 1.

i=1
4. COMPARISON RESULTS FOR CURVILINEAR HILBERT SCHEMES AND PARABOLIC MODULES

4.1. Parabolic modules via curvilinear divisors. In this section we present some technical results
concerning the interplay between the curvilinear Hilbert scheme of C' and the moduli space of parabolic
modules over v : ¥ — C. The results described are preliminaries for Section 5.1. As before, we take
C to be an irreducible nodal projective curve with simple nodes and denote by v : ¥ — (' its partial
normalisation at the nodes {b1,...,br} = RSing(v) C Sing(C) C C. Recall that we have chosen a smooth
point zg € C with preimage yo = v~ () € X. We specialise to the degree zero case d = 0.

Notation 4.1. As in Notation 2.1, when d = 0, we will write PMod,, := PModS.

Recall the Chow-Hilbert space introduced in Section 3.1. The natural morphism
chow(v) : Sym$ -1 (URsing () — SYME\URSing(1v)
and the identity isomorphism Hilbyy\ g.c(,,) — Hilbg rging, glue to a morphism
v HlbSY, — H,, .
Taking the cartesian square above v(™) and the quotient map ¢ from (3.2) we obtain

SRCur SReur q IRCur
HilbS"s, x4, HilbS"s, ——2—— HilbS",

(4.1) /ﬂ l,,m)

HilbZ"?. H, .
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Note the pullback is a scheme as the Chow—Hilbert space H, is an algebraic space (Lemma 3.2). Recall
also the finite morphism p of (3.5) and consider also the Cartesian diagram

HilbS"; x4z, PMod, —*—— PMod,
(4.2) ’ﬂ Jp
HilbS"., = Jace.

Proposition 2.2 allowed us to choose n so that ac : Hilb}'t, — Jacc is surjective. However, by [DSo79;
AKS80], for large enough n, we know that Ac : Hilb,, o — Jacc, is actually a projective bundle (see page
425 and Note 4.7 of [DSo79] and [AK80, Theorem 8.6]). We assume such choice of n from now on:

Assumption 4.2. Take the number n € N to be sufficiently large such that Ac : Hilb, ¢ — Jacc is a
projective bundle over Jacc, with fibre over F equal to P(H®(C, F(nxy))).

Under this assumption, a¢ : Hilbf;fg — Jace is a smooth surjective morphism, such that the complement

of its fibres in the (projective) fibres of A¢ : Hilb,, ¢ — Jacc is of codimension at least two, by [MRV19b,
Lemma 3.9]. In particular, the base change ac¢ in (4.2) is also smooth and surjective.

Let (D, (M,V)) € Hilby’¢, x5z, PMod, and let
Fi=ac(D) = p(M,V).

By the definition of a¢, the subscheme D C C determines a section sp : Oc — I, = F(nxzp). On the
other hand, (M, V') corresponds under p to an embedding j : F — v, M. Hence, the composition jo sp
is a section of the sheaf (v.M)(nzg) = v.(M(nyo)). By adjointness, this gives a section of the rank 1
torsion-free sheaf M (nyg) over ¥. Its vanishing locus determines, in turn, a degree n effective divisor
E € ag' (M) C Hilb}'5,, where

oy : Hilby's, — Jacs,  ax(Zg) = Zp(—nyo)
is also smooth and projective, whenever Assumption 4.2 holds. As j vanishes nowhere (because the

torsion in (3.6) is of rank 1), the vanishing locus of jo sp is still D. Then, again by adjointness, we have
v(E) C D, so ¢(D) = v(™(E) as both have the same length.

The upshot of the preceding discussion is that, taking into account the diagrams (4.1) and (4.2), the
morphism

(4.3) J ¢ HilbZ't, XJae., PMod,, — Hil mo xH, HilbZ'S (D, (M, V)) = (D, E)

is well-defined. Here F is constructed as above. To describe this map in more detail, we require the

following description of points on Hilb;’¢.

Lemma 4.3. Let C be an irreducible nodal projective curve with k nodes at {by,...,br} = RSing(v) C C,

cur

with v : ¥ — C the partial normalisation at RSing(v). Decompose the subscheme D € Hilby"¢, as
(4.4) D =Dy+ Dy + -+ D,
with Do being supported on a subset of C'\ RSing(v) and D; supported on the nodal point b;.
Fori > 1, if D; is non-empty, then one of the following two options holds:
(1) D; is supported on one of the branches of C at b;, in which case Ip, is not principal.
(2) D; is Dy, o, for a; € C*, where
Dy, a, = Spec (Cly;",yi 1/ vy ui” —aiy )

with yj and y; being local coordinates of C' at the node b;. In this case, D; has length 2 and Ip,
is principal.
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Proof. Knowing that C is locally isomorphic to Spec (Cly;",y; ]/(y; y; ), the proof becomes a simple
exercise. If D; is not contained in Spec ((C[yli]) it must have length at least 2. As, by hypothesis, it is
contained in some Al, then D; C Dy, o, for some a; € C*. Observe that the right-hand-side is a length
2 subscheme, hence the latter is identified with D; itself. It follows from this identification that Zp, is
principal. O

We now describe points (Zp, E) € Hilby"c, xy, Hilb"s, that lie in the image of j. From the description
prior to (4.3), such points satisfy the condition v(E) C D. The following is immediate from combining
this condition with the description of curvilinear divisors in Lemma 4.3.

Corollary 4.4. Let C be an irreducible nodal curve and v : ¥ — C a partial normalisation at
RSing(v) = {b1, ..., bk}, with Exc(v) = {b1, b7 ,...,b) b, }. Take (Ip,Zp) € Hilbj'¢ xp, Hilbi"s so that
v(E) C D. Considering the decomposition (4.4) of D, then E decomposes as

(4.5) E=Ey+Ef+Ef + -+ Ef +E,

with Ey being supported on a subset of ¥\ Exc(v), E;"

2

supported at bj and E; atb; .
Then Doy = v(Ep) and, fori>1,
(1) if D; is 0 then E;f =0 and E; =0;

(2) if D; is supported on one of the branches of C at b;, then either D; = v(E;") and E; =0, or
D; =v(E;) and E} =0;

(3) if D; is Dy, q, for a; € C*, then E;f = b} and E =b;, hence v(E;) = b; C D;.

(2

We are now in a position to complete our description of the map j.

Lemma 4.5. In the conditions stated above, the morphism
J + Hilb't, XJac., PMod, — Hil me Xn, HilbZ"
as defined in (4.3), is a closed immersion. Furthermore, the following diagram commutes:
HilbZ" x5z, PMod® 25 HilbS"s
&cl J{az
PMod,, ————— Jacy,

where q : Hilby"c, xp, Hilby's, — Hilby"s; is the projection.

Proof. Let Z C Hilby,"¢; xn, Hilb.s, denote the closed subset
Z = {(D, E) € Hilby"¢. xy, Hilbl's; |v(E) C D}.

The strategy of the proof will be to construct, on Z, an explicit inverse map to j. Consider a point
(D, E) € Z and decompose D and E as per (4.4) and (4.5). The geometry we require is an understanding
of v*Op. By Corollary 4.4, one has O, = v*Op,, alongside also the following case by case analysis of
the decomposition:

(1) either D; and E; are empty;

(2) or D; is supported on one of the branches of C' at b; (so either v*Op, = Op+ - and E; = Ef,

or v*Op, = Oy+_, - and E; = E;);
(3) or Dj is Dy, 4, for a; € C* (so v*Op, = Opt - = Og,).

In all cases, there exists a divisor F' on %, supported on a subset of Exc(v), such that v*Op = Opr and
FNE=2.
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The following homological analysis determines the pullback v*Z),. We have the exact sequence
0— Oc — I — Op —0,
and pullback along v : ¥ — C' yields a 5-term exact sequence on X:
0 — Tori (T}, Ox) —s Tori(On, Ox) L Op — *TY, — 1*Op = Opyr — 0.
Since Tor1(Op, Oy) is a torsion sheaf on 3, the map () is 0 and we obtain the short exact sequence
(4.6) 0— Os — V') — v*Op = Opyr — 0.

The coherent sheaf v*Z)) is torsion-free at v~ ! (URSing(v)) and decomposes into a locally free sheaf and a
torsion sheaf at the smooth points Exc(v). Hence, globally it decomposes into a torsion-free sheaf - the
torsion-free pullback - and a torsion sheaf

VIS = MY @ Tp.

Let RSing(v) = S1,3U.S2 where S; 3 contains all nodes of the resolved singular locus where D is principal,
i.e. described by case (1) or (3), and Sy are the nodes where it is not principal, i.e. described by case

(2). By a local computation one can see that 7p = O,-1(s,) = Or1sr, Where o : Exc(v) — Exc(v) is
b

AR

the involution that pairwise interchanges the preimages b . Hence, equation (4.6) reduces to
0— Oy — VMY — Op_op — 0.

Therefore, we conclude

(4.7) MTY) =T, e

Using the previous calculation we can now write down an exact sequence of the form (3.6), therefore
defining the parabolic module corresponding to Z),(—nzg). Consider the intermediate partial normalisation
vy 1 3 — C at the nodes in S5. Then v factors as

ED LI y SRLCENY g}
By Cook [C0098, Lemma 1], there is a push-pull isomorphism
I) = v V8T,

where 4 is the torsion-free pullback. Now, v4{Z}) is a locally free sheaf on ¥/ away from vy *(Sing(C) \
RSing(v)), where v; and vy are locally isomorphisms. Hence, there exists an exact sequence

0— V;fIB — ul*ufugfIB — ORsing(1y) — 0.
Note that RSing(r1) = vy *(S1,3) and vf T), = v"T},. Pushing forward this exact sequence to C, we
obtain
(4.8) 0 — Ty L5 1M Th — Og,, — 0.
From equation (4.7) we have the exact sequence
0 — vMTY(—nyo) = T4, »(—n10) SELIN TA(E — nyy) — Oy — 0.
Composing its pushforward with f; of (4.8) results in the desired sequence

(4.9) 0 — Z},(—nxo) Yeb2oft, v.Lh(—nyo) — ORsing(v) — 0.
Then, since the map p : PMod) — Jacc is surjective, F := ac(Zp) = ), (—nxo) and M := ax(Zg) =
T} (—nyo) determine a point (M, V) in PMod,. Since we are specifying both F and M, Lemma 3.7 says
that the point (M, V) is uniquely determined by (4.9). This gives rise to a map

9 Z — Hilb’t x5z PMod,, ¢(D,E) = (D, (Zh(—nyo), V).

From the definition of j in (4.3), we conclude that g is inverse to j, hence Hilb},"¢. x5 . PMod, is naturally

isomorphic to Z closed in Hilby"¢; xy,, HilbJ's:.

Finally, the identification M = Z),(—nyp) is equivalent to the commutativity of the diagram. O
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The next technical result will be applied in Section 5.1. We say that the big diagonal A of H, is the
preimage of the big diagonal in Sym¢ under the natural morphism H, — Sym¢, from (3.3).

Lemma 4.6. The complement of the image of j : Hilb'¢. 55z PMod, < Hilby"¢, xn, Hilby's, maps
into the big diagonal A under the projection q : Hilb['6, xp, Hilby"s — H,

Proof. Recalling the decomposition (4.4), if (D, E) is a point of Hilby"c, xy,, Hilb"s; such that every D;
has length at most 1, after Corollary 4.4 one immediately finds that D; are contained in the branches of
C. In that case v(F) embeds into D so the pair lies on the image of j. Therefore, the points that lie
outside the big diagonal of H, are contained in the image of j, and the last statement is a straightforward
consequence of this fact. O

4.2. Equivalence of universal divisors. The main result of this section describes a relation between
twists of the line bundles det A¢,, and det Ay ,, constructed in (2.2). We also recall the tautological line
bundles Vs ; over PModl‘f, defined in (3.15), alongside the definition Vs, = Vs 1 @ --- @ Vx i, of (3.16).

Proposition 4.7. Let C be an irreducible nodal projective curve and let v : X — C be a partial
normalisation at k nodes. Then there exists an isomorphism

(4.10) 3¢ (det(As.n) ® Oty (D yo) ~F) @ 5* (det(Acyn))” = &g det(Vs),

as line bundles on Hilby'¢; x5-—o PMod,.
, =y

The remainder of this section is dedicated to the proof of Proposition 4.7. The idea is to relate Ac , and
Asn via a universal exact sequence on Hilb;’c x ;- PMod,, that is a pullback of (3.17). We shall make
intensive use of the commutative diagram shown in Figure (4.11) below.

(4.11)

Ps

2 m % x Hilbgs o2 Hilbe% o Jacs,
iquT Tq
idx % x Hilbg"e x, Hilbg's, Hilbg"¢, xn, Hilbi"s: v
/qz\ idxﬁ ) TJ
by 43Modu $as B x HilblE Xz, PMod,, 2 Hilbeur, XT3z, PMod,, —9¢ ., PMod,
/| xid yia |
C

C x PMod,, —— C x Hilb{/t: x 53¢, PMod, —“= Hilb{"¢, x 37z, PMod, ,
idxp qc idxﬁl @ lﬁ
¢ w C x Hilb&"Z, - Hilbe"s, ————— Jacc

Pc

Let us first express det(Ac,y,) and det(Ay ) in terms of the ideal sheaves.

Lemma 4.8. We have isomorphisms

det(Ac.n) = det (thcy*zpc} det(As ) = det (thz,*zpz).

Proof. Recall that, by definition Ac = h¢ .Op,. We use the short exact sequence

0— IDC — OCxHiIbc — ODC — 0,
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over C x Hilby"c. The long exact sequence induced by pushforward along h¢ : C' x Hilbl'e — Hilby"¢, is
given by

0— AC — thC,*IDc — Ol?i?bo — 07

since he «Ip. = 0, hc«Ocxhibe = Ohilb and so thcw*OcXH”bc = O,?iﬂ)c. Taking determinants yields
the formula of the lemma. The same argument applies to the smooth curve X. ([

Recall that C is an irreducible nodal projective curve equipped with a partial normalisation v : ¥ — C
at k (simple) nodes and with a choice of a smooth point zp € C and yo = v~ !(x9). Recall that
we denote the resolved singular locus by RSing(v) = {b1,...,bx} C C and exceptional divisor by
Exc(v) = {b7,b1,...,b},b, } C ¥, where in our notation v~1(b;) = {b;,b; }. Recall also the universal

AR

exact sequence (3.17) involving the universal parabolic module ((id x ©)*Us, Vs) and the torsion sheaf T
defined in (3.18).

Lemma 4.9. There is an exact sequence,
0 — (id x ,E)*IQV)C — (v x id).(idx (¢ oj))*I}éZ — (id x ac)*T @ (id % p)*he&Onibe (Do ,w,) — 0,
on C x Hilby'c XJace. PMod,,.

Proof. By Assumption 4.2, a¢ : Hilb;'t, — Jace is surjective and smooth. It follows by (4.2) that the

cur

same holds for ac. In particular, id x ac : C x Hilb, ¢ XTJaee. PMod, — €' x PMod, is flat. So pulling
back along id x a¢ is an exact functor. We pullback the universal exact sequence (3.17) along id x a¢.
Using commutativity around diagram and flat base change around diagram of (4.11), we obtain

(4.12) 0 — (id x p)*(id x ac) Uc — (v x id).(id x ae)*(id x v)* Uy — (id x ac)*T — 0.
We saw in Lemma 4.5 that the diagram of (4.11) commutes. Hence, we can replace the middle term
above by the sheaf
(V X 1d>*(1d X q O])*(ld X ag)*Z/[E .
Now, using Lemma 2.6, we have an isomorphism
(id x ax)Us 2 Iy @ P50s(—1yo) ® 13Oty (Do)

as well as a corresponding isomorphism for (id x &¢)*Uc. Inserting this into (4.12) we obtain the exact
sequence

0 — (id x p)* (9. ® PEOc(—nx0) ® héOibe (D))

— (v xid).(id x g 0 j)* (Zp,, @ PxO0x(—nyo) @ hy;Oriiby (Ds.y,) ") — (id x ac)*T — 0.
We saw in Corollary 4.4 that E contains yg if and only if D contains xy. Hence,
(4.13) (¢ ©5)" Otiitbs: (D,y) = 7" Otitbe (D )-
In particular,

(id x (g © §))"h5OHibs: (Ps,y,) = (v x id)"(id x p)"h¢;Ohibe (Do ) -

So, using projection formula and tensoring with the line bundle (id x p)*A¢ Onibe (De 2, ), We obtain

0 — (id x 7)" (T, © BoOc(—na0)) — (v x id).(id x (¢0.))" (T, ® BOs(=n0))

— (id x ac)*T ® (id x p)*hé&Onibe (P2, ) — 0.

Finally, using projection formula for v*O¢(—nzy) = Ox(—nyp) and tensoring by ¢&Oc(nzy) = (id x
P)* P& Oc (nxg), yields the exact sequence stated in the lemma. Note that (id X @¢)*T is supported on

RSing(v) x Hilby,’¢ x3;c, PMod, and hence the tensorization with a line bundle that is a pullback from C
yields an isomorphism in the last term. O

To simplify some notation, let us introduce the abbreviations

C = C x Hilbe" x5 PMod,, X := % x HilbS", xp, HilbS"s,
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for the triple products in the main diagram (4.11). Similarly, we set

Tc = (ld X ﬁ)*Ich, jg = (ld X (q Oj))*IDg-

Lemma 4.10. There exists an exact sequence given by
0 — 350" @ 7" Ohibe (Deey) — R'su(Ts ® qsws/c) — R'%he.Zo — 0,

N cur
on Hil n,C XTace PMod,, .

Proof. With the above notation, Lemma 4.9 says that there exists an exact sequence on C' given by
0 — Zp — (v x id), Ty, —> (id x d0)*T @ (id X 5)*h&Ohiitve (Dezy) — 0.

Now we compute the dual of this sequence. First, since torsion-free sheaves on C' are reflexive (see Lemma
1.1 of [Har86]), we have

Hom (T, Oc) =T = Tc.
To dualise the second term, we apply Grothendieck-Verdier duality. If wy/c 1= ws ® v*w and wy /C =
wy @ (v x id)*wé are the relative dualising sheaves, then ws/c = ¢sws/c, and then

1%

Hom((v % id). Ty, Oc) = (v x id).(Hom(T5, Ox) ® wy/c)
> (v x 1d)«(Zs ® Gsws/0)-
We therefore obtain the dual exact sequence
0- (v xid).(Ty ® ggws/c) = Lo = Ext' ((id x ac)*T @ (id x p)*h&Ohibe (Peyag ), Oc) = 0.
By Hom-tensor adjointness and functoriality around diagram @ from (4.11), the last term can be
rewritten as

&L‘tl((id X &C)*T, (id X ﬁ)*h*COHilbc (DCJO)V)
= &t ((id x ae)*T,0¢) @ (id x p)*heOtiitbe (Do, )
= &t ((id x a0)* T, 0¢) @ b5 Oribe (Deag ) -

cur

Taking the pushforward along 710 : € — Hilby,'« X Jace PMod, we obtain the exact sequence

(4 14) 0— ﬁc7*5$t1((id X ac)*T, OQ) ® ﬁ*OHilbc (Dcxg)v
. — RI?LC7*(V X ld)*(jg X qng/c) — Rl’ﬁcv*jc — 0.

It remains to compare the first and second terms of this sequence with the statement of the Lemma. To
compute the first term, we consider h¢, ,((id x ac)*T, O¢). We may apply Grothendieck-Verdier duality

for the projection iNLC with relative dualising sheaf g5 wc. Also recall the definition of Q from equation
(3.19). This allows us to write

hoLExt'((id x ao)* T, 0¢) = he R Hom((id x dc)* T @ qhwe, awe),
= }[Om(ﬁc’*((id X ac)*T@) qéwc), OHibePMod)a
= ,HOm(Ec)*(id X &C)*T, OHibePMod) = &E‘Qv

Here, as in the proof of the previous lemma, (id X @c)*T ® gqiwe = (id x ac)*T, since (id x ac)*T

is torsion, supported on RSing(v) x Hilbfﬁg XTac. PMod,. This computation shows that the first term

of (4.14) coincides with the statement of the Lemma. Finally, for the second term, commutativity of
diagram from (4.11) yields the isomorphism

R1EC*<V X id),k(jg X qgwg/c) = Rlﬁg*(fz ® q%wz/c),

and so (4.14) agrees with the statement of the lemma. This concludes the proof. O

Next, we compute the determinant of the extension term from the previous lemma.
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Lemma 4.11. There exists an isomorphism of line bundles,

k
det (thx,*(fz ® qng/c)) = j*q (det(«‘lz,n) © @) Okitos (Ds; )" ® Ot (Dz,bi)v> ;
=1
on Hil fffg X Tace PMod, .

Proof. Consider again the exceptional divisor B = {bi", by,..., bZ, b, } = Exc(v) € ¥. The canonical
bundle of a nodal curve C and the partial normalisation ¥ are related by the exact sequence
0 —wec— V*WE(B) ﬂ ORSing(u) — 0,

where res is the sum of the residues; see [HM98, Page 82]. Pulling it back to 3, and noticing that v*we
is a line bundle (so torsion-free), yields

Tes

0 — v'we — V' (ws(B)) — Op — 0.
But v*v, (ws(B)) 2 ws(B) ® Op, hence v*we = ws(B). The upshot is that the relative canonical bundle
is
ws /o = ws ®@ Vwd = O (—B).
Define a divisor B C ¥ x Hilb"5; by
B:=pg'(B) = B x Hilb;}'5..
Then, we have the isomorphisms

Is ® gswsyc = (id x (g0 5))" (Zpy @ P50x(—B)) = (id X (g0 j))*(OsxHibs (—Ds — B)).

On the other hand, we have an exact sequence on ¥ x Hilby"; given by

0 — OsxHiby (—Dx — B) — Osixtiby, (—Ds) — O @ OsixHiby (—Ds) — 0.
Pushing it forward along hy, yields
0 - R (05 @ Osixhibs (—Ds)) — R'hs «Osixtiiby (—Ds — B) — R'hs .Osixhiitbs (—Ds) = 0.
Now we use that Rhy (O ® Osxhibs (—Dyx)) = @f;l Otilbs, ('Dz’b:)v ® OHilbs, (DE,b,T)V' So, taking
determinants and using Lemma 4.8, we obtain the isomorphisms

det(thZ,*(IDg ®]3*ng/0)) = det(thg7*ngHi|bZ(—Dz —B))
k
=~ det(R'hs «Osxhiby (—Dx)) ® ® Ohitbs, (Dz,b;r)v @ Ohilby, (Dz,b;)v

=1
k
= det(As,n) @ X) Ohiibs (Dy; +) " © Ohits (Ds; )

=1

Now we obtain the result by the base change around diagram from (4.11). ([
We are now ready to conclude the proof of Proposition 4.7.

Proof of Proposition 4.7. Using Lemmas 4.8 and 4.11, and taking the determinant of the exact sequence
from Lemma 4.10, we conclude that

k
it <det(Az,n) ® ® Ot (D5 3+) " ® Ot (ngi)\/) @ p*det(Acn)”
i=1

>~ &g det(Q)Y ® p* Omitbe (Do) ~F-

Note that a5, Q = (Ec,*(id x a¢)*T)Y, and thus Q has rank k. From (4.13), we have p* Opiibe (Do ) ¥ =
7%¢* Ohitbs, (Dgyo)k. Moreover, by restricting the formula of Lemma 2.6 (applied to the smooth curve ¥
with the marked point yo) to each slice {bF} x Sym%, we get

Osym (Dz,bii)v = agu(ibii ® Osym(Ds,y,)" -
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Hence, we obtain isomorphisms

k
54" ((det(Asn) © Oy (Dss ) ™) @ 5 det(Ac,n)” = G det(Q)" @ j*q" o < QUy s Uy >)

i=1

1%

k
ag (det(Q)v ® ®(1'/*Z/{0,bjr ® D*u(%bi)) '

i=1

The second isomorphism uses the commutative square in (4.11), which commutes by Lemma 4.5.
Finally, by the definition of Q in (3.19), we have, for each i, an exact sequence

0— Vs — U+ @0 Uy ,- — Qi — 0.

Hence, we conclude det(Q)Y ® ®f:1(b* oot @ Uy -) = det(Vs). This completes the proof. O

5. AUTODUALITY AND THE PARTIAL NORMALISATION MAP

This section computes the relation between two Fourier—Mukai transforms: the one associated to an
integral nodal curve C and the one associated to a partial normalisation ¥ — C. We first describe the
restriction of the Poincaré sheaf to the locus of the compactified Jacobian described by pushforward
under the normalisation map, which is addressed in Section 5.1, and subsequently provide the relation of
the associated Fourier—Mukai transforms in Section 5.2.

5.1. Isomorphism of Poincaré sheaves. We denote by Pc and Py the respective Poincaré sheaves
on Jacc x Jace and Jacy, x Jacy. The main result of this section is a comparison between Ps; and the
pullback of P¢ along the closed embedding

7 x id : Jacs " x Jace < Jace x Jace,
where
(5.1) 7 Jacs "« Jace, L vl
is the closed embedding defined by pushforward under v.
We begin with a slice-by-slice comparison on restrictions of the form
Pr.r = Pslir1xTacs:  Por =Pclir)xTace

taken at a compatible pair of geometric points F € Jacy and F’ € Jacc. Fix a smooth geometric point
xo € O, with preimage yo := v~ (x9) C ¥. Our comparison uses the maps

— ko~ — _ _
Tk - Jacs  — Jacs, p:PMod, — Jace, v :PMod, — Jacy,

as defined in (2.7), (3.5) and (3.8) respectively.

oy . . ——k . . .
Proposition 5.1. For every geometric point L € Jacy, , there exists an isomorphism

(5.2) Pcw.c = p*<det(Vz:) ® ’)*szﬁ(kyo))’
and similarly for the dual sheaf:
(5.3) Pg’,,*l; = p*(det(vz)\/ ® WPMod ® D*ngﬁ(kyn)).

Proof. Since C' is nodal and integral, by means of Proposition 2.2, one can choose n > 0 such that
the restriction of the Abel-Jacobi map to the curvilinear Hilbert scheme a¢ is surjective. One can
assume, without losing generality, that ax is surjective too. In that case, and thanks to equivariance
of the Poincaré sheaf under permutation [Aril3, Lemma 6.1.(c)] it is enough to describe the restriction
Go,cv. = Go,c|Hibx {v. 2} Of Go,c to the slice associated to v, L € Jacc.

As an application of proper base change and projection formula, one has the isomorphism (u*ﬁ)g” =
v (L'gn), where ™ : ¥ — C™ is induced by v. Specializing formula (2.3) to the slice henceforth results
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. * X sign \Y
g07C,V*£ = ('(/}CpkUC'V:L»C n) ®det(AC,n) .

Consider the following Cartesian diagram

cur

Flagt's xcn 5" ——2—— 5n

(5.4) . l J

Flag,'¢c ———%—— C™.

Observe that the data of a length 1 extension of ideal sheaves Zp C Zp: over C, an ideal sheaf Zg such
that chowe(Zp) = chows(Zg) and a point y € ¥ whose image v(y) coincides with D’ \ D, determines
naturally a length 1 extension of ideal sheaves Zp C Zp/ over X.. To prove this claim note that either the
partial normalisation v : 3 — C'is a local isomorphism around y or ¥ is smooth at y. In the first case,
the extension Zp C Zps determines naturally the extension Zg C Zg/ and in the second case, there is
only one possible extension of ideal sheaves supported at a y as it is a smooth point. This implies that
a point ((Zp,,-.-,Zp,), (W1, --,yn)) in Flag,’c xcn X" determines naturally a point (Zg,,...,Zg, ), so
one obtains a morphism

s : Flag,'c xon X" — Flag,'s;
fitting in a commutative diagram

cur cur

Flag,'c, xon X" ———— Flag}’s
(55> \ J/O-E
ETL

Making use of o¢, oy and s defined above, one can easily construct the morphism {/; fitting in the
commutative square

cur w cur cur

Flags't, x on £" ———— HilbS"e. xy, Hilbe's

(5.6) al lﬁ

cur H cur
Flagn,c Yo Hllbn7c

Recalling that v™ is proper (because v is so), we use proper base change around (5.4), and functoriality
around (5.5) and (5.6), to get

~ sign
gO,C,U*ﬁ = (6*¢*5*0§;£gn> ® det(-ACm)va

where the permutation action lifts to Flag;’c; x¢» X" by pullback under v. By invariance of 3 with

respect to this action we obtain,

~ ook _x pN, sign \%
G0,0v.c = P (es" 05 L ® det(Ac,n) "
cur

We shall see next that the previous construction factors through the closed embedding j : Hilb, o X5z
PMod, < Hilb;"c xn, Hilbl"; of (4.3).

~ sign
We claim that the support of (w*s*agﬁ&l) lies in the image of j. This will be proved in Lemma 5.2

below. Consequently, one has that

E~-*~**®n8ign d \
Go.Coc = Pig” (UusonL @ det(Ac,n) ",

where we observe, as in (4.2), that p = S o j.

cur cur cur cur cur

The projection ¢¢ : Flag, « — Hilb}'c, gives rise to Flag, 'c Xxcn X" — Hilb, '« X, Flag,’s;. By

definition, the elements of Flagy,'s and Hilb}"f; are locally contained in smooth curves. Hence, starting

from D € Hilby"¢,, one determines uniquely a filtration of D out of a filtration on Flag,, 5;. This naturally
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provides an inverse to the previous morphism, so
Flag,'c xcn X" = Hilbl'6 xp, Flag,'s.
The statement above, followed by the isomorphism
Hilb7. i, Flagls = (HIIbSE. i, HIIBS'S) x ey Flags's,
provides us with the Cartesian diagram,

Flagi"sy x om £ ——2— Hilbe", xp, HilbSg

| Ik

cur H cur
Flagn’z e Hil 3

where ¢ denotes the obvious projection. Since 7y is proper, then proper base change with respect to it
gives

- . . sign
Go.cure Zpef" (4 UsobL™ ) @ det(Aon),

and by equivariance with respect to the action of the symmetric group,
~ ek % * pX sign \%
(5.7) Go,cv. = peJq (wz,*azﬁ ”) ®@det(Acn) .

We now turn our attention to the sheaf G_j 5. After (2.3) (applied to ¥), we have that the restriction
g,k,z|H“bn,2X{£} to slice associated to L € Jacglc is

Gtz = (n.05(L5)*" @ det(Az,n) .
Recalling Lemma 2.7 (again applied to ¥ and to the point yo),
G ks, = Gos,L0kyo) @ OHibs (Dx,y,) -k
Using the two previous isomorphisms in (5.7) yields

Go.Cvz = 5d 0" (Go.5,L0kyo) © det(As 1) @ Oiibe (D o) ) @ det(Acyn)Y.

Statement (2.4) and functoriality with respect to the commutative diagram

Hilb2"%, %52 PMod, —“— PMod,
quJ J”
Hilb<"s - Tacy.,

gives rise to the isomorphism
Go,Cv.r = P (GET Py £(kyo) @ 57¢" det(As 1) ® 3¢ Otibe (Psye) %) @ det(Ac,y)Y.
An application of the projection formula together with Proposition 4.7, allows us to write
Go,c.L = prQC (D*Pz,ﬁ(kyo) ® det(VE)).
Proper base change with respect to the Cartesian diagram (4.2) provides us with the conclusive isomorphism
(5.8) Go,Cov.r = s (VP £(kyo) © det(Vs)) .

Note that p, (D*Pg,ﬁ(kyo) ®det(Vg)) is maximal Cohen-Macaulay as p : PMod, — Jacc is finite
and U*Ps, £(ky,) @ det(Vx) is maximal Cohen-Macaulay. Therefore, both sides of (5.8) extend along
Hilbg!,, C Hilbc, to isomorphic maximal Cohen-Macaulay sheaves using [Aril3, Lemma 2.2] and [MRV19b,
Lemma 3.9]. Now, the faithfulness of the pullback along the projective bundle A¢ : Hilbe,, — Jace
(recall Assumption 4.2) implies the first statement of the proposition, namely (5.2).
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We address the second statement making use of Grothendieck-Verdier duality in (5.2), recalling that p is
proper and that the dualising sheaf of Jace is trivial:
Pl c = Hom(pe (P £(kyy) @ det(Vs)) , O5c,.)
= pu(Hom (0" Py, £ (kyo) ® det(Vs), wpmod))
= 0. (U Ps £(kyo) © det(Vs)Y @ wpMod)-

Now, the second statement (5.3) follows naturally from (5.2) and Lemma 2.1 of [Ari13]. This concludes
the proof of Proposition 5.1. O

The above proof relied on the following Lemma, whose proof we now address.

~ stgn
Lemma 5.2. The support of the sheaf (@[J*G*EE'L) is contained in the image of the map
J  HibL'G X55c. PMod, — Hilbi!¢ xp, Hilby's,
as defined in (4.3).

cur

Proof. Recall that the action of the symmetric group &,, on Flag,'c is induced by its action on C™. It

cur

follows that, for v € &,,, the fixed point set (Flagmc)v coincides with the preimage of (C™)7 inside
Flag; . Furthermore, since we consider the action of &,, on Flag}' x¢» X" to be the one obtained by

& Xcn X" — Flag;'c, and if (Flagﬁ‘% X om Z]”)7 denotes the locus fixed by 7,

cu
n?

pullback under v : Flag
then

(5:9) (Flagi'e xon 37)7 = (Flags'e)” x (e (W) 7H(C™).

cur

By Lemma 4.5, the image of the immersion j is closed in Hilb; ¢ xn, Symy:, and by Lemma 4.6 lies over
the big diagonal A C H,,, so it is contained in chow™ ' (A) xa (¥™)~1(A) C HilbZ'6 xn, Syms:. Observe
that A is the image under 7o : C™ — H,, of the union of (C™)7, with v varying in &,, \ {0}. It follows,
using (5.9), that the complement of the image of j is contained in
U ¥ ((Flagis xcn 5)7).
€6, \{0}
Consider v € &,, odd , since ~v is the identity on (Flagfﬁg X on E”)’y, it follows that the restriction of
~ sign ~
(w*g—*ﬁ&n) to ¢ ((Flag)'c; xcn %)) vanishes as the sections must satisfy —s = v*s = s. For any
non-trivial even v € &,,, there always exists an odd permutation 4’ acting trivially on (Flagf;fg X on Z”)W,

stgn

~ sign ~
the locus fixed by v and (w*E*E&“) vanishes there. Hence, (1/1*5*£®"> vanishes on the comple-
ment of im(5) O

With the fibrewise comparison between P and Py, at hand, we now pass to the global comparison result,
which describes how the Poincaré sheaves interact with the partial normalisation map.

Theorem 5.3. Let C' be an integral nodal curve. Fix a partial normalisation v : ¥ — C that resolves
precisely k nodes. Pick yo € 3 such that v(yo) is a smooth point of C. Then, there exists an isomorphism

(5.10) (7 x1d)*Pe = (id X p)« (g3 det(Vs) @ (Th o X ©)*Px) ,

over Ez_k x Jacc, where qs Ez_k x PMod, — PMod,, is the natural projection.
For the dual sheaves, we similarly have

(5.11) (id x 7)* P = (p x id), (a7 det(Vs)"Y ® qiwpmod @ (¥ X Th,y, ) Ps3) -

——k . . .
where q1 : PMod, x Jacs;, — PMod,, is the natural projection.
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Remark 5.4. In Theorem 5.3, the term det(Vs) universally reflects the possible variations of the subspaces
V that define points (M, V) € PMod® on the moduli of parabolic modules (see Definition 3.5).

Remark 5.5. The Poincaré sheaf Pc is the unique mazximal Cohen-Macaulay extension of the Poincaré
line bundle on Jacc x Jaco U Jaco x Jaco defined via determinant of cohomology [Aril3, Theorem AJ.
Moreover, this Poincaré line bundle in degree 0 is independent of the choice of normalisation of the
universal sheaf Uc [MRV19b, Remark 4.2]. Hence the left-hand-side of formula (5.10) is independent of
the choice of the smooth point yg.

That the right-hand-side of (5.10) is independent of this choice can be seen a posteriori by Theorem 5.8,
but also a priori as follows. Changing the fized point to y; € X\ v~(Sing(C)) acts on the Poincaré sheaf
by
(Tk7y1 X id)*'Pg = 773792,(9(1/1—_1/0)"’ ® (Thyo X id)*Pg

as proven by Arinkin in [Ari13, Lemma 6.5]. Here 7o is the projection onto the second factor of Jacs x Jacs.
Moreover, by compatibility with the Abel-Jacobi map one has Ps; o(y, —yo)r = Pg,O(yl—yo) = ngyl, and
thus (T, X U)*Ps = 7r§z'/*7/{§,yl ® (Th,yo X ¥)*Px. On the other hand, det(Vs) depends on the choice of
yo and changes to det(Vs) @ I)*L{E_’;jl upon choosing y1. A cancellation of terms allows us to conclude the
right-hand-side is independent of choosing yo. The same conclusion holds for (5.11).

We need to recall the see-saw principle before addressing the proof of Theorem 5.3. Here, we reproduce
the statement as in [MRV19b, Lemma 5.5], adapting the hypothesis to our case.

Lemma 5.6 (See-saw principle). Let Z and T be two reduced locally Noetherian schemes with Z proper
and connected. Let £ and F be two sheaves on T X Z, flat over T', such that

(i) Fliyxz = Elyxz, for allt € T
(ii) Fliyxz is simple for every t € T’
(iii) there exists zg € Z and an isomorphism of line bundles F|py .oy = E|lrx{z0}-

Then £ and F are isomorphic.

Proof of Theorem 5.3. It suffices to show that the right and left-hand-sides of (5.10) and (5.11) satisty
the hypothesis of the see-saw principle.

First we check the flatness hypothesis. Let H := g5 det(Vs) ® (Thy, X ©)*Px. This is a sheaf over
Egk x PMod, that is flat over Egk. Thus pushforward (id x p).H along the affine map id x p is flat
over Jacy, " by [Sta26, Lemma 29.25.4]. Hence the right-hand side of (5.10) is a flat sheaf over the first
factor. Similarly, starting with the sheaf q¥wpmod ® H", one can show that the right-hand side of (5.11) is
a flat sheaf over the second factor. For the left-hand sides of (5.10) and (5.11), flatness follows by noting
that Pc and Py are flat over the second factor, and so (7 x id)*Pc and (id x 7)*Py, are flat over Jacy, "

Now we deal with (i)-(iii). Proposition 5.1 implies that condition (i) holds for (5.10) and (5.11). Condition
(ii) is automatic since torsion-free rank one sheaves on irreducible varieties are simple. Since p is locally
an isomorphism at O¢ € Jacc and qj det(Vs) is pullback from PMod, the right-hand-side restricted
to Jacy -~ {O¢} is trivial as the Poincaré bundle of ¥ restricts to the trivial bundle on Jacy x {Og}.
Therefore, hypothesis (iii) holds for (5.10). Similarly, P} and Py are trivial when restricted to {O¢} x Jace
and {Ox} x Jacy, implying (iii) in the case of (5.11). O

5.2. Equivalence of Fourier—Mukai transforms. Using the description of the Poincaré sheaves
obtained in Section 5.1, we provide here a relation between the associated Fourier—-Mukai transforms.

Theorem 5.7. Let C' be an integral nodal curve. Fixz a partial normalisation v : X — C that
resolves precisely k nodes. Pick yo € X such that v(yo) is a smooth point of C. Then, for every object
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F* e Db(Egk), one has an isomorphism
(5.12) TS, (7. F*) = p, (det (V) @ 5" O, (g o F?) )
and, similarly, for the inverse transform one has

(5.13) ol (0, F%) = p, (det(Vg)V ® WpMod ® p*cbg’gl(fk,yo,*r)) .

Remark 5.8. Theorem 5.7 can be interpreted as a rule for composing Fourier—Mukai transforms with
the convolution functor
(5.14) OV = p,(det(Vx) ® *(e)) : D’(Jacs) — D’(Jacc),

where det(Vx) is a tautological choice of convolution kernel, universal for the variation of the vector
spaces V' for points (M, V) in the moduli PMod, of parabolic modules. Indeed, Theorem 5.7 provides a
natural equivalence

B7Sy 0 1 = OV 0 BT, 07y,

emulating formulae for composing integration and convolution in Fourier analysis.

Remark 5.9. Recall that p is a finite morphism and hence the pushforward p,. is exact (see [Gro61,
Corollaire 5.2.2]). Thus, from Theorem 5.7 we can deduce that the pushforward v, F will be WIT for ®P¢
for every coherent sheaf F on Eg that is WIT for ®F=.

Remark 5.10. Similarly to Remark 5.5, we can see that the right-hand-side of (5.12) and (5.13) do
not depend on the choice of yo. We will see that for (5.12), the case of (5.13) being the same. If we
choose y; € X\ v~ 1(Sing(C)) instead, then det(Vs) changes to det(Vs) @ z'/*uz_”yfl. Now, we look at
BT o (Thoyy «F*). Let 7 : Jack — Jac given by 7(M) = M @ Ox(kyy — kyo), 50 that Ty, =T 0 Thy, -
Then, using base change, projection formula and [Aril3, Lemma 6.5]

(p?iz(ﬂc,yl,*]'—.) = R7T2,*<7TT;*Tk7y07*.F. ® Pg)

> Rra i (id X 7). (7] Th,yo o F° @ (id x 7)*Ps;)

= Ry (T3 o e+ ® (id X Tk o) * (75 P, 01 — oy @ (id X Tk o) Ps))
( Thyor o & 7’2) ® Px.0(y1 —yo)*

= (I)1§>2(Tk7yoy*}—.) ®u2,y1'

=X =%

= R (T

This proves the independence of the choice of yg.

Proof of Theorem 5.7. Recall the construction of ®7¢, described in (2.5). Following the Cartesian
diagram

Jacy," x Jace —% s Jacy, "
(Dxid)l l[,
Jace x Jacg ————— Jacg,
one has
(5.15) BT, (7. F*) = Rty (F* @ (v x id)*Pe),

where we have applied flat base change, projection formula and functoriality with respect to

Jacs," x Jace
(Dxid)l t2

Jace x Jacc ————— Jacc.
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We now substitute (5.10) into (5.15) and apply the projection formula with respect to ty and (p x id),
and functoriality with respect to the commutative diagrams

Jacs," x PMod, Jacs,” x PMod, —— %4 PMod,
<1pr>l \ (ldxp)l lp
Eg x Jacc ———— Jacz , Jacz x Jacc ————— Jace,

which allows us to write
(5.16) 0T, (1. F*) = pu (det(V) @ Raz,. (4] F° @ (7, X )" Py)) -

Due to functoriality with respect to the diagram on the left, and flat base change for the diagram on the
right,

Jacs. " x PMod, Jacs," x PMod, —%— PMod,
1d><1/)J/ \ 1d><y)J/ J{,’,
JacE x Jacy ———— Jaczk7 JacE x Jacs —_— Jacs,

one observes that (5.16) becomes
BTG (1 F*) = po (det (V) @ 0* Rrau (1F® @ (T, X 1d)*Py)) -
This proves the statement (5.12) after applying projection formula with respect to 7 4, x id.

Since the definition of ® Cl given in (2.6) is analogous to that of (2.5) and the relation between P and
Ps of (5.11) is analogous to (5.10), the proof (5.13) follows verbatim from the proof of (5.12). O

Example 5.11. We provide here an example where the formula of Theorem 5.7 can be reconfirmed
by direct calculation. Suppose that C' is a nodal elliptic curve, hence £k = 1, and let the node be
b e C. Then Jac) = C\ {b} and Jacc = C |Kasl3, Section 3|. In addition, ¥ = P!, Jacp: = {Op:}
and PMod, = P!. Under these identifications, the maps v and p coincide and # is the constant map.
Furthermore, Vs = det(Vs) = Op(—1). Now, take F* = O

Jacy! = {Op1(~1)}. Then,

. % 3 Pp1
p*(det(Vz) X v (1)1%2(717907*OJ3C;11)) = p*OHml(—l).

Jac ! the trivial bundle over the point

On the other hand, ®7¢, (z)*OJac 1) = ®79,(0;) where b is the point in Jace = C corresponding to the

1—=2
node b € C. By the universal property of Po, @ij(Og) is the unique rank 1 and degree zero torsion-free
sheaf on Jace which is not a line bundle. With the isomorphism Jace 2 C' this corresponds to the unique
such object but now on C, this being v,O(—1). Hence,

DT, (05) = p.Opi (—1).

We then see that the claimed isomorphism holds.

5.3. Spin-valued Wilson operators. We explain how a spin structure on PMod, and a spin-valued
Wilson operator leads to a more symmetric presentation of our Fourier-Mukai transform formulae from
Theorem 5.7. This form of our results will be applied to mirror symmetry for branes in the Hitchin
system in a sequel article [FHHOa]. The appearance of a spin structure compensation for the fact that
v: Y — C is two-to-one over the locus Exc(v) C X of resolved singularities, so a Wilson loop over C' (as
per [KWO07, §6.1]) lifts to a so-called ‘Wilson spin-half loop’ over X.

Precisely, the Wilson operators in question are defined as follows. Given a point y € Exc(v) C X, we
choose a square root Ué/j of the line bundle Uy, , := Z/{E‘{y}XEz' The restriction Uy, , is locally free, even
though Us, is not, because y € ¥ is by assumption a smooth point. Then, to any y € Exc(v) and any
subset I = {y1,...,y} C Exc(v), let us introduce the notation

1/2

(5.17) W2 = (o) @ Uy} : D'(Jacs) — DP(Jacy), WylZ,:=Wy2 o oW/>

IRV
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and refer to these as the half-twisted Wilson operators. Note that the definition of le/ é ; is independent of
the labeling of the elements of I as tensor products commute. These functors naturally satisfy the relations

Wsy >~ le/i o WlE/Z and Wy ; ~ Wg? o le/i The divisor I of interest for us is the entire resolved
locus I = Exc(r). For convenience, let us fix orderings RSing(v) = {b1, ..., by} and Exc(v) = {b¥, ... ,bki,}.
The construction of le/ %EXC(V) depends on the family of choices {L{;/ bQi }b?:EExc(u)7 and we recall from
Corollary 3.10 that such choices define a spin structure on PMod,, given by
E
/2 sy =1/2 ey ,—1/2
(5.18) Wehtod = Q) Vi @ ¥ Uy~ @0 U
i=1

Note that, by construction, there exists a natural equivalence det(Vy) ® (o) ~ wéﬁod ® D*W;/%EXC(V),
which we use to give the following immediate restatement of Theorems 5.3 and 5.7.

Corollary 5.12. Let C' be an integral nodal curve. Fiz a partial normalisation v : ¥ — C' that resolves

precisely k nodes. Pick yo € ¥ such that v(yo) is a smooth point of C. Moreover, fix square roots L{;/;_i
/2 '

and let wéMod be the corresponding square root on PMod,, as per (5.18).

e One has isomorphisms of Poincaré sheaves
(7 x 1) Pe 2 (id % p). (a3 (whlaos @ 7" U 2y ) @ (Tl X 9)*Ps )
(id % 7)PE 2 (p x i) (a7 (wPhios @ 7Us D)) © (7 o) PY)
where q; :Egk x PMod, — PMod, are the natural projections.

o For every F*® € Db(Ez_k), one has isomorphisms of transformed sheaves
P - o\ ~v 1/2 ‘% 1/2 P )
1S, (1 F®) = pu (wPl/\/Iod Qv (WE/,®Exc(u) 0 1% (Thyo, s F ))) )
PE o TN A 1/2 v f—1/2 Y .
ol (5. F*) = p, (wp{wod 00 (W L2 ) © 0% (Th o F ))) .

Remark 5.13. A priori, the formulae in Corollary 5.12 appear to depend on the choice of square roots

U;/lii and the resultant choice of spin structure wéﬁod. However, the functor

1/2 xqrl/2
wP(/Iod Qv Wz/,(gExc(y)(‘) ~ det(Vs) ® (o),

and therefore the formulae of Corollary 5.12, are independent of these choices.

5.4. Restriction to compactified Prym varieties. Motivated by the study of mirror symmetry
between moduli spaces of SL(m, C) and PGL(m, C)-Higgs bundles [HT03; DP12], this section shows that
our main constructions and results are well-behaved upon restriction to compactified Prym varieties. In
[FHR25; GS22], an equivalence is established between the derived category of a compactified Prym variety
and a [-equivariant incarnation of the latter, where I" is a group of m-torsion points of a base smooth
curve. This can be understood as a duality statement between cuspidal SL(m, C) and PGL(m, C)-Hitchin
fibres, generalizing the autoduality of cuspidal GL(m, C)-Hitchin fibres obtained by Arinkin [Aril3].

We begin by describing the compactified Prym varieties and their properties. Consider a partial
normalisation map v : ¥ — C between irreducible nodal curves together with two ramified m : 1-
coverings B¢ : €' — X and By : ¥ — X over a smooth projective curve X. We assume (¢ and Sy fit
into the commutative diagram

y— v L C
5.19
(5.19) DN
X.

Let us define the norm map associated to B¢ to be the degree preserving morphism

Nmg, (o) == det(Bc.Oc) ™ @ det 0B (o) : Jace —» Jac%k,
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and Nmg,, : Jacy, — Jacgg is defined identically. For d = 0, the associated compactified Prym varieties
are defined to be the preimage under the norm map of the trivial line bundle,

Bro— -1 Bro— —1
Pryme :=Nmjg_(Ox) and Prymg:=Nmg (Ox).

For the non-zero degree d = —k we give a twisted version of the Prym construction, compatible with the
normalisation v : ¥ —» C. It is convenient to consider the geometric point O(—S¢(RSing(v)) € Jacy”
defined by the resolved singularities RSing(v) C C and take the preimage

Pryms " := Nm3! (O(—Bo(RSing(1)))) -

The compactified Prym varieties Prym,, Prymy, and Prymy, g are Gorenstein varieties with trivial dualising
sheaf (see [FHR25, Corollary 3.2| for instance). They come equipped with closed embeddings

- -— _— — ——k ——k
gc : Prymg — Jace, gx :Prymg < Jacs and  j% : Prymy, < Jacy .

The choice of preimage in the construction of Prymg g is designed for the following purpose. The
translation isomorphism
Toge © Jacs© — Jacs,
F —  F @ Oxs(kyo),
associated to a smooth point gy € X, can be shown, after an additional twist, to restrict to Pryms,
simultaneously trivialising the torsors Jacy, g and Prymy, k. We prove this in parallel with the following
compatibility results between normalisation maps and Prym constructions. Let

I := Jacx[m],
denote the subgroup of Jacx consisting of n-torsion line bundles.

Lemma 5.14. Let C be an integral nodal curve. Let v : ¥ — C be a partial normalisation resolving the
divisor RSing(v) C Sing(C) of cardinality k. Then, the following hold:

. — — ——k _ —k
(1) The tensoral action of T on Jacc, Jacs and Jacy,  restricts to Prymg, Prymy, and Prymy, .
(2) The morphism U restricts to the compactified Prym varieties, giving rise to a closed embedding
PR —— —_
U :Prymy —— Prymg,

which then lies in the commutative square

Prymz_k AN Prymg

(5.20) | ch

——k JR—
Jacy, ——— Jace.

(8) Let L be an m-th root of Ox(Bc(RSing(v) — kxg)) and 1 be the translation
(5.21) 7z Jacy — Jacy, F— F@B5L.
Then the following diagram commutes:

Pryms " 52 Nm32(Ox (ks (o) — fo(RSing(v)))) —=— Pryms,
(5.22) jfzj

- L o
Jacy,

Here 7y, 4,, Tc denote the restricted translation isomorphisms.
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(4) In the following Cartesian square

PMod, x7;; . Prymg 4, Prymg

(5.23) l JJC

PMod, ———— Jacc,

the composition of the inclusion 1, with U factors through Pryms,, giving rise to the commutative
diagram

PMod, X7 Prymg -z, Prymy,

(5.24) J ljz

PMod, ———— Jacs..

Proof. As a direct consequence of the projection formula, we have, for any £ € Jacg(;
(5.25) Nmg, (BEL @) = L™ @ Nmpg, (o) and Nmgg (5L R ) =2 L™ @ Nmg, (e).
This immediately implies (1). For (2), we make use of the determinant formula
det(RBc,»Oc) = det(Rfx,«Os) ® Ox (—Bc(RSing(v))),
derived from pushforward of the short exact sequence
0 — Oc — v:Os — ORsing(v) — 0.
Given a point F € Prymy, k, we then obtain the following isomorphisms:
Nmg,. (1. F) = det(Bc..Oc) ™ @ det(Bo,.vaF)
= det(fx,«Ox) ™" @ Ox(Bc(RSing(v))) © det(fx . F)
= Nmg,, (F) @ Ox (Bc(RSing(v)))
=~ Ox,
and thus #(F) = v, F lands in Prym,. This proves (2). For (3), by definition of the m;k we have
(5.26) o (Pryms ) 2 N ! (Ox (~5cRSing(v) + kB (40),
and it follows from (5.25) that composing with 7, = (¢) ® 8% L lands in Prymy.

For (4), we push forward under 3¢ the short exact sequence (3.6) associated to a point in PMod,, x5.-Prym,
followed by taking determinants. We observe that the composition of the inclusion 2,, with the morphism
v : PMod,, — Jacy, factors through Prymy, (see [GO13] for more details). O

Lemma 5.15. There is a I'-action on PMod,,, such that the morphisms

Jace <2 PMod, —% Jacs;

are I'-equivariant. In particular, the universal bundle Vs, — PMod,, inherits a T'-action.

Proof. Given a parabolic module (M, V), with M € Jacs, a n-torsion line bundle L € T" acts by
where

k k
W= Vsl = PVio (Bsl): < DM, @ My) @ (B5L),=.
1=1 =1

Note that there is a natural isomorphism of stalks (85 L),+ = (B5L),~ = Lg, ). Hence, W is well-defined.
By definition of the action v is I'-equivariant. Furthermore, the exact sequence (3.6) is compatible with
the T'-action on Jacc and the action on PMod, just defined. In particular, p is I-equivariant. O
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Let us now restrict the Poincaré sheaves to our compactified Prym varieties. Consider the pullback the
Poincaré sheaf along the closed embeddings of the Prym varieties,
(5.27) Reo = (g X 30)"Pe,  Rs = (33 x 15)" Ps,

supported on Pryms X Prym, and Prymy, x Pryms, respectively. These sheaves can be related via the

following Prymian version of Theorem 5.3.

Proposition 5.16. With the notation introduced above, one has

(5.28) (7 x1d)*Re = (id x p)« (g5, det(Vs) @ ((T£ © T,ye) X V)" Ryx),

where qo 18 the natural projection from Prymgl€ X (PModV X Tace Prymc) to PMod, Xy Prymg.
Proof. Applying (75 x jc)* to (5.10), one gets the identification

(5.29) (7 xid)*(9c x g0)*Pe =2 (id X p)« (c}é‘zl’j det(Vs) ® ((F£ 0 Thyo) X ) (92 X g5)" (T-1 ¥ id)*Pg) ,

after an iteration of base change under (5.23) and functoriality under (5.20), (5.24) and

Lk [ 9 [
Pryms,” x (PMod, x5, Prymy) —=— PMod, x5, Prymg

J’E Xll’J{ J{Zu

Jacs," x PMod, PMod, .

q2

Thanks to [Aril3, Lemma 6.5] and [FHR25, Proposition 4.5], one has for any line bundle N € Jacx and
7N defined as in (5.21),

(Tnv x id)* Py = p;,PE|{ﬂ§N}XK ®@ Ps = psNM " Px [N} xsacy @ Ps,

where we recall that ps is the projection to the second factor Jacs, x Jacs; —» Jacs,. If further, p2 denotes

the projection to the second factor Prymy, x Pryms; — Prymy,,
(5.30) (15 % 2)" (Tv x 1d)"Ps = p3jNM Px | (N} xjacxy ® Ry = Ry,

since g5 amounts to the inclusion of the central fibre of the Norm map Nm. We obtain (5.28) after
substituting into (5.29) the identifications (5.27) and (5.30) when N = £~ O

We consider the I'-action on the products Prym, x Prym, and Prymgl€ x Prymy, given by the standard
T'-action on the second factor and the trivial one on the first. Observe that the morphisms j¢, jx, p and
v are I'-equivariant by Lemma 5.15. Then, so are p, 2, and ¥ by construction, hence (5.23) and (5.24) are,
respectively, Cartesian and commutative diagrams in the I'-equivariant category. It follows from Lemma
5.15 that ¢ det(Vy) is I'-equivariant.

Crucially, the sheaves in (5.27) are I'-equivariant [FHR25, Proposition 4.5]. Furthermore, they can be
equipped with compatible I'-equivariant structures.

Proposition 5.17. A I'-equivariant structure on R¢ and 1) det(Vs) naturally induce a T'-equivariant
structure on Ry.

Proof. Given a certain L € I', denote by 77, ¢ and 77, »; the shifts provided by tensoring under 8¢ L and 55 L.
An isomorphism between R¢ and (id x 71,¢)*R¢ induces an isomorphism between (id x p)*(¥ x id)*R¢
and (id x 7p5)*(id x p)*(¥ x id)*R¢, where we made use of the I'-equivariance of p. Under the
identification (5.28) and the counit transformation, this further provides an isomorphism between
(325 det(Vs) @ (T2 © Tr o) X ¥)*Ryx) and (id x 7, 5)*(¢525; det(Vs) @ ((T2 © Th,y,) X V)*Ry). Recalling
that o is I'-equivariant, the previous isomorphism together with the one provided by the I'-equivariant
structure on ¢, det(Vyx), induces an isomorphism between Ry, and (id x 72 5)*Rs. (]

Let us equip R¢ and Ry, with compatible I'-equivariant structures, as per Proposition 5.17. One can then
consider the following integral functors in the category of I'-equivariant sheaves, with I'" acting trivially
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on the first factor,
U, : D¥ (Prymg) — D* (Prym¢,T), TR, : DY (Prymg) — D? (Prymg,T) .

Both functors are shown to be equivalences of categories in [FHR25, Thm 4.8|, [GS22, Thm 4.7]. The
following Prymian analogue of Theorem 5.7 describes the relation between them.

Corollary 5.18. Let C' be an integral nodal curve with arithmetic genus g and a partial normalisation
v: % — C. Consider compatible m-coverings C — X and X — X and their compactified Pryms,
as described above. Pick yo € X such that v(yo) lies in the smooth locus of C. Then, for every

—_—k
F* € D*(Prymy, ), one has the isomorphism

(5:31) RS, (R F*) 2 . (1) det (Vi) @ 9 UR2, (i gy o F*) )
Proof. Starting from (5.28), the proof is analogous to that of Theorem 5.7. O

Remark 5.19. Note that Theorem 5.18 does not depend on the choice of m-th root L of Ox (ks (yo) —
Bc(RSing(v))). Indeed, choosing a different m-th root L ® L for any L € T, provides
Uy (FLo L wThyo e F ") 2 WSy (TL (i, w T o o F ) = |:RE|{L}><E} ® WIS (2w Fh o o F )
After (5.30), one has
Rsliryxme = Ogc
naturally equipped with the trivial T'-equivariant structure. Hence,
W?E>2(%L®£,*7%k,yoy*]:.) = q’?ﬁz(%ﬁ,*%k,yo,*}—.)a

giving the same description of (5.31).

We dedicate the rest of the section to discuss the role of endoscopy. Inspired by [Ngo06], [FW08] and
[HP12], we say that the finite flat covering ¢ : C — X is of endoscopic type if the action of T" on the
corresponding compactified Prym variety is not free. Otherwise, we say that 8¢ is of non-endoscopic type.
By [FHR25, Lemma 3.3 and Proposition 3.4], whenever C is irreducible, ¢ is of endoscopic type if and
only if its composition with the (full) normalisation of C' provides an unramified cover of X.

In the framework of (5.19), as both C' and ¥ have the same (full) normalisation, one has that ¢ is of
the same type (endoscopic or non-endoscopic) as Sy. In the non-endoscopic case, the quotient maps

¢o : Pryme — Prym /T, ¢y Prymy, — Prymy /T
are étale, and the quotients are connected reduced projective Gorenstein schemes of finite type [FHR25,
Proposition 3.6]. Furthermore, R and Ry descend along - and & [FHR25, Corollary 5.1]; so there
exists sheaves Q¢ and Qx over Prymy, x Prym /T’ and %21 (Prymz) x Prymy, /T respectively, such that
Re = (id x §¢)" Qe Ry = (id x £2)"Ox
Taking Q¢ and Oy as integral kernels, we define the integral functors

(5.32) 29, : D’ (Pryme) — D° (Pryme/T), @73, : D’ (Prymy) — D (Prymy/T) .

Theorem 5.20 (Theorem 5.2 of [FHR25]). Let C be an integral nodal curve with arithmetic genus g
and a partial normalisation v : ¥ — C' resolving precisely k nodes. Suppose that C' and X2 are equipped
with degree m-coverings Bc : C — X and Bx, : ¥ — X of non-endoscopic type. The associated integral
functors @?jg and @?_%2 are equivalences of categories fitting in the commutative diagrams

DP(Prym.) # D?(Prym/T") Db (Prymz) é D?(Prymy; /T)
m fcf/ sc* ; m 5;{/ jég,* ;
Db(PrymC, I) D(Prymy,,T)

where «Eg’* and 55* amount to the T'-invariant part of their corresponding push-forwards.
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In the non-endoscopic case, the action of I' is faithful. Denote by
£ : PMod, x5z, Pryme — PMod,, x5z, Pryme/T

the quotient of the Prymian version of the moduli space of parabolic modules by the m-torsion points. By
Proposition 5.17 ¢} det(Vs) can be equipped with a I'-equivariant structure. By the Drézet—Narasimhan—
Kempf descent criterion [DN89, Theorem 2.3], it descends along &s; to a sheaf X det(Vs)] on the quotient
PMod, X Tace Prymq /T, such that

(5.33) o det(Vg) 2 5[0 det(Vs)].

Given all of the above, one can naturally derive the following from Theorem 5.20 and Theorem 5.18.

Corollary 5.21. Let C' be an integral nodal curve with arithmetic genus g and partial normalisation
v : % — C, which resolves k nodes. Suppose that C and % are equipped with m-coverings Bc : C — X
and Px : ¥ — X of non-endoscopic type. Denote by [p], [P], [t] the corresponding morphisms between
T-orbits induced by p, U, v,. Then, for F® € Db(mgk), one has the isomorphism

2%, (7. 7*) = [, ([ det(Ve)] @ )" @25 (PP F*))
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