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Abstract

In [14] we introduced a new class of algebras, which we named quantum generalized
Heisenberg algebras and which depend on a parameter q and two polynomials f, g. We
have shown that this class includes all generalized Heisenberg algebras (as defined in [8]
and [16]) as well as generalized down-up algebras (as defined in [3] and [7]), but the pa-
rameters of freedom we allow give rise to many algebras which are in neither one of these
two classes (if q 6= 1 and deg f > 1). Having classified their finite-dimensional irreducible
representations in [14], in this paper we turn to their classification by isomorphism, the
description of their automorphism groups and the study of ring-theoretical properties like
Gelfand-Kirillov dimension and being Noetherian.
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1 Introduction

This paper continues the study of a new class of algebras introduced in [14] and named quan-
tum generalized Heisenberg algebras (qGHA, for short), as they can be seen simultaneously
as deformations and as generalizations of the generalized Heisenberg algebras appearing in [8]
and profusely studied thenceforth in the physics literature (see e.g. [9], [4], [1] and the refer-
ences therein). In the mathematics literature, generalized Heisenberg algebras were studied
mainly in [16], [15] and [13]. For an overview of their relevance in mathematical physics see
the introductory section in [16].

Our main motivation for introducing a generalization of this class, besides providing a
broader framework for the investigation of the possible underlying physical systems, comes
from the observation in [13] that the classes of generalized Heisenberg algebras and (general-
ized) down-up algebras intersect (see the seminal paper [3] on down-up algebras and also [7]),
although neither one contains the other. The other interesting feature of our study comes
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from the fact that quantum generalized Heisenberg algebras are generically non-Noetherian
although they resemble and are related to deformations of enveloping algebras of Lie algebras.

Definition 1.1. Let F be an arbitrary field and fix q ∈ F and f, g ∈ F[h]. The quantum gener-
alized Heisenberg algebra (qGHA, for short), denoted by Hq(f, g), is the F-algebra generated
by x, y and h, with defining relations:

hx = xf(h), yh = f(h)y, yx− qxy = g(h). (1.2)

The main results in this paper are Proposition 3.1, which characterizes the Noetherian
quantum generalized Heisenberg algebras (compare [10] and [7] for (generalized) down-up
algebras and [13] for the generalized Heisenberg algebras H1(f, f − h)), Theorem 4.2, which
classifies the algebras Hq(f, g) by isomorphism type (compare [6] for down-up algebras and
[16] which solves this problem for the generalized Heisenberg algebras H1(f, f − h)) and
Theorems 5.6 and 5.9, which describe the structure of the automorphism group of Hq(f, g)
(compare [5] for generalized down-up algebras and [13] for the generalized Heisenberg algebras
H1(f, f − h)).

1.1 Examples of quantum generalized Heisenberg algebras

The generalized Heisenberg algebras from [16] are precisely the qGHA with q = 1 and g =
f(h)− h, i.e. the algebras of the form H1(f, f − h). Let us consider more general examples.

For parameters α, β, γ ∈ F, the down-up algebra A(α, β, γ) was defined by Benkart and
Roby in [3] as the unital associative algebra with generators d and u and defining relations:

d2u = αdud+ βud2 + γd and du2 = αudu+ βu2d+ γu.

In [7], Cassidy and Shelton generalized this construction and introduced the generalized down-
up algebra L(v, r, s, γ) as the unital associative algebra generated by d, u and h with defining
relations

dh− rhd+ γd = 0, hu− ruh+ γu = 0 and du− sud+ v(h) = 0,

where r, s, γ ∈ F and v ∈ F[h]. Generalized down-up algebras include all down-up algebras,
as long as the polynomial h2−αh−β has roots in F. Moreover, the following are generalized
down-up algebras: the algebras similar to the enveloping algebra of sl2 defined by Smith
[18], Le Bruyn conformal sl2 enveloping algebras [12], and Rueda’s algebras similar to the
enveloping algebra of sl2 [17].

We have observed in [14] that the class of generalized down-up algebras coincides with
the class of quantum generalized Heisenberg algebras Hq(f, g) such that deg f ≤ 1.

Proposition 1.3 ([14]). Let r, s, γ ∈ F and v ∈ F[h]. Then the generalized down-up algebra
L(v, r, s, γ) is isomorphic to the quantum generalized Heisenberg algebra Hs(rh − γ,−v). In
particular, the down-up algebra A(α, β, γ) is isomorphic to the quantum generalized Heisenberg
algebra Hs(rh+ γ, h), where α = r + s and β = −rs.

Conversely, any quantum generalized Heisenberg algebra Hq(f, g) such that f(h) = ah+b,
with a, b ∈ F, is a generalized down-up algebra of the form L(−g, a, q,−b).

As a reciprocal to the above we shall see in Corollary 2.8 that if a quantum generalized
Heisenberg algebra Hq(f, g) is isomorphic to a generalized down-up algebra, then necessarily
deg f ≤ 1.
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1.2 Organization of the paper

In Section 2 we review the basic properties of qGHA. By using an appropriate filtration and
results on Gelfand-Kirillov dimension, we are able to prove in Corollary 2.8 that if deg f > 1
then Hq(f, g) is not isomorphic to a generalized down-up algebra. This divides the class of
qGHA into two natural subclasses: if deg f ≤ 1 we get all generalized down-up algebras,
which have been extensively studied from many points of view; if deg f > 1 we get algebras
which are non-Noetherian domains (as long as q 6= 0) and which, in spite of appearing to be
of a similar nature, have not been yet studied in depth, as far as we know.

In Section 3 we characterize the Noetherian quantum generalized Heisenberg algebras.
While it is well known that for generalized down-up algebras being Noetherian is equivalent
to being a domain ([10], [7]), we see that within our wider class of algebras this correspondence
no longer holds as for q 6= 0 and deg f > 1 the algebra Hq(f, g) will be a non-Noetherian
domain.

The isomorphism problem for quantum generalized Heisenberg algebras is tackled in Sec-
tion 4 and it will be seen that the isomorphism relation can be phrased in very concrete
geometric terms, very much like in [2]. It will follow in particular that, in case q 6= 0 and
deg f > 1, the parameter q, as well as the integers deg f and deg g, are invariant under
isomorphism, showing that qGHA are indeed a vast generalization of generalized Heisenberg
algebras and generalized down-up algebras.

In terms of automorphism groups, which we study in Section 5, an interesting phenomenon
occurs. Although, as long as either char(F) = 0 or char(F) > deg f , the automorphism group
of a quantum generalized Heisenberg algebra Hq(f, g) with q 6= 0 and deg f > 1 is abelian
and does not depend on the parameter q (although its isomorphism class does), if we allow
0 < char(F) ≤ deg f then we can obtain non-abelian automorphism groups.

1.3 Conventions and notation

Throughout the paper, F will denote an arbitrary field, with multiplicative group denoted by
F∗. The integers, nonnegative integers and positive integers will be denoted by Z, Z≥0 and
Z>0, respectively. Given a set E, the identity map on E will be denoted by 1E .

The relation hx = xf(h) implies that hx2 = x2f(f(h)) and similarly for higher powers of x
and y. To deal with this type of commutation we introduce the unital algebra endomorphism
σ : F[h] −→ F[h] which maps h to f(h). Then f(h) = σ(h), f(f(h)) = σ2(h), etc. Thus, for
example, hxk = xkσk(h), for all k ≥ 0.

2 Basic properties and first results on quantum generalized
Heisenberg algebras

For the reader’s convenience we collect in this short section some basic results and properties
of quantum generalized Heisenberg algebras.

2.1 Some (anti)-isomorphisms

Whenever possible, we will exploit the symmetry between x and y in the defining relations
(1.2). This is materialized by the anti-automorphism of order 2, ι : Hq(f, g) −→ Hq(f, g),
fixing h and interchanging x and y. Applying ι to an equation in Hq(f, g) will reverse the roles
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of x and y at the cost of inverting the order of multiplication. In this way we can show the
equivalence between right and left versions of properties like being Noetherian or primitive.

The isomorphism below will be useful, e.g. in Proposition 3.1, to adjust the independent
term of f in Hq(f, g).

Lemma 2.1. For any α ∈ F we have the isomorphism Hq(f, g) ' Hq(f(h−α)+α, g(h−α)).

Proof. Let φ : F〈h, x, y〉 −→ F〈h, x, y〉 be the automorphism of the fee algebra on h, x, y
defined on the generators by φ(x) = x, φ(y) = y and φ(h) = h − α. Then φ(hx − xf(h)) =
(h−α)x−xf(h−α) = hx−x(f(h−α) +α); similarly, φ(yh− f(h)y) = yh− (f(h−α) +α)y
and φ(yx− qxy − g(h)) = yx− qxy − g(h− α). Hence, φ maps the defining ideal of Hq(f, g)
to the defining ideal of Hq(f(h−α) +α, g(h−α)) and induces the claimed isomorphism.

2.2 Basic structure and Z-grading

There is a natural Z-grading obtained by setting x in degree 1, h in degree 0 and y in degree
−1. It gives the decomposition

Hq(f, g) =
⊕
k∈Z
Hq(f, g)k, (2.2)

where Hq(f, g)k denotes the vector subspace of homogeneous elements of degree k.

Proposition 2.3 ([14]). Let Hq(f, g) be a quantum generalized Heisenberg algebra. Then the
following hold.

(a) For any basis {vj}j∈Z≥0
of F[h], the set

{
xivjy

k | i, j, k ∈ Z≥0
}

is a basis of Hq(f, g).

(b) Hq(f, g) is a domain if and only if q 6= 0 and deg f ≥ 1.

(c) Concerning the decomposition (2.2) we have, for k ≥ 0,

Hq(f, g)0 =
⊕
i≥0

xiF[h]yi, Hq(f, g)k = xkHq(f, g)0 and Hq(f, g)−k = Hq(f, g)0 y
k.

(d) Suppose that deg f > 1 and denote the center of Hq(f, g) by Z(Hq(f, g)). Then:

(i) Hq(f, g)0 is the centralizer of h.

(ii) If q is not a root of unity, then Z(Hq(f, g)) = F.

(iii) If q is a primitive `-th root of unity and g(h) = σ(a)− qa for some a ∈ F[h], then
Z(Hq(f, g)) = F[Z`], where Z = q(xy − a).

2.3 A (non-standard) Z2-filtration

Let 0 6= a ∈ Hq(f, g). Then, by Proposition 2.3, there exist unique elements pij(h) ∈ F[h] so
that

a =
∑
i,j≥0

xipij(h)yj .

We consider the lexicographical order on the (finite) set supp(a) =
{

(i, j) ∈ Z2 | pij(h) 6= 0
}

and define
deg a = max supp(a), (2.4)
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with the convention that deg 0 = (−∞,−∞). Then set

F(α,β) =
{
a ∈ Hq(f, g) | deg a ≤ (α, β)

}
and F−(α,β) =

{
a ∈ Hq(f, g) | deg a < (α, β)

}
,

for all α, β ≥ 0.

Lemma 2.5. Let α, α̃, β, β̃ ∈ Z≥0 and p, p̃ ∈ F[h]. Then:

(a) (xαpyβ)(xα̃p̃yβ̃)− qα̃βxα+α̃σα̃(p)σβ(p̃)yβ+β̃ ∈ F−
(α+α̃,β+β̃)

.

(b) F(α,β)F(α̃,β̃) ⊆ F(α+α̃,β+β̃) and
(
F(i,j)

)
i,j≥0 defines an increasing filtration of Hq(f, g).

(c) If q 6= 0 and deg f ≥ 1 then deg ab = deg a+ deg b, for all a, b ∈ Hq(f, g).

Proof. The first claim can be easily proved by induction on β. Whence, the remaining claims
follow, noting that σ is injective if and only if deg f ≥ 1.

Let Gr (Hq(f, g)) =
⊕

α,β≥0
F(α,β)/F−

(α,β) be the associated graded algebra. Then Gr (Hq(f, g))

is generated by the images of the canonical generators x, y and h, with relations:

hx = xf(h), yh = f(h)y, y x = qx y. (2.6)

In other words, we have Gr (Hq(f, g)) ' Hq(f, 0).

2.4 Gelfand-Kirillov dimension and relation to generalized down-up alge-
bras

It is known ([3, Cor. 3.2] and [7, Cor. 2.4]) that all (generalized) down-up algebras have
Gelfand-Kirillov dimension 3. In view of Proposition 1.3, if deg f ≤ 1 then Hq(f, g) is a
generalized down-up algebra and thus GKdimHq(f, g) = 3. We will see next that this no
longer holds if deg f > 1. (For the definition and properties of Gelfand-Kirillov dimension
see [11].)

Proposition 2.7. Let Hq(f, g) be a qGHA. Then GKdimHq(f, g) = 3 if and only if deg f ≤
1. If deg f > 1 then GKdimHq(f, g) ≥ 4.

Proof. Assume that deg f > 1. Although [11, Lem. 6.5] is phrased in terms of Z-filtered alge-
bras, its proof carries through to general filtrations like the one we defined in Subsection 2.3.
Thus, by that result, it is enough to show that GKdimGr (Hq(f, g)) ≥ 4. Equivalently, we
can assume without loss of generality that g = 0.

Let I = (x) be the two-sided ideal of Hq(f, 0) generated by x. Since x is right regular,
by Proposition 2.3, then [11, Prop. 3.15] says that GKdimHq(f, 0) ≥ GKdimHq(f, 0)/I + 1.
Thus, it is enough to show that GKdimHq(f, 0)/I ≥ 3.

The algebra Hq(f, 0)/I is isomorphic to the unital subalgebra R of Hq(f, 0) generated by h
and y. Then R can be seen as the Ore extension F[h][y;σ], with σ(h) = f(h). Since deg f > 1,
it is obvious that the only finite-dimensional subspaces of F[h] which are σ-stable are 0 and
F. Thus, F1⊕ Fh is not contained in any finite-dimensional σ-stable subspace of F[h]. Then,
by [19, Thm. 1.1], it follows that GKdimR = GKdimF[h][y;σ] ≥ GKdimF[h] + 2 = 3.
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Thanks to Proposition 1.3, we know that generalized down-up algebras are precisely the
qGHA Hq(f, g) with deg f ≤ 1. On the other hand, if deg f > 1 then Proposition 2.7 says
that GKdimHq(f, g) ≥ 4, so in this case Hq(f, g) cannot be isomorphic to a generalized
down-up algebra. So we obtain the following, which can be thought of as a prelude to the
classification result in Theorem 4.2.

Corollary 2.8. The quantum generalized Heisenberg algebra Hq(f, g) is isomorphic to a
generalized down-up algebra if and only if deg f ≤ 1.

3 Noetherian quantum generalized Heisenberg algebras and
down-up algebras

Any generalized down-up algebra has the property that it is Noetherian if and only if it is
a domain (see [10] and [7]). It is natural to wonder whether this property still holds for a
qGHA. In this section we determine when a quantum generalized Heisenberg algebra Hq(f, g)
is Noetherian and give a negative answer to the above question.

Proposition 3.1. A qGHA Hq(f, g) is right (or left) Noetherian if and only if deg f = 1
and q 6= 0.

Proof. Since Hq(f, g) is isomorphic to its opposite algebra (via the anti-automorphism ι de-
fined in Subsection 2.1) it is enough to consider the Noetherian property on the left. If
deg f = 1 and q 6= 0 then, by Proposition 1.3, Hq(f, g) ' L(−g, a, q,−b) for f(h) = ah + b.
Since a, q 6= 0, [7, Prop. 2.5] proves that Hq(f, g) is Noetherian.

Let us now prove the converse. Suppose first that deg f 6= 1. Then F (h) = f(h) − h is
not a constant polynomial.

Case 1. Suppose there is β ∈ F such that F (β) = 0. Then f(β) = β. By Lemma 2.1
with α = −β we have Hq(f, g) ' Hq(f̃ , g(h + β)), where f̃(h) = f(h + β) − β. Notice that
f̃(0) = f(β) − β = 0, so f̃ ∈ hF[h]. Thus, since deg f̃ = deg f and being Noetherian is
invariant under isomorphism, we can assume without loss of generality that f(h) ∈ hF[h].

Consider the chain of left ideals

I0 ⊆ · · · ⊆ In ⊆ In+1 ⊆ · · · (3.2)

where In =
n∑
i=0
Hq(f, g)hyi. As we know from Proposition 2.3 that Hq(f, g) = ⊕j,k≥0xjF[h]yk,

we can write

In =
∑
j,k

n∑
i=0

xjF[h]ykhyi =
∑
j,k

n∑
i=0

xjF[h]σk(h)yi+k. (3.3)

We will show that, for all n ≥ 0, the inclusion In ⊆ In+1 is strict. Otherwise, hyn+1 ∈ In.
Then it follows that

hyn+1 ∈
∑
j,k

n∑
i=0

xjF[h]σk(h)yi+k (3.4)

and, again by Proposition 2.3, we can take j = 0 and k = n − i + 1 in (3.4). Hence, there
exist pi(h) ∈ F[h] such that

hyn+1 =

(
n∑
i=0

pi(h)σn+1−i(h)

)
yn+1,
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and thus

h =

n∑
i=0

pi(h)σn+1−i(h). (3.5)

We will show that σk(h) ∈ fF[h] for all k ≥ 1. The k = 1 case is just the definition
σ(h) = f . Recall that f(h) ∈ hF[h], hence there exists ζ(h) ∈ F[h] such that f(h) = hζ(h).
For the inductive step, assuming that σk(h) = f(h)p(h) for some p(h) ∈ F[h], we have

σk+1(h) = σ(f(h)p(h)) = σ(hζ(h)p(h)) = σ(h)σ(ζ(h)p(h)) = f(h)σ(ζ(h)p(h)) ∈ fF[h].

Then, in particular, equation (3.5) implies that h ∈ fF[h]. Since we are also assuming that
f ∈ hF[h], it follows that deg f = 1, which is a contradiction. This proves that (3.2) is a
strict ascending chain of left ideals and Hq(f, g) is not left Noetherian.

Case 2. Suppose now that there is no β ∈ F such that F (β) = 0. Since F is not a
constant polynomial, there is a finite field extension E of F and β ∈ E such that F (β) = 0.
Then we consider the algebra Hq(f, g) ⊗F E. Since E is a finite extension of F it follows
that Hq(f, g) ⊗F E is a finite module over Hq(f, g). If Hq(f, g) were Noetherian, we would
conclude thatHq(f, g)⊗FE is also Noetherian. ButHq(f, g)⊗FE is just a quantum generalized
Heisenberg algebra defined over the field E with exactly the same parameters q, f and g. As
there is β ∈ E with f(β) = β, Case 1 implies that Hq(f, g) ⊗F E is not Noetherian; thus,
neither is Hq(f, g).

It remains to consider q = 0 with deg f = 1. But in this case, by Proposition 1.3, Hq(f, g)
is isomorphic to a generalized down-up algebra L(−g, a, 0,−b) and by [7, Prop. 2.6] Hq(f, g)
is not Noetherian.

Remark 3.6. The above result also implies Corollary 2.8 under the additional assumption
that q 6= 0, using the fact that only the Noetherian generalized down-up algebras are domains
([7]) and that Hq(f, g) is a domain if deg f > 0 and q 6= 0.

4 Classification of quantum generalized Heisenberg algebras

It is quite common for different sets of generators and relations to yield the same intrinsic
structure. To detect this, we need to study all possible isomorphisms among qGHA. Iso-
morphisms can also be a very powerful way of simplifying arguments and computations. The
isomorphism problem for generalized Heisenberg algebras H(f) over the field of complex num-
bers was tackled in [16]. Here we consider the classification problem for quantum generalized
Heisenberg algebras Hq(f, g) over an arbitrary field.

By Corollary 2.8, we know that a qGHA with deg f ≤ 1 cannot be isomorphic to another
qGHA with deg f > 1. Moreover, in case deg f ≤ 1 we obtain a generalized down-up algebra,
whose isomorphisms have been studied elsewhere (see [3], [6], [5] and [16]). We will thus focus
on the case deg f > 1. Moreover, to avoid technicalities, throughout the remainder of this
paper we will assume that q 6= 0.

It will be proved in this section that the isomorphism relation among the quantum gener-
alized Heisenberg algebras with deg f > 1 can be phrased in very concrete geometric terms,
very much like in [2, Thm. 3.28] (compare Proposition 4.1). It will follow in particular that, in
case q 6= 0 and deg f > 1, the parameter q, as well as the integers deg f and deg g, are invari-
ant under isomorphism, showing that qGHA are indeed a vast generalization of generalized
Heisenberg algebras and generalized down-up algebras.
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We begin by listing three types of isomorphisms from which, as we will see, all other
isomorphisms can be determined.

Proposition 4.1. Let q ∈ F and f, g ∈ F[h]. The following define isomorphisms of qGHA.

I. For all α ∈ F, τα : Hq(f, g) −→ Hq(f(h − α) + α, g(h − α)), defined on the canonical
generators by x 7→ x, y 7→ y and h 7→ h− α.

II. For all λ ∈ F∗, σλ : Hq(f, g) −→ Hq(λf(λ−1h), g(λ−1h)), defined on the canonical
generators by x 7→ x, y 7→ y and h 7→ λ−1h.

III. For all λ, µ ∈ F∗, ρλ,µ : Hq(f, g) −→ Hq(f, λµg), defined on the canonical generators by
x 7→ λ−1x, y 7→ µ−1y and h 7→ h.

Proof. The isomorphism in I is just the one from Lemma 2.1. The remaining ones can be
easily checked just as in the proof of that result.

We will refer to the isomorphisms from Proposition 4.1 either by the notation established
there, if we need to specify the parameters involved (e.g. ρλ,µ), or by a type, matching the
numbering above (e.g., an isomorphism of Type III is one of the form ρλ,µ, for some λ, µ ∈ F∗).

Theorem 4.2. Assume q 6= 0 and deg f > 1. Then Hq(f, g) ' Hq′(f ′, g′) if and only if
q = q′ and (f ′, g′) is obtained from (f, g) via transformations of types I, II, III defined in
Proposition 4.1. It follows in particular that deg f = deg f ′ and deg g = deg g′.

Proof. If q = q′ and (f ′, g′) is obtained from (f, g) by the transformations defined in Propo-
sition 4.1, then clearly Hq(f, g) ' Hq′(f ′, g′).

For the converse statement, suppose that q 6= 0, deg f > 1 and Hq(f, g) ' Hq′(f ′, g′).
Then by Propositions 2.3 and 3.1, Hq(f, g) is a non-Noetherian domain, so the same holds
for Hq′(f ′, g′) and thus q′ 6= 0 and deg f ′ > 1.

Let ϕ : Hq(f, g) −→ Hq′(f ′, g′) be an isomorphism. To avoid any ambiguity, we use x, y
and h for the canonical generators of Hq(f, g) and X, Y and H for the canonical generators
of Hq′(f ′, g′). The automorphism of F[H] which sends H to f ′(H) is denoted σ′.

From the application of ϕ to the first defining relation in (1.2) we obtain ϕ(h)ϕ(x) =
ϕ(x)ϕ(f(h)) = ϕ(x)f(ϕ(h)). Then, taking the lexicographical degree defined in (2.4) we get
degϕ(h)+degϕ(x) = degϕ(x)+deg f(ϕ(h)). As ϕ(x) 6= 0 and deg f(ϕ(h)) = deg f ·degϕ(h),
we infer that degϕ(h) = deg f · degϕ(h). Finally, since deg f > 1 and ϕ(h) 6= 0, it must
be that degϕ(h) = (0, 0). Hence, ϕ(h) ∈ F[H]. The same argument with ϕ−1 shows that
ϕ−1(H) ∈ F[h] and thence ϕ|F[h] : F[h] −→ F[H] is an isomorphism. It follows that ϕ(h) =
aH + b for some a, b ∈ F with a 6= 0.

The composition τba−1 ◦ϕ gives an isomorphism Hq(f, g) −→ Hq′(f ′′, g′′), where (f ′′, g′′) is
obtained from (f ′, g′) by a transformation of Type I and τba−1◦ϕ(h) = τba−1(aH+b) = aH. So
there is no loss in generality in assuming that ϕ(h) = aH. Similarly, using the transformation
σa of Type II, we can assume further that ϕ(h) = H.

Let CA(a) denote the centralizer of an element a ∈ A, where A is an algebra. By Propo-
sition 2.3 we have

ϕ(CHq(f,g)(h)) = CHq′ (f
′,g′)(ϕ(h)) = CHq′ (f

′,g′)(H) = Hq′(f ′, g′)0 =
⊕
i≥0

XiF[H]Y i.
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In particular, ϕ(xy) ∈
⊕

i≥0X
iF[H]Y i, whence we have degϕ(xy) = (i, i) for some i ≥ 1

(i = 0 would contradict the injectivity of ϕ). By symmetry, degϕ−1(XY ) = (j, j), for some
j ≥ 1. Our immediate goal is to show that i = 1 = j.

Write

ϕ−1(XY ) =

j∑
k=0

xkpk(h)yk, with pj 6= 0. (4.3)

Applying ϕ to both sides of (4.3) and computing the lexicographical degree we obtain

(1, 1) = degXY = j degϕ(x) + degϕ(pj(h)) + j degϕ(y) = j degϕ(xy) = (ij, ij).

So indeed i = 1 = j.
Since degϕ(x), degϕ(y) 6= (0, 0), there are just two cases to consider, although we will

show that the second one can never hold.

Case 1. degϕ(x) = (1, 0) and degϕ(y) = (0, 1). So we can write

ϕ(x) = Xp1(H) +
∑
k≥0

αk(H)Y k and ϕ(y) = p2(H)Y + β(H),

for some p1, p2, αk, β ∈ F[H] with k ≥ 0 and p1, p2 6= 0.
Exploiting the relation Hϕ(x) = ϕ(h)ϕ(x) = ϕ(hx) = ϕ(xf(h)) = ϕ(x)f(H), we get

HXp1(H) +
∑
k≥0

Hαk(H)Y k = Xp1(H)f(H) +
∑
k≥0

αk(H)Y kf(H).

Writing the above in the basis given in Proposition 2.3 and equating corresponding terms
yields f ′(H)p1(H) = p1(H)f(H) and Hαk(H) = αk(H)(σ′)k(f(H)), for all k ≥ 0. In partic-
ular, as p1 6= 0, we deduce that f ′ = f . Also, αk 6= 0 for some k implies that H = (σ′)k(f(H)),
which is impossible since (σ′)k(f(H)) = f((σ′)k(H)) has degree strictly larger than 1 for any
k ≥ 0. Hence, αk = 0 for all k. Similarly, using yh = f(h)y, we can deduce that β(H) = 0.

Therefore we have
ϕ(x) = Xp1(H) and ϕ(y) = p2(H)Y.

Now we substitute these expressions into the relation ϕ(y)ϕ(x) − qϕ(x)ϕ(y) = g(H) and
obtain

g(H) = p2(H)Y Xp1(H)− qXp1(H)p2(H)Y

= q′p2(H)XY p1(H) + p2(H)g′(H)p1(H)− qXp1(H)p2(H)Y (4.4)

= X(q′p2(f(H))p1(f(H))− qp1(H)p2(H))Y + p2(H)g′(H)p1(H).

Comparing coefficients again we get

q′p2(f(H))p1(f(H)) = qp1(H)p2(H).

Since deg f > 1, this is possible only if p1(H), p2(H) ∈ F∗, say p1(H) = λ−1 and p2(H) = µ−1,
in which case it implies that q = q′. Finally, (4.4) also gives g(H) = p2(H)g′(H)p1(H) =
λ−1µ−1g′(H). Thus, ϕ = ρλ,µ is a transformation of Type III.

Case 2. degϕ(x) = (0, 1) and degϕ(y) = (1, 0). In this case, we can write

ϕ(x) = p(H)Y + β(H),
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for some p, β ∈ F[H] with p 6= 0. Using the relation Hϕ(x) = ϕ(x)f(H), we get

Hp(H)Y +Hβ(H) = p(H)Y f(H) + β(H)f(H). (4.5)

Writing (4.5) in normal form and comparing coefficients, we deduce in particular that

Hp(H) = p(H)σ′(f(H)) = p(H)f(f ′(H)).

So H = f(f ′(H)), which contradicts the fact that deg f > 1.

5 Automorphisms of quantum generalized Heisenberg alge-
bras

Automorphisms reflect the inner symmetries of an algebra and are thus an extremely useful
tool for understanding it intrinsically. Having classified the qGHA by isomorphism, it is thence
natural to turn to their automorphism groups. The automorphisms groups of generalized
Heisenberg algebras were determined in [13]. If deg f = 1 and q 6= 0 then Hq(f, g) is a
Noetherian generalized down-up algebra, and its automorphisms have been studied in [5].
Therefore, we will continue to assume that deg f > 1.

For each λ ∈ F∗, let φλ be the automorphism of Hq(f, g) defined by φλ(x) = λx, φλ(y) =
λ−1y and φλ(h) = h. Notice that, in terms of the notation from Proposition 4.1, φλ = ρλ−1,λ.

Proposition 5.1. Assume that q 6= 0 and deg f > 1. The following hold.

(a) Any automorphism of Hq(f, g) restricts to an automorphism of F[h], and x and y are
eigenvectors.

(b) If g 6= 0 then {φ ∈ Aut(Hq(f, g)) | φ(h) = h} = {φλ|λ ∈ F∗} ' F∗, and this is a central
subgroup of Aut(Hq(f, g)).

(c) If g 6= 0 and either char(F) = 0 or char(F) > deg f then {φ ∈ Aut(Hq(f, g)) | φ(x) = x}
is a finite cyclic subgroup whose order divides ( deg f)− 1.

Proof. Let φ be an automorphism of Hq(f, g). Since q 6= 0 and deg f > 1, the proof of
Theorem 4.2 applies and shows that φ restricts to an automorphism of F[h], say φ(h) =
ah + b for some a, b ∈ F with a 6= 0. Consider the grading defined in (2.2). For k ≥ 0, let
ξk ∈ Hq(f, g)k = xkHq(f, g)0, say ξk = xkθ with θ ∈ Hq(f, g)0. We have p(h)ξk = p(h)xkθ =
xkσk(p(h))θ = ξkσ

k(p(h)), for all p(h) ∈ F[h]. Similarly, for k ≤ 0, ξkp(h) = σ−k(p(h))ξk.
Write φ(x) =

∑
k∈Z ξk, with ξk ∈ Hq(f, g)k. Then

φ(h)φ(x) =
∑
k∈Z

φ(h)ξk =
∑
k≥0

ξkσ
k(φ(h)) +

∑
k<0

φ(h)ξk. (5.2)

On the other hand,

φ(h)φ(x) = φ(hx) = φ(x)φ(σ(h)) =
∑
k≥0

ξkφ(σ(h)) +
∑
k<0

σ−k(φ(σ(h)))ξk. (5.3)

Equating homogeneous terms of the same degree in (5.2) and (5.3), and using the fact that
Hq(f, g) is a domain, we deduce that σk(φ(h)) = φ(σ(h)) for all k ≥ 0 such that ξk 6= 0 and
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φ(h) = σ−k(φ(σ(h))) for all k < 0 such that ξk 6= 0. Note that deg φ(h) = 1, deg φ(σ(h)) =
deg f , deg σk(φ(h)) = ( deg f)k and deg σ−k(φ(σ(h))) = ( deg f)1−k. So since deg f > 1, the
only possibility is that φ(x) is homogeneous of degree 1. Similarly, φ(y) is homogeneous of
degree −1. This shows that the automorphism φ is a homogeneous map with respect to the
grading (2.2).

Thus, there exist θx, θy ∈ Hq(f, g)0 such that φ(x) = xθx and φ(y) = θyy. Applying the
same reasoning to φ−1 and noting that the group of units of Hq(f, g) is F∗, we conclude that
θx, θy ∈ F∗, which proves (a).

For (b), assume that φ(h) = h and g 6= 0. By (a) there exist λ, µ ∈ F∗ such that φ(x) = λx
and φ(y) = µy. Then, applying φ to one of the defining relations, we get

λµg(h) = λµ(yx− qxy) = φ(yx− qxy) = φ(g(h)) = g(h),

which yields λµ = 1 and hence φ = φλ. This proves the equality in (b), and the isomorphism
{φλ | λ ∈ F∗} ∼= F∗ is clear as φλ ◦ φµ = φλµ for all λ, µ ∈ F∗.

Next we show that the subgroup {φλ | λ ∈ F∗} is central in Aut(Hq(f, g)). Let λ ∈ F∗, and
suppose ψ ∈ Aut(Hq(f, g)) is arbitrary. By (a) we know that ψ(h) ∈ F[h], thus φλ ◦ ψ(h) =
ψ ◦ φλ(h). As x and y are eigenvectors for ψ, we see that φλ ◦ ψ and ψ ◦ φλ also agree on
these generators, so we can conclude that φλ ◦ ψ = ψ ◦ φλ.

To prove part (c), suppose that φ ∈ Aut(Hq(f, g)) and φ(x) = x. We know already that
φ(h) = ah+b and φ(y) = cy, for some a, b, c ∈ F with a, c 6= 0. Then xf(ah+b) = xf(φ(h)) =
φ(h)x = (ah+ b)x = x(af(h) + b), and we obtain

f(ah+ b) = af(h) + b. (5.4)

On the other hand, we have

cg(h) = c(yx− qxy) = φ(yx− qxy) = φ(g(h)) = g(ah+ b).

Since g 6= 0, it follows that c = a deg g.

Now write f(h) =
n∑
k=0

akh
k, where n = deg f and all ak ∈ F. Applying the derivation

operator d
dh to (5.4) n − 1 times yields an−1f (n−1)(ah + b) = af (n−1)(h). As f (n−1)(h) =

(n− 1)!(nanh+ an−1) and using the hypothesis on char(F), we obtain

nana
nh+ nan−1anb+ an−1an−1 = ananh+ aan−1

and conclude that

an−1 = 1, and b =
(a− 1)an−1

nan
. (5.5)

In particular, since f is fixed, b is determined by a.
Let Un−1 = {ξ ∈ F∗ | ξn−1 = 1}. Then Un−1 is a cyclic group whose order divides

n − 1. Define a map Ψ : {φ ∈ Aut(Hq(f, g)) | φ(x) = x} −→ Un−1 by Ψ(φ) = a, where
φ(h) = ah+ b. Then Ψ is well defined by (5.5) and it is a group homomorphism. If Ψ(φ) = 1
for some φ ∈ Aut(Hq(f, g)) with φ(x) = x, then the above shows that φ(y) = a deg gy = y
and φ(h) = h + b = h. So φ is the identity on Hq(f, g). This shows that Ψ is an injective
group homomorphism and thus {φ ∈ Aut(Hq(f, g)) | φ(x) = x} is isomorphic to a subgroup
of Un−1; hence it is a finite cyclic group whose order divides n− 1.
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We can now describe the structure of the automorphism group of Hq(f, g). We will treat
the case g = 0 separately as this case has a slightly different description.

Theorem 5.6. Assume that q 6= 0, deg f > 1 and g 6= 0. Then we have the internal direct
product decomposition

Aut(Hq(f, g)) = {φλ | λ ∈ F∗} ×̇ {φ ∈ Aut(Hq(f, g)) | φ(x) = x} (5.7)

and {φλ | λ ∈ F∗} ∼= F∗ is central in Aut(Hq(f, g)).
Moreover, if either char(F) = 0 or char(F) > deg f then {φ ∈ Aut(Hq(f, g)) | φ(x) = x} is

a finite cyclic group whose order divides ( deg f)− 1 and thus in this case Aut(Hq(f, g)) is an
abelian group.

Proof. Let A = {φλ | λ ∈ F∗} and B = {φ ∈ Aut(Hq(f, g)) | φ(x) = x}. In order to prove the
direct product decomposition (5.7) we need to show that Aut(Hq(f, g)) = AB, A ∩ B = {1}
and that A, B are normal subgroups of Aut(Hq(f, g)).

Let φ be an automorphism of Hq(f, g). By Proposition 5.1, there exist a ∈ F∗, b ∈ F
and λ, µ ∈ F∗ such that φ(h) = ah + b, φ(x) = λx and φ(y) = µy. Then φλ−1 ◦ φ(x) = x.
Write ψ = φλ−1 ◦ φ ∈ B. Then we have φλψ = φ, so Aut(Hq(f, g)) = AB. We have already
seen in Proposition 5.1 that A is central in Hq(f, g); given that Aut(Hq(f, g)) = AB, that
implies that B is also normal in Hq(f, g). Finally, the only automorphism in A which fixes x
is φ1 = 1Hq(f,g), by definition of φλ, so the two subgroups have trivial intersection.

The last statement follows by Proposition 5.1(c), as Aut(Hq(f, g)) is then the product of
the abelian subgroups A and B.

Remark 5.8. By the proof of Proposition 5.1, if q 6= 0 and deg f > 1 then, as a set,
{φ ∈ Aut(Hq(f, g)) | φ(x) = x} can be identified with{

(a, b) ∈ F∗ × F | f(ah+ b) = af(h) + b and g(ah+ b) = a deg gg(h)
}
,

via the map φ 7→ (a, b), where φ(h) = ah + b. This mapping is well defined and one-to-one
because we have shown that in this situation φ(y) depends only on a. Conversely, given
(a, b) ∈ F∗ × F such that f(ah + b) = af(h) + b and g(ah + b) = a deg gg(h), it is easy to
see that there is an automorphism of Hq(f, g) sending h to ah + b, x to x and y to a deg gy.
This observation reduces the computation of the subgroup {φ ∈ Aut(Hq(f, g)) | φ(x) = x} to
an arithmetical question involving just the ground field F and the polynomials f and g, but
not the parameter q.

Now we settle the case g = 0.

Theorem 5.9. Assume that q 6= 0, deg f > 1 and g = 0. Then we have the internal direct
product decomposition

Aut(Hq(f, 0)) = {φ ∈ Aut(Hq(f, 0)) | φ(x) = x, φ(y) = y} ×̇ {φ ∈ Aut(Hq(f, 0)) | φ(h) = h}

and {φ ∈ Aut(Hq(f, 0)) | φ(h) = h} ' F∗ × F∗.
If either char(F) = 0 or char(F) > deg f then {φ ∈ Aut(Hq(f, g)) | φ(x) = x, φ(y) = y} is

a finite cyclic group whose order divides ( deg f)− 1 and thus in this case Aut(Hq(f, 0)) is an
abelian group.
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Proof. Let A = {ψ ∈ Aut(Hq(f, 0)) | ψ(h) = h} and B = {φ ∈ Aut(Hq(f, 0)) | φ(x) =
x, φ(y) = y}. We will describe A first. Given ψ ∈ A, we know by Proposition 5.1 that there
exist λ, µ ∈ F∗ so that ψ(x) = λx and ψ(y) = µy. Denote such an automorphism by ψλ,µ
and recall that ψλ,µ(h) = h because ψλ,µ ∈ A. Conversely, thanks to the defining relation
yx− qxy = 0, it is immediate to see that ψλ,µ is a well-defined automorphism of Hq(f, 0), for
arbitrary λ, µ ∈ F∗. Hence, A = {ψλ,µ | λ, µ ∈ F∗} and A ' F∗ × F∗, as groups.

Next, we prove that A is central. Let φ ∈ Aut(Hq(f, 0)) and λ, µ ∈ F∗. Then φ◦ψλ,µ(h) =
φ(h) = ψλ,µ ◦ φ(h) because ψλ,µ is the identity on F[h]. Since x, y are eigenvectors for both
φ and ψλ,µ, it also follows that φ ◦ ψλ,µ and ψλ,µ ◦ φ agree on the generators x, y and thus
φ and ψλ,µ commute. The direct product decomposition then follows just as in the proof of
Theorem 5.6.

Finally, as in Remark 5.8, the subgroup B of automorphisms of Hq(f, 0) which fix x and
y can be identified with the set {(a, b) ∈ F∗ × F | f(ah+ b) = af(h) + b}. In case char(F) = 0
or char(F) > deg f , the same methods used in the proof of Proposition 5.1(c) show that B is
cyclic and its order divides ( deg f)− 1.

The following example will show that, without the additional hypothesis on the charac-
teristic of the base field F imposed in Theorems 5.6 and 5.9, the group Aut(Hq(f, g)) may be
non-abelian.

Example 5.10. Suppose that char(F) = p > 2, set f(h) = hp and let g(h) = 0 or g(h) =
hp − h. Then the following define automorphisms of Hq(f, g):

φ(h) = h+ 1, φ(x) = x, φ(y) = y; (5.11)

ψ(h) = 2h, ψ(x) = x, ψ(y) = 2y. (5.12)

This is because f(h + 1) = (h + 1)p = hp + 1 = f(h) + 1, f(2h) = 2php = 2hp = 2f(h),
g(h + 1) = (h + 1)p − (h + 1) = g(h) and g(2h) = 2php − 2h = 2pg(h). However, φ ◦ ψ(h) =
2h+ 2 6= 2h+ 1 = ψ ◦ φ(h), so the group Aut(Hq(f, g)) is not abelian.
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