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Resumo

ExtensOes de Ore sdo uma forma de construir novos objetos algébricos a partir de objetos pré-
existentes, acrescentando uma nova variavel e as relacdes de comutacio que satisfaz. Algebras
de Hopf sdo algebras que possuem uma certa estrutura dual adicional. Nesta tese, estudamos a
caracaterizacdo sob certas condicoes das dlgebras de Hopf em extensdes de Ore de uma dlgebra
de Hopf, seguindo artigos de Panov e de Brown, O’Hagan, Zhang e Zhuang. A noc¢éo de extensdo
dupla de Ore é uma generalizacdo de extensdo de Ore recentemente introduzida por Zhang
e Zhang. Abordamos o problema de determinar quais é que sdo as extensdes duplas de Ore
sobre um corpo que tem um estrutura de algebra de Hopf. Este problema esta relacionado com
o problema de estender uma estrutura de algebra de Hopf a uma sua extensdo dupla de Ore.
Fazemos uma separacdo dos casos possiveis e ndo possiveis, em funcdo dos parametros que
determinam a extensdo dupla de Ore.

Palavras-chave: extensdo de Ore, dlgebra de Hopf, extensdo de Ore iterada, extensdo dupla

de Ore, extensdo de Hopf Ore.
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Abstract

Ore extensions provide a way of constructing new algebraic objects from preexisting ones, by
adding a new indeterminate subject to commutation relations. Hopf algebras are algebras which
possess a certain additional dual structure. In this thesis, we study a characterization under
certain conditions of the Hopf algebra structures on Ore extensions of Hopf algebras, following
articles by Panov and by Brown, O’Hagan, Zhang and ZHuang. The notion of double Ore
extension is a generalization of Ore extension recently introduced by Zhang and Zhang. We
address the problem of determining which are the double Ore extensions of a field that have
a Hopf algebra structure. This problem is related to the problem of extending a Hopf algebra
structure to a double Ore extension. We split the possible and not possible cases with respect to
the data that determines the double Ore extension.

Keywords: Ore extension, Hopf algebra, iterated Ore extension, double Ore extension, Hopf

Ore extension.
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Introduction

Hopf algebras are objects which possess both algebra and coalgebra structures, with suitable
compatibility between them. From a categorical point of view, they generalize groups. They have
ties to quantum mechanics (the so called quantum groups are examples of Hopf algebras) and
to noncommutative geometry, making Hopf algebras an active field of research in recent years.

Ore extensions provide a way of building new algebras from given ones. One of our main
focuses is the construction of Hopf algebras through Ore extensions of a preexisting Hopf algebra.
This task is connected to the classification of Hopf algebras of low Gelfand-Kirillov dimension. A
lot of work has been done in these two related topics, for instance in [Pan03j; [BOZZ15; ZZ08;
Zhul3;|GZ10]. In 2008, Zhang and Zhang published a paper introducing double Ore extensions,
a concept that generalizes the original notion of Ore extension. A few properties have been
studied in [[ZZ08]] and [[CLM11] but it is still a recent topic with many questions unanswered.
Our goal is to better understand when a Hopf algebra structure can be extended to a double Ore
extension.

Chapters 1] and [2] establish the setting for [Chapters 3| and [4 In we introduce
Ore extensions and study some of their properties. Most notably a construction is given, the
well-definedness of a degree map is proved under certain conditions and the Gelfand-Kirillov
dimension of Ore extensions is studied.

In|Chapter 2}, we study the basics of Hopf algebra theory, starting from the concept of coalgebra
and working all the way to Hopf algebras and their properties. Besides several examples and
terminology that are introduced, we try to convey the essential ideas and reasonings that are
recurrent in Hopf algebra theory and that are applied in later chapters.

In [Chapter 3| we focus on the study of Hopf algebra structures on Ore extensions, so called

Hopf Ore extensions, following two articles: [Pan03]] and [BOZZ15]], where the latter greatly
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expanded on the first. The main result of this chapter is in which necessary and
sufficient conditions for the existence of a Hopf Ore extension of a given Hopf algebra are given.
We write a more detailed version of the proof that appears in [BOZZ15]. We also study the
properties of Hopf Ore extensions.

In the concept of a double Ore extension is introduced, as well as its notation and
basic properties. Starting from we study possible Hopf algebra structures that can
be defined on a double Ore extension. First, we reduce the problem to the case of double Ore
extensions taken over a field and then we proceed to consider ad hoc the several different cases
that arise. The results are summarized in with respect to the data that determines
the double Ore extension. Sections 4.2 to 4.8 consist mostly of original work, with some external
contributions that are properly acknowledged and of which the author is grateful.

We assume that the reader is at least familiar with linear algebra and basic ring theory at an
undergraduate level. Additional necessary background knowledge that an undergraduate may
or may not have already is covered in the Finally some notation and conventions
are established in



Chapter 0

Preliminaries

0.1 Background

Algebras
Let K be a field. An associative unital algebra over K is a vector space A over K together

with an associative multiplication - : A x A — A that is bilinear, i.e.,

(ax+ By) - z=a(zx-2)+ By 2),
z - (ay+ B2) = a(z-y) + Bz 2),

forall z,y,z € A, a, f € K and such there exists a unit 1 4 for the multiplication. In other words,
(A,+,-) is an associative ring with unit that is also a vector space over K and where scalar
multiplication agrees with the multiplication -. This means that there exists a linear embedding
n: K — A mapping « to al 4. In general, we identify o with a1, and we also drop the symbol -,
writing xy instead of x - y, without further mentions. We will simply write "algebra" instead of
"associative algebra over K", when the field K is understood, because we only study associative
algebras in this work.

An algebra A is called commutative if ry = yz, for all z,y € A. An element x # 0 in A is
called regular if xy = 0 implies y = 0, for all y € A. A zero-divisor is an element z # 0 in A
that is not regular, i.e., for which there exists y # 0 such that yz = 0 or zy = 0. An algebra A
without zero-divisors is called a domain and if A is commutative, it is called an integral domain.

Invertibility in an algebra is the same as invertibility in a ring: an element = # 0 in A is called

3



4 Preliminaries

invertible if there exists a y € A such that xy = yz = 14. Associativity in A implies that such
an element y is unique. For that reason, it is called the inverse of = and denoted by z~!. Given
an algebra A, the opposite algebra A°? is the vector space A over K with a new multiplication
x given by z x y = yz, for all z,y € A. A direct product of algebras (or cartesian product) is
the direct product of the underlying vector spaces with the algebra structure given by defining
multiplication pointwise.

A subalgebra B of an algebra A is a subring which is also a vector subspace. A two-sided
algebra ideal I of A is simply a ring ideal of A and the embedding n implies that it is also a
vector subspace of A. Analogously, we define left and right ideals in A. If I is an ideal of A,
then the quotient algebra A/I is the ring A/l together with a scalar multiplication given by
ar+1I)=ax+1I,foralla € K, x € A. A maximal ideal M of A is an ideal such that if I is
another ideal of A with M c I C A, then I = M or I = A. In a commutative algebra A, an
ideal M is maximal if and only if A/M is a field. If X C A, then the ideal (X) generated by X
is the intersection of all the ideals of A that contain X. A principal ideal of A is an ideal that is
generated by only one element.

If A and B are two algebras over K, then an algebra homomorphism is a ring homomorphism
thatis f: A — B that is also a linear map and such that f(14) = 1. Likewise, we define algebra
isomorphisms, algebra endomorphisms and algebra automorphisms as the corresponding ring
counterparts that are also linear maps. If f: A — B is a linear map (resp. algebra homomor-
phism), then the kernel of f is the vector subspace (resp. ideal) Ker f = {a € A: f(a) = 0} of
A and the image of f is the vector subspace (resp. subalgebra) Im f = {f(a):a € A} of B. We

list here the so called isomorphism theorems, mostly for future reference.

Proposition 0.1.1. (i) Let A and B be algebras and f: A — B be an algebra homomorphism.
Then A/Ker f ~ Im f. Moreover, if f is surjective, then A/Ker f ~ B.
(ii) Let A be an algebra, S a subalgebra of A and I an ideal of A. Then (S+1)/I ~S/(SNI).
(iii) Let A be an algebra and I C J be two ideals of A. Then (A/I)/(J/I) ~ A/J.

We prove now an elementary result that will be needed later.

Proposition 0.1.2. In a commutative unital algebra A, if I, J are ideals of A such that I + J = A,
thenInNnJ=1J.
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Proof. By definition of ideal, we always have I.J C I N .J. Conversely, let kK € I N J. Since
I+ J = A, there exist : € [ and j € J be such that i + j = 14. Hence we have k = ki + kj,
where ki € JI = IJ (A is commutative) and kj € IJ, and thus INJ C IJ. O

An algebra A is called left noetherian (resp. right noetherian) if it satisfies the ascending

chain condition, which states that every chain of left (resp. right) ideals
LChLCClz3C---

stabilizes, i.e., there exists n > 1 such that I,, = I, for all m > n. An algebra A is called
noetherian if it is both left and right noetherian.

Let X be a set. The free algebra over K generated by X is the algebra K (X) that satisfies
the following universal property: there is an embedding «: X — K(X) and if A is any unital
algebra and ¢: X — A is a map of sets, then there exists a unique algebra homomorphism
@: K(X) — A such that ¢ ot = ¢. A construction of K (X) can be found for instance in [Brel4,
86.1] and the uniqueness of K (X) up to isomorphism follows from the universal property. If
X = {x1,---,z,} is a finite set, then we also write K(z1,---,z,) for K(X). One particular
example is the polynomial algebra in one indeterminate K[z], which is commutative. Its
universal property means that every algebra homomorphism from K[z| to another algebra A
is determined uniquely by the image of z. It is worth mentioning that for n greater than or
equal to 2, the free algebra K(z1,---,z,) does not coincide with the polynomial algebra in n
indeterminates K[z1,- -, x,], as it is not commutative.

Modules and tensor products

Let A be an algebra over K. A left A—module (or module over an algebra) is a vector space

M over K together with a module action . : A x M — M, (a, m) — a.m that satisfies

(ax + By).m = a(z.m) + B(y.m),
z.(m+n)=x.m+ z.n,

(xy).m = z.(y.m),

1A.m:m

forall o, € K, z,y € A, m,n € M. Equivalently, there exists an algebra homomorphism
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p: A — Endg (M), a — [m — a.m], called a representation of the vector space M. We can
analogously define a right A—module structure in the obvious way. If we do not say otherwise,
an A—module is always a left A—module. The K —modules are simply vector spaces over K. The
concept of module is more commonly defined for rings, in which case the vector space structure
is replaced by the structure of abelian groups. For our purposes however, modules over algebras

suffice.

Let M be an A—module. An A—submodule of M (or simply submodule) is a vector subspace
N of M suchthata.n € N foralla € A,n € N. If N is a submodule of M, then the quotient space
M /N becomes an A—module, called a quotient module, via the action a.(m + N) =a.m + N,
foralla € A,m € M. If Ny and N, are two submodules of M, then their sum N; + Ny consists
of elements of the form n; + no, with n; € N; and ny € N, and it is a submodule of M.
An A—module M is called finitely generated if there exist submodules Ny, ---, Ny such that
M =N;+---+ Ny.

If (M;);er is a family of A—modules, then the cartesian product I1;c; M; becomes an A—module
via pointwise addition and module action. The submodule of II;c;M; in which all but finitely
many components are zero is called the direct sum of the modules (M;);c; and is denoted by
@;erM;. Its elements are formal sums of the form m;, + --- + m;, for some iy, --,i, € I and
m;; € M;,. Given m € M, the submodule Am of M generated by m is {a.m : a € A}.
An A-module M is called free if there exists a family (m;);c; of elements of M, called a
A-Dbasis, such that M = @;c;Am; and Am; ~ A, for all i € I. Equivalently, M is free if it
is generated by the elements m;, i € I, and these elements are linearly independent over
A. Linear independence over A means that if a; m;, + aj,mi, + -+ + a;,m;, = 0, for some
i1, -+,ip € [ and a;; € A, then a;, = --- = a;, = 0.

We now introduce an essential concept for our work: the tensor product of vector spaces over
a field K. It can be determined by its universal property, which is the approach we choose. An
explicit construction can be found in [Brel4, §4.1], for instance. Let U and V be two vector

spaces over K. The tensor product U ®g V is a vector space over K that satisfies:

(i) There exists a bilinear map U x V' — U ®k V mapping a pair (u,v) to u ® v;
(ii) Every element in U ® V is a sum of elements of the form u ® v, withu € U, v € V;

(iii) Universal property of the tensor product. If W is another vector space over K and
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¢: U xV — W is a bilinear map, then there exists a unique linear map ¢: U ® V' — W such
that ¢(u ® v) = ¢(u,v), for all w € U and v € V. In other words, the following diagram

commutes
UxV -2 W

l (0.1.1)
=R
UV

From the universal property (iii), it follows that U ® x V' is unique up to linear isomorphism. The
tensor product can be seen as a tool that turns bilinear maps into linear ones. A standard way to
define a linear map on the tensor product U ® V' is to define the corresponding map in U x V,
prove its bilinearity and then apply the universal property. For example, the multiplication map
in an algebra A is a bilinear map - : A x A — A. Hence it induces a linear map A ® A — A that
maps a ® b to a - b. As a matter of fact, this map A ® A — A captures the exact essence of the
multiplication being associative and distributive over addition and thus is an equivalent way of
defining the multiplication (we will come back to this in [Chapter 2)). When K is understood, it
is common to simply write U ® V, which we shall do hereinafter.

An element of the form u ® v € U ® V is called a pure tensor (or simple tensor). Property
(ii) tells us that the elements in U ® V' are sums of pure tensors, but this does not mean that
all the elements in U ® V are pure tensors themselves. In general, they are not and as a matter
of fact, elements are far from being uniquely written as a sum of pure tensors. For instance, in
Klr)® K[z],wehave (1+2)®(-14+2) = -1®1+1®2 — 2 ® 1+ ® x. Bilinearity also means
that we have equalities such as (au) ® v = u ® (aw), foru € U, v € V and « € K, which may
seem confusing at first.

Many of the basic properties of tensor products are proved in [Brel4]. We collect here some
results which will be useful later on. The tensor product is associative (up to isomorphism), i.e.,
if U, V and W are vector spaces then U @ (V @ W) ~ (U ® V) ® W. The tensor product is
commutative (up to isomorphism), i.e., U®V ~ V®U via the linear isomorphism [u®v — v®u].
The trivial vector space over K, which is K itself can be seen as the identity of the tensor product
in the following sense: if U is a vector space over K, then U ® K ~ U ~ K ® U. For instance,
the linear isomorphism from U ® K to U is the one mapping u ® « to au with inverse that maps

u to u ® 1. The other one is analogous.

If {u;}icr is a basis of U as a vector space and {v;};c; is a basis of V, then {u; ® v;}icr jes
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is a basis of U ® V. While an element in U ® V' can be written in many ways as a sum of pure
tensors, we can have some control over it if we demand that the left tensorands (resp. the right

tensorands) are linearly independent.

Lemma 0.1.3. Let U ® V be a tensor product of vector spaces and let w = " | i® g € UQV. If

{f1,--+, fn} (resp. {g1,---,gn}) are linearly independent and w = 0, then g; = --- = g, = 0 (resp.
fi==fa=0)
Proof. See [Brel4, Lemmas 4.8 and 4.10]. O

This result means that, given an element of U ® V, if we can suppose that the sets of either left
or right tensorands are linearly independent, then its writing as a sum of pure tensors becomes
unique. The good news is that we can always assume that the left and the right tensorands,
in the writing of an element as a sum of pure tensors, form linearly independent sets. Indeed,
ifw=>",fi®g¢g € U®V and we assume that n is minimal then any relation of linear
independence in the set {f1,-- -, f,} (likewise for {g1, -, g, }) would allow us to rewrite w as a
sum of n — 1 pure tensors, contradicting the minimality of n.

The tensor product of vector spaces can be extended to algebras and this is in fact our
main application for it. If A and B are algebras over K, then we can define the tensor
product of algebras A ® B as the vector space A ® B together with the multiplication given
by (a ® b)(c ® d) = (ac ® bd). Defining it only in pure tensors is enough because it extends
linearly to all the elements in A ® B, which are sums of pure tensors. The algebra A ® B has
identity 14 ® 1p. The linear isomorphisms that express the associativity, the commutativity and
the existence of identity on the tensor product of vector spaces all become algebra isomorphisms.

Lie Algebras

Finally, we introduce a concept that will provide a source of examples for our results in

Chapter 3

Definition 0.1.4. A Lie algebra L over a field K is a vector space endowed with a bilinear

operation [-,-]: L ® L — L (called a Lie bracket or commutator) satisfying Vz,y, z € L:

() [z, z] =0;
(i) [z,[y, 2]] + [y, [z, 2]] + [2, [z,y]] = 0, (Jacobi’s identity).
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Bilinearity and (i) imply that the bracket [-, -] is anti-commutative, which means that Vz,y € L:

[z,y] = [y, z]. (0.1.2)

Conversely, the anti-commutativity of a bilinear operator implies (i), as long as char K # 2.
Jacobi’s identity reflects the fact that a Lie algebra is not associative, in general.

We call a Lie algebra abelian (or trivial) if its Lie bracket is zero. If L and L’ are Lie algebras,
then a Lie algebra homomorphism is a linear map f: L — L’ such that f([z,y]) = [f(z), f(y)],
for all x,y € L and moreover, if f is bijective, it is called a Lie algebra isomorphism. Given
an associative algebra A over K, we can create a Lie algebra structure on the underlying vector
space A by defining the Lie bracket as the commutator [z,y] = zy — yz, for all z,y € A. The
resulting Lie algebra is denoted by L(A).

In dimension one, there is only one Lie algebra, the abelian one, because of condition (i) in

IDefinition 0.1.4] In dimension two, say with basis z,y € L, there are two Lie algebras, up to

isomorphism: the abelian one (i.e., [x,y| = 0) and another non-isomorphic to the abelian one,
in which [z, y] = x. The latter Lie algebra is also called the non-trivial Lie algebra of dimension
two.

One important notion regarding a Lie algebra is its universal enveloping algebra. Given a Lie
algebra L, an enveloping algebra of L is an associative algebra A such that L(A) = L. The
universal enveloping algebra of a Lie algebra, as the name suggests, satisfies a universal property.
An explicit construction using the tensor algebra is given in [Kas95, §V.2], but we can also define
it by its universal property, which is what we choose to do. The universal enveloping algebra

U(L) of a Lie algebra L is an associative algebra that satisfies:

(i) There exists a linear embedding ¢: L — U(L) such that ¢([z,y]) = ¢(z)c(y) — (y)e(x), for
all x,y € L.

(ii) Universal property of universal enveloping algebras. Given any associative algebra A
and any Lie algebra homomorphism ¢: L — L(A), there exists a unique algebra homomor-

phism @: U(L) — A such that por = ¢.

Property (ii) above implies the uniqueness of U(L) up to isomorphism. If L is the (abelian)
one-dimensional Lie algebra, then U (L) ~ K|[x] is the polynomial algebra in one variable. More

generally, if L is the abelian Lie algebra of dimension n, then U(L) ~ KJz1,---,z,|. On the
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other hand, if L is the non-trivial Lie algebra of dimension two, with [z,y] = z, then U(L) is the
quotient of the free algebra K (x, y) with its ideal generated by zy — yx — . In other words, U(L)
is an algebra generated by two elements x, y subject to the relation xy = yx + x.

More generally, if L a Lie algebra of dimension n with basis {z1,---,x,}, then we have that

U(L) = K(x1,- -+, 2n) [(®iT; — zj2; — [i, Tj])1<i j<n-

0.2 Notation and conventions

Throughout this work, we will always assume that K is an algebraically closed field of character-
istic zero and by algebra, we always mean a unital associative algebra over K. Also, all tensor
products, linear maps and algebraic groups in this work are taken over K. We denote the set of
algebra homomorphisms from A to B by Algx (A, B). In contrast, we denote the set of linear
maps from A to B by Homg (A, B) and the monoid of linear endomorphisms of A under the
composition of maps by Endx (A). When an algebra quotient A/ is in context, we sometimes
use an overline to denote elements in A/I, i.e., we write @ = a + I for a € A. The restriction
of a map with A as its domain to B C A is denoted by ¢|p. The set of invertible elements of an
algebra A is denoted A*. Finally, the symbol N denotes the set of the natural numbers including
0.



Chapter 1

Ore extensions

1.1 Definition and existence

In this section, we introduce one of the most common and useful tools to build new (not
necessarily commutative) algebras from preexisting ones. They are named after @ystein Ore,
the influent Norwegian mathematician from the 20th century. The idea is that if we add a
new indeterminate to an algebra, it may not commutate with the other elements, but instead,
a twisted version of commutation takes place. We start by introducing the notion of a twisted

derivation, which plays a role in the definition of Ore extensions.

Definition 1.1.1. Let o be an algebra endomorphism of R. A (left) o—derivation is a linear

map 5: R — R, which satisfies the o —Leibniz rule, i.e.,
d(rs) = 6(r)s + a(r)o(s) (1.1.1)

for all r,s € R. We call an Idz—derivation simply a derivation and when we do not wish to

specify the endomorphism o, we say twisted derivation instead.

We could accordingly define right twisted derivations, as well, but when we mention twisted
derivations hereinafter, we will always refer to the left-sided version. If § is a o—derivation,
the o—Leibniz rules easily implies that 6(1) = 0. Since ¢ is linear, this means that §|x= 0. A
motivating example is 6 = % in R = K[z], the map of differentiation with respect to z. It is

well known that ¢ is linear and obeys the Leibniz rule, hence it is a derivation. Moreover, given

11



12 Ore extensions

any algebra endomorphism o of R, it is straightforward to check that a linear map §: R — R is
a o—derivation if and only if the map from R to Myx2(R) sending r to [“8") 5(:)} is an algebra
homomorphism. By the universal property of K|z|, there is an algebra homomorphism from
K|[z] to Msyx2(R) that maps z to ["(Ox) J; ] and hence, we conclude that for all f € K|[x], there

exists a unique o-derivation § with é(z) = f.

Definition 1.1.2. Let o be an algebra endomorphism of R and ¢ be a o-derivation of R. A left
Ore extension 7' = R[y;o0,d] of R is an algebra generated by R and by an element y € T, in
which the relation

yr =o(r)y + o(r) (1.1.2)

holds for all » € R and such that 7T is a free left R-module with basis {y'};cy. When o is an
automorphism of R, we call T' = R[y; o, §] simply an Ore extension. The elements in R[y; o, d]
are of the form f =r9 +riy + -+ + r,y" for some n € N and rg,---,r, € R. We define a map
deg: Rly; 0,0] — N U {—oc0}, called a degree, by deg f = max{i € N : r; # 0} for f # 0 and
deg 0 = —o0. If deg f = n, then the coefficient r,, is called the leading term of f. The coefficient

rg is called the constant term of f.

Ore extensions can also be called skew polynomial algebras, which emphasizes the noncommu-
tative structure of its multiplication. We will almost always assume that ¢ is an automorphism, in
particular in and [4 We will see in the next section that the bijectivity of o determines
when multiplication from the right side gives R]y; o, 4] a structure of free right R—module, in
addition to the left one. In this introductory chapter however, we study left Ore extensions in
general and admit for now that ¢ is just an endomorphism.

Since R[y; o, ] is an algebra, relation has to be compatible with the distributivity and
associativity rules. To satisfy the former, o and § must be linear maps. To satisfy the latter, i.e.,

having y(rs) = (yr)s, we must have that
a(rs)y +6(rs) = (o(r)y + 6(r))s = o(r)o(s)y + o (r)o(s) + (r)s. (1.1.3)

Since {y'};cn is a basis of R[y; o, ], we can compare the coefficients of y and the constant terms
on both sides. It becomes immediately clear that ¢ needs to be a homomorphism of algebras and
that ¢ needs to be a o —derivation, therefore motivating our definition.

We give now some examples of left Ore extensions, which illustrate the concept and notation:
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(i) The classic polynomial algebra K|[y|, in which ¢ = Idx and § = 0, which means K|y]
is commutative. It is a trivial example, but one that motivates the introduction of Ore
extensions. We will model our study of Ore extensions on the study of polynomials in the
commutative setting. The polynomial algebra in n > 2 variables K|y, -, y,] is also an
example of Ore extension of K|[y1, -, Yn—1].

(ii) A quantum plane K[y, z|, with ¢ € K'\{0}, is an Ore extension of K[y|, in which ¢ is the
algebra endomorphism of R determined by o(y) = qy and 6 = 0. In the notation of Ore
extensions, we write K[y, z| = K[y|[z; o], omitting ¢ because it is zero.

(iii) A differential operator algebra K|y|[z;4], in which ¢ = Idx (being omitted for that
reason) and ¢ is simply a derivation. For instance, if § = di’ then y and = satisfy the
relation zy = yz + 1 and K[y][z; 6] becomes the so called first Weyl algebra over K, also
denoted A; (K).

(iv) A first quantum Weyl algebra AY(K) = K[y][z;0,4], with ¢ € K\{0}, where o is deter-
mined by o(y) = qy and 0 = (Z/ The variables y and z satisfy the relation zy = qyz + 1

Despite having these examples, it is not yet clear that for any algebra R, any algebra endomor-

phism o of R and any o-derivation ¢, there exists the Ore extension R[y; o, d]. We will prove this

important result in [Theorem 1.1.4] which in part illustrates why this construction is so useful.

Before doing so, we prove a lemma that helps with computations in Ore extensions, as it gives a
general formula for the multiplication.

Forn € Nand 0 < k < n, let S, be the linear endomorphism of R defined as the sum of all
(1) possible compositions of k copies of § and of n — k copies of ¢. In particular, S, o = ™ and

Sn.n = 0". A recursive formula analogue to the binomial coefficients’ one takes place:
Sn+1k = Spk°0 + Spg-1°0, (1.1.4)
forl1<k<n+1.

Lemma 1.1.3. Let R[y; 0, 0] be a left Ore extension and let f = > " riy' and g = > it s;y' in
R[y; 0,0]. Write fg = Zizo tiy', for some t; € R. Then, for all i > 0, we have

p
ti=> 1> Spi(Si—ptk) (1.1.5)
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and for all r € R and n € N, we have

yir = Sur(r)y" " (1.1.6)

Proof. Equation ([I.1.5) follows from equation (1.1.6). The latter follows by induction on n.
For n = 0, it is just equation ([I.1.2]). The induction step follows from the relations (1.1.2)) and
(1.1.4). O

Let R[y] be the free left R-module with basis {y'};cy. It consists of elements of the form
f=ro+mry+---+ryy" forsomen € Nand rg,---,r, € R. This R—module is our candidate
to become the desired Ore extension R[y; o, d], provided that we can give it an algebra structure

with the suitable multiplication, i.e., one which respects (1.1.2)). Retain the notions of deg,

leading term and constant term, given in [Definition 1.1.2]

Theorem 1.1.4. Given an algebra endomorphism o of R and a o-derivation § of R, there exists a

unique algebra structure on R[y| that turns it into the left Ore extension R[y; o, d].

Proof. This proof follows the one in [Kas95, Theorem 1.7.1]. As [Lemma 1.1.3| shows, the
multiplication in an Ore extension is uniquely determined by the relation yr = o(r)y + §(r).
Hence, the uniqueness of the respective algebra structure on R]y] is clear.

In order to prove the existence, we will construct a linear embedding of R[y] into a certain
algebra, which induces the desired algebra structure back on R[y]. Denote by Endg(R) the
algebra of linear endomorphisms of R under composition.

Let M be the associative algebra of the row finite and column finite N x N matrices over
Endg (R). This means that M is the algebra consisting of infinite matrices (f;;); jen, Where each
fij is a linear endomorphism of R, such that in each row and in each column there are only
finitely many nonzero entries and where the operation is matrix multiplication. This operation
is well defined because row and column finiteness means that we only face a finite number of
nonzero summands when computing an entry in a product of infinite matrices.

The identity of M is the infinite diagonal matrix I with Idy in the diagonal. Given an element
r € R, we denote by ¥ € Endk (R) the left multiplication by r. Hence, we can embed R into M

by mapping r to 1. Since ¢ is an algebra endomorphism and § is a o-derivation, they are in
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particular linear endomorphisms which satisfy additional relations in Endx (R),

— — —
~

or=o(r)o and 6r=0(r)+ o(r)d. (1.1.7)

Consider the following infinite matrix in M,

_5 0 0 0 ]
c 4 0 0

Y = o 6 0 ,
0 o)

and define a linear map ®: R[y] — M by

(Z my> (HI) Y (1.1.8)

=0

We now prove that ® is injective. Let e; be the infinite column vector with entries in R, whose
i-th entry equals 1 and the all the others are zero, for i € N. Then {e; };cn is a basis for the
R—module of infinite column vectors with finitely many nonzero entries in R. Elements of M
act on infinite column vectors just like finite matrices of endomorphisms act on finite column

vectors. If we apply Y to each e;, recalling that o(1) = 1 and §(1) = 0, we get
Y(ez) = €i+1- (119)

Let f =Y | riy" € Ry] be such that ®(f) = 0. In light of (T.1.9), applying ®(f) to e; yields

n

0=o(f)(e1) = Yl (e1) ZTZeH_l

z':O

Hence, from the equation above, we conclude that r; = 0, for all 1 < ¢ < n and therefore f = 0.

From relations ([1.1.7)), it follows that in M we have

—_ —

YFI) = (o(r) )Y + 5(r)1, (1.1.10)

for all » € R. Let S be the subalgebra of M generated by the elements Y and 77, for all € R.
Because of equation (T.1.10], every element in S can be written in the form >, (7;/)Y"* and
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thus S is the image of R[y] by ®. Since ® is injective, we have an isomorphism between R[y| and
S. Hence, we can define the algebra structure on R[y| induced by S and because of (1.1.10], the
multiplication in R|[y] satisfies yr = o(r)y + d(r), for all r € R, like we wanted. O

1.2 Properties of Ore extensions

With the existence of left Ore extensions assured, we turn our focus to some of their properties.

We recall that, in Definition 1.1.2) we introduced a map deg: R[y; 0, ] — NU {—o0}, given by

deg f = max{i € N:r; # 0}, for f = >, riy’ # 0, and by deg 0 = —oco. Note that the elements
of R are exactly those with degree 0 plus the element 0 itself, which has degree —oc. Also, in
NU {—o0}, we set —o0o +n = n — oo = —oo by convention, for all n € N. One desirable property
in Ry; o, 6] would be that the map deg satisfies deg fg = deg f+degg, for all f, g € R[y; o, ], just
as happens in the classical polynomial algebra. This property implies that R]y; o, 4] is a domain,
since if f, g # 0, then deg f,deg g > 0 and thus, deg fg > 0, which means that fg cannot be zero.

In the next proposition, we study necessary and sufficient conditions for this situation to occur.

Proposition 1.2.1. Let Rly; o, d] be a left Ore extension and the map deg: Rly; o,d] - NU {—o0}

be as in |Definition 1.1.2] Then, the following conditions are equivalent

(i) Rly;o,0]is a domain in which deg fg = deg f + degg for all f,g € Rlyl;.

(ii) R is a domain and o is injective.

Proof. (i)= (ii) Since R|y;o,0] is a domain, then in particular so is R. Seeking a contradic-
tion, assume that o is not injective, that is, there exists » # 0 such that o(r) = 0. Then
yr = o(r)y + 6(r) = d(r) € R and hence yr has degree less than 1. On the other hand,
degyr = degy + degr = 1 by hypothesis, which gives the desired contradiction.

(ii) = (i) As discussed in the paragraph preceding this proposition, it is enough to show
that the formula deg fg = deg f + deg g holds for all f,g € R[y;0,8]. Let f = > ,riy’ and
g=>Y"ysiy' in Rly; 0,8 with r,, s, # 0, ie., deg f = n and deg g = m. Write fg = >0 tiy'.
By formula ((I.1.5]), we have
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Assume that ¢ > n 4+ m. Observe that if p > n, then r, = 0. On the other hand, if p < n, then
i—p+k>m+k>mand thus s;_,, = 0. In either case, we have that ¢; = 0 for i > n + m.
Assume now that i = n + m. Then, if p > n, we have r, = 0 as previously and if p < n, then
i —p+k > m+ k > m with equality if and only if p = n and £ = 0. Thus, the only nonzero
summand in the formula for ¢,,1,, is

TnSn,O(Sm)a

where S, o = ¢" is an injective homomorphism by hypothesis. Thus, since R is a domain and

Tn, Sm 7 0, it follows that ¢,,,, # 0 and deg fg = n + m, like we wanted to prove. O

The following lemma comprises two technical observations about invertibility in Ore extensions

that are useful to know.

Lemma 1.2.2. In a left Ore extension Rly; o, ], the element y is not left invertible. If, in addition,

R is a domain and o is injective, then the only invertible elements in R[y;o,d] are in R.

Proof. Assume that y has a left inverse f, which we can write as f = ro + riy + -+ — rpy™.

Having 1 = fy is equivalent to 1 — rgy — --- — r,3" "1 = 0, which contradicts the freeness of

the basis {y'};cn as a left R—module. Assume now that R is a domain. By [Proposition 1.2.1}, if

f € R[y;o0,d] has an inverse g, then we have deg f + degg = deg1 = 0, from where it follows
that deg f = degg = 0. O

We defined left Ore extensions, because we required the R—module structure on R[y; o, ] to
be left-sided but we could have made the equivalent construction using the right-sided versions
of twisted derivations, of equation and of free R—modules. In an Ore extension (i.e.,
when ¢ is an automorphism), it would make sense that both left and right versions apply and
were compatible and indeed this happens. We use the concept of opposite algebra because, in
principle, right-sided statements can be seen as left-sided in the opposite algebra. We recall that
if A is an algebra, the opposite algebra A°P has the same underlying vector space structure as A

together with a multiplication * defined by a x b = ba, for all a,b € A.
Proposition 1.2.3. Let Rly; o, d] be an Ore extension. Then, the following holds:

(i) R[y;o, 0] is also a right free R-module with the same basis {y'}icn;
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(ii) The opposite algebra (R|y; o,0])? is also an Ore extension. More precisely,

(Rly:0,0))" = R?[y;07", ~6007"]. (12.1)

Proof. (i) Since o is invertible, we have by formula (1.1.6) in|[Lemma 1.1.3|that

y"o " (r) = ry™ + lower-degree terms, (1.2.2)

for all n € N. Hence, we can prove by induction that {y'};cy generates R[y;o,d] as a right
R—module. That is, any f € R[y;o,d] can be written as f = >, y'r; where n = deg f is the
degree defined on the left module structure. If n = 0, there is nothing to do. Assume that n > 0
and that the result holds in degree less than n. Let f be an element of degree n. Then, by (1.2.2)),
we have

f=ry" + lower-degree terms = y" o "(r) + lower-degree terms

and the claim follows by the induction hypothesis. It remains to prove that {y'};cy is free.

Seeking a contradiction, assume that
ro+yri+---+y'r, =0
with r,, # 0. Thus, again by formula (1.1.6]), we have
o"(rn)y™ + lower-degree terms = 0

which implies that ¢"(r,,) = 0 since {y'};cn is a basis of R[y;o,d] as a left module. This is a
contradiction because r,, # 0 and ¢ is an automorphism, by hypothesis.

(ii) Denote by  the multiplication in the opposite algebras R°? and (R][y; o, ])°’. Since o is an
automorphism of R, it is also an automorphism of R° and thus, it is clear that relations
are equivalent to y x r = o~ 1(r) xy — 6(c—1(r)), for all r € R. We now check that —d oo~ ! is a

(0~1)—derivation in R°. Let r, s € R and compute

—8(c7 (rxs)) = —=8(c"(sr)) = =6(c"(s))o " (r) — a(c7(s))5(c (1))
= 0o () xs—o 1 (r)x5(a1(s)).

Finally, left R—module actions in (R[y; o, d])*” correspond to right ones on R|y; o, d] and vice-
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versa, because rxy = yr for all » € R. Since R[y; 0, d] is free as right R—module (by the previous

item), then (R|[y; 0, 6])? is free as a left R—module. Hence, (R|[y; 0, d])” is an Ore extension. []

Essentially, even though we are not giving an explicit definition of right Ore extensions, what

IProposition 1.2.3((ii) tells us is that left Ore extensions over R correspond to right Ore extensions

over R°P and vice-versa. We will almost always require that o is an automorphism, unless stated
otherwise. Hence, we stop discussing left-sided or right-sided Ore extensions from this point on,
even if some of the results below may hold in these more general situations.

The next result is a non-commutative version of the well-known Hilbert’s basis theorem.

Proposition 1.2.4. Let T = R[y;0,0] be an Ore extension (i.e., o is an automorphism). If R is

noetherian (resp. left noetherian, right noetherian), then so is T.

Proof. For the proof of the left noetherian version, see [Kas95, Theorem 1.8.3]. The right
noetherian version follows from the left one and ((1.2.3]) (ii). O

We collect now two results that will be needed in the following chapters.

Proposition 1.2.5. If R is a domain and ¢ is either an automorphism or an anti-automorphism of
T = R[y;0,6] such that p(R) C R, then ¢(y) = ay + b, where a € R*,b € R.

Proof. Suppose that ¢ is an automorphism. First, any element rg + r1y + - - - r,y™ in T' is mapped
by ¢ into
(o) + @(r1)e(y) + -+ o(ra)e(y)", (1.2.3)

because ¢ is a homomorphism.
Let us see that ¢(y) cannot be in R. As we are assuming that ¢(R) C R, if on top of that
we have ¢(y) € R, then by (1.2.3), we conclude that (7)) C R. This is absurd, because ¢ is
bijective and therefore, ¢(7') = T'. Hence, we have that deg ¢(y) > 1.
We want to prove in the following that deg ¢(y) < 1. Seeking a contradiction, assume that
1

deg ¢(y) > 1 and consider the element o~ !(y). Certainly, we have ¢~!(y) ¢ R, since o' is a

bijective as well. Thus, it is possible to write

e y)=rot+riy+-Fray”
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for a certain n > 1 with each r; € R and r,, # 0. Applying ¢ to this expression yields

y = p(ro) +(r)e(y) + -+ p(ra)e(y)",

with p(ry,) # 0, since ¢ is injective. Hence, as ¢(R) C R, the properties of the degree in 7" imply
that y has degree ndeg ¢(y) > n > 1. This gives the desired contradiction because y has degree
1. We conclude therefore that ¢(y) = ay + b for certain a,b € R with a # 0. We show next that a
is invertible.

Applying the same reasoning to the automorphism ¢!, there exist ¢,d € R with ¢ # 0 such

that ¢ ~!(y) = cy + d. Thus, we have

y=o(e ' (y) = eley + d) = p(c)(ay + b) + ¢(d)
= (p(c)a) y + (p(c)b + ¢(d))

and

y=9¢ o) =9 ay+b) =¢ (a)(cy +d) + ¢ (b)
= (¢ Ha)e) y+ (¢ H(a)d + o1 (b)).

Since T is free as a R—module, we compare the coefficients of y, yielding p(c)a = 1 = ¢~ (a)c.
Applying ¢ to the second equation, we have 1 = ay(c) and hence, « is invertible with inverse
p(c).

Suppose now that ¢ is an anti-automorphism, which means that it can be seen as an isomor-

phism ¢: T — T°P. By|Proposition 1.2.3|(ii), T = R°[y;o !, —6o~!] is also an Ore extension

over a domain and in particular, is a free module over R°? and has a degree map satisfying

IProposition 1.2.1] Hence, the argument from the automorphism case still applies and the result
follows. u

The automorphism 7 of K[z, y] determined by 7(x) = y and 7(y) = =, gives a simple example
of how [Proposition 1.2.5|fails to hold, if ¢(R) Z R.

We wish to establish a universal property for Ore extension, a result that tells us when
homomorphisms from R to another algebra A can be extended to homomorphisms from R][y; o, d]

to A. This property will be useful later, in [Chapter 3

Proposition 1.2.6. Let R|y; o, d] be an Ore extension, A be an algebra and ¢: R — A be an algebra

homomorphism. Fix an element a € A. There exists an algebra homomorphism ¢: R[y; 0, ] — A ex-
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tending the original one and such that ¢(y) = a if and only if a satisfies ap(r) = @(o(r))a+(d(r)),
forallr € R.

Proof. The ’only if’ part is trivial, just apply ¢ to the defining equation (1.1.2). Suppose now that
ap(r) = @(o(r))a+ p(5(r)), for every r € R. Define ¢: R[y; 0,8] — A by mapping f = Y1 riy’
to p(f) = > 1y p(ri)a’ € A. Itis well defined because in R[y; o, §] every element can be written
uniquely in the form > ,r;y’. Evidently, it extends ¢ and it is also straightforward to check
that it is linear over K, because ¢ is too. If f = > (r;y’ and g = > 1" ;4" are elements in
Rly;0,0], then fg =3, t;y', where t; is given by formula in Just as this
formula was uniquely determined by the equation yr = o(r)y + 6(r), the same argument via

induction using formula ap(r) = ¢(o(r))a + ©(6(r)) gives that ¢(f)@(g) = ;> bia’ where

bi=> ¢(rp) D P(Spk(siprn))-

7 P
p=0 k=0

Since ¢ is an algebra homomorphism, it follows that b; = ¢(¢;) and hence, we have

2(Nelg) =) elti)a’ = @(fg),

i>0

which proves ¢ is an algebra homomorphism. O

1.3 Gelfand-Kirillov dimension of an Ore extension

We finish this chapter by introducing a concept that is an important invariant of an algebra, the
Gelfand-Kirillov dimension (or in short GK dimension). Among the many different notions of
dimension, this particular one is useful in the classification of Ore extensions and Hopf algebras,

which we introduce in the next chapter, as the articles [BOZZ15};|GZ10; |Zhul3]] show.

Definition 1.3.1. Let A be a finitely generated algebra over K, that is, A contains a finite
dimensional vector subspace V' that generates A as an algebra. The Gelfand-Kirillov dimension
of Ais

GKdim A = limsupM. (1.3.1)

n—o0 logn
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One of the first questions to consider is if this definition depends on the vector subspace V'
chosen. It does not, as is proved in [KL0O, Lemma 1.1.]. The notion is extended to algebras A

that are not finitely generated as follows:
GKdim A = sup{GKdim B : B is a finitely generated subalgebra of A}. (1.3.2)

Algebras that are finite dimensional (as vector spaces) have GK dimension equal to 0. For integral
domains (i.e., a commutative algebra without zero-divisors) which are finitely generated, the
GK dimension is equal to the transcendence degree, i.e., the maximal number of algebraically
independent elements of the algebra. For instance, the GK dimension of the polynomial algebra
in n indeterminates K|z, -, x,] is precisely n. In an Ore extension R[y; o, d], we would like
to know if adding a new indeterminate y increases the GK dimension by one. The following

proposition tells us that the answer is affirmative under a certain condition.

Proposition 1.3.2 (C. Huh and C. Kim). Let R be a finitely generated algebra and R[y; o, 6] be
an Ore extension of R. Let V be a finite dimensional vector subspace of R that generates R as an

algebra and suppose that o(V') = V. Then, GKdim R[y; 0, 0] = GKdim R + 1.

Proof. See [HK96, Lemma 2.2]. O

There are known examples of GKdim R[y; 0, §] = GKdim R+ 1 failing to hold when there is no
finite dimensional space V' invariant under o. Indeed, the difference GKdim R|y; o, §] — GKdim R
can be any natural number or even be infinite. This is discussed, for instance, in [KLOO, §12.3]
and further examples are given in [MRO1}, Chapter 8].

Let R be an algebra and « an algebra endomorphism of R. We say that « is locally algebraic

if for every r € R, the set {a"(r)},>1 is contained in a finite dimensional vector subspace of R.

We have the following corollary of [Proposition 1.3.2]

Corollary 1.3.3. Let R be a finitely generated algebra and Rly; o, §] be an Ore extension of R. If o
is locally algebraic, then GKdim R|y; o, ] = GKdim R + 1.

Proof. Let U be a finite dimensional vector subspace of R that generates R as an algebra and let
ui,- -, ug be a basis of U. Then by hypothesis, {o"(u;)}nen € V; for some finite dimensional

subspace V; of R, for 1 < i < k. Hence V := ) o™ (U) C Zle Vi and hence V is a finite
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dimensional vector subspace that generates R as an algebra, since it contains U. By construction.

o(V) C V and therefore [Proposition 1.3.2|applies. O
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Chapter 2

Hopf algebras

In an associative unital algebra A over a field K, we have a multiplication map i: A® A — A,
which is linear and a unit map, an embedding n: K — A that maps A to A\14. Together with
the K-vector space structure of A, these two maps completely determine the algebra structure
on A, which we can denote by (A, u, ), for this reason. The property of associativity on A and
the compatibility between the multiplication and the scalar action in A are expressed by the

following commutating diagrams

AAoA X2 40

lld - lﬂ (Assoc)

AgA —" 4

and
n®ld Id®n

KA — ARA+—— A®K
>k (U
A
respectively. The property of distributivity on A of the multiplication over the addition is mirrored
in the definition of ;1 on the tensor product A ® A, rather than on A x A. The isomorphisms
A~ K®Aand A ~ A® K in the diagram are the canonical ones. For instance, in

A~ K®A, ac Ais mapped to 1 ® a and conversely, A ® a € K ® A is mapped to n(\)a (which

we simply write \a).

25
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2.1 Coalgebras

The dual concept of an algebra arises naturally when we reverse all the arrows in the diagrams
and (Un)). In this section, we will introduce coalgebras and study some of their properties.
Our focus is not on coalgebra theory on its own, but rather as an ingredient to define Hopf
algebras later on. For clarity nonetheless, we prove some results in this section that only depend

on the coalgebra structure.

Definition 2.1.1. A coalgebra is a triple (C, A, ¢) where C'is a K-vector space and A: C' — C®C

and e: C' — K are linear maps that make the following diagrams commute:

cocec 8% oo

A®IdT AT (Coassoc)

CC ¢«——F—C

and

5®Id Id®e

C®C ——

“\\\\\\ T //////” (Coun)

The map A is called a comultiplication of C' and the map ¢ is called the counit of C. Together,
they are called the structure maps of the coalgebra C. The commutation of the diagram
(Coassod)) is called the coassociativity axiom, while the commutation of ([Coun)) is called the

counit axiom.

The reason why e is called the counit map is because it is indeed unique. Suppose that ¢;
and ey are two maps satisfying and let ¢ € C. Via the canonical algebra isomorphism
K ~ K ® K, we can identify €1 (c) with €1(¢) ® 1 = (e ® Id)(¢ ® 1). On the other hand, via the
counit axiom for o, we have

c®1=(Id®e2)(A(c)).

Hence, we can identify via isomorphism, ¢ (c) with (¢; ® €2)(A(c)). But, by an analogous argu-
ment, we also can identify e5(c) via an algebra isomorphism with the same element (¢1®¢e2)(A(c)).
Since the only algebra isomorphism on K is the identity map, it follows that ¢1(c) = e2(c).

This argument might seem a bit unnatural at first specially regarding all the identifications via
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isomorphisms. However, we will have a chance to rewrite it in a clearer way when we introduce
Sweedler’s notation later in this section. We can also remark that the comultiplication map in a
coalgebra is always injective. If ¢ € C'is such that A(c¢) = 0, then ¢ ® 1 = 0 by the counit axiom
and hence, ¢ = 0.

Many basic concepts of algebras such as homomorphisms, ideals and tensor products find their
analogues in coalgebra theory. One such concept is that of a homomorphism of coalgebras, i.e.,
a linear map that respects coalgebra structures. Very much in the spirit of this whole section, it
is the dual concept of algebra homomorphism. Given algebras (A, ua,n4) and (B, ug,np), an
(unital) algebra homomorphism f: A — B is a linear map such that fous = (f ® f) o up and
f ona = np. With this in mind, it is clear what the definition should be.

Definition 2.1.2. Let (C, Ac,ec) and (D, Ap,ep) be coalgebras. A coalgebra homomorphism

is a linear map ¢: C — D such that

Apop=(pR¢p)eAc, ep®yp=cc. (2.1.1)

Not all algebras are commutative, but commutativity is an important property on its own and
like associativity, it can be represented by a diagram. It should come as no surprise that there
exists a dual concept for coalgebras, which is accordingly called cocommutativity. From the
diagram below, writing the original diagram expressing commutativity for algebras may be an

interesting challenge for a beginner.

Definition 2.1.3. Let 7: C®C — C®C be the linear map, called the flip, such that 7(a®b) = b®a,
for all a,b € C. A coalgebra (C, A, u) is called cocommutative if 7o A = A, i.e., the following

diagram commutes
CoC ——— Cx®C

\ / (Cocom)

Let (C,Ac¢,ec) and (D, Ap,ep) be coalgebras. A coalgebra antihomomorphism is a linear

map ¢: C' — D such that

Apop=(pRp)eTeAg, ep®@p=c¢c. (2.1.2)
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If C' is cocommutative, then a linear map ¢: C' — D is a coalgebra homomorphism if and only if

it is a coalgebra antihomomorphism.

Notation 2.1.4 (Sweedler’s notation (or Sigma notation)). Named after Moss E. Sweedler, who
introduced it in his pioneering book [[Swe69], it can be very useful to denote the comultiplication
of an element c in a coalgebra C' by A(c) = >_ ) c1 ® ¢z or simply A(c) =3 c1 ® cp.

Contrary to multiplication in an algebra, in which two elements combine to yield only one
element, the comultiplication in a coalgebra produces a finite sum of pairs of elements (pure
tensors) from a single element. As a consequence, computations on coalgebras tend to get very
complicated in only a few steps. This generic notation makes it possible to perform computations
involving arbitrary elements. In more advanced references and throughout the literature (e.g., in
[BOZZ15]]), it is common to find an even lighter third notation, dropping the sum sign altogether
and writing only A(c) = ¢1 ® co.

We will stick to the second notation, i.e., A(c) = 3 ¢1 ® co, following [BGO2]. Even though
carrying the sum sign at all times is not the lightest option, we feel that it gives the right balance
between being practical and being welcoming to beginners in the subject. It mostly serves to
remind that A(c) is not usually a pure tensor: in general, there are several different tensors
¢1 ® co appearing in the sum! One has to be careful with this notation, since ¢; ® ¢o does not
represent any fixed unique summand in A(c) but instead denotes a generic one, in which ¢;
refers to the left tensorand and ¢, to the right tensorand. If, like the author, the reader finds this
notation a bit confusing at first, we hope that by the end of this chapter, its usefulness becomes
apparent.

As examples, we list some of the properties mentioned so far, using their Sweedler’s notation

form.

(i) Coassociativity: given c € C, we write (A®Id)(A(c)) = > A(c1)®ca =) (c1, ®c1,) Do
and likewise, (Id ® A)(A(c)) = > c1 ® co; ® c2,. The coassociativity axiom means that
these two sums are equal and as such, we write them simply as > | ¢; ® ¢z ® c3. Expanding
on this notation, if we apply (Id ® A ® Id) to > ¢; ® c2 ® 3, for instance, we write the
result as ) ¢; ® co ® ¢3 ® ¢4 and so on.

(ii) Counit axiom: given ¢ € C, we write (Id ® £)(A(c)) = > c1 ® e(c2) = ¢ ® 1. Since we can

identify C' ® K with C by a linear isomorphism, the equality above can yet be written as
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(iii)

(iv)

>~ c1e(e2) = c. This form is preferred and we will stick to it henceforth. Likewise, the other
counit axiom equality can be written as > e(c1)c2 = c.

Uniqueness of the counit map: if ¢; and 5 are two maps C' — K satisfying the counit
axiom ([Coun)), then given ¢ € C, we have

e1(c) = e (Z 0152(02)) = 261(01)62(02) = &9 (Z 51(01)62> = g9(c) (2.1.3)

using in this order, the counit axiom, the linearity of ¢; and of ¢, and finally, the counit
axiom again. The simplicity of this argument contrasts with the one given previously.
Cocommutativity: the cocommutativity axiom in a cocommutative coalgebra C' can be

written as A(c) = > 1 ®@ca = > o ®c1 = 7(A(c)), forall c € C.

We now present some examples of coalgebras, which we will carry on to next sections where

we introduce bialgebras and Hopf algebras (some of the examples will have these additional

structures, others will not):

(1)

(i)

Let S be a set. Call K[S] the vector space over K with S as a basis. Its elements are of the

form )" g Ass, with finitely many A\, € K\{0}. Given s € S, define
As) =s®s, g(s) =1 (2.1.4)

and extend A and ¢ linearly to K[S]. Then, it is straightforward to check that (K[S], A, ¢)
is a coalgebra, which is cocommutative. Particular cases of this coalgebra that we will
study later are the monoid algebra and group algebra, when S is a monoid or a group,
respectively.

In the polynomial algebra K [x], on top of the coalgebra structure defined in the previous
item (note that K [x] can be seen as the monoid algebra K[N]), we can define another

coalgebra structure. Set
Alz)=1®z+zx®1, g(z) =0. (2.1.5)

Since x generates K[z| as an algebra, the images A(z) and ¢(x) determine unique algebra

homomorphisms A: K[z] — Kz] ® K[z] and e: K[z] — K. For the same reason, it is
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enough to check the coassociativity and counit axioms for . We have

AI)A@) =1olor+lorol+rolel = (1doA)(AE)),
(e@Id)(Az) =e(l)@z+e(z) @1 =1®x, (2.1.6)
(doe)(Ar) = 10e@) +r@e(l) =2 1.

Hence, K|[z] is a cocommutative coalgebra.

(iii) The field K, being a particular case of a group algebra (of the trivial group). The
comultiplication map is the canonical linear isomorphism K ~ K ® K and the counit
map is the identity Idx. Given any coalgebra (C,A,¢), we have that e:C — K is a
coalgebra homomorphism. For this reason, K together with the structure maps mentioned
above is called the ground coalgebra.

(iv) Let (C,A,¢) be a coalgebra structure. Then (C, 70 A, ¢) is also a coalgebra structure called
the co-opposite coalgebra and it is denoted by C“°P. A coalgebra C' is cocommutative if
and only if C' = C“P.

We will see some examples of non-cocommutative coalgebras in |Chapter 3

Just like the tensor product of algebras has a natural algebra structure (with pointwise
multiplication), so does the tensor product of coalgebras. The comultiplication and counit we
can define on the latter are the duals of the multiplication and unit maps defined on the former.

The next proposition yields a new class of examples of coalgebras and will be necessary later.

Proposition 2.1.5. Let (C, A¢,e¢) and (D, Ap,ep) be coalgebras. Denote by 7 the linear map
C®D — D®Csuchthat T(c®d) = d®c¢, forall c € C and d € D and denote by ux
the multiplication of the field K. Then the maps Acgp = (Idc ® 7 ® Idp) o (Ac ® Ap) and
eceD = UK °(ec ®ep) give the tensor product C ® D a coalgebra structure. In Sweedler’s notation,

given ¢ € C and d € D, we have

Acep(c®d) =) (a1®d) @ (2@ dy) € (C® D)@ (C® D), (2.1.7)

ecep(c®d) =ec(c)ep(d) € K (2.1.8)

Proof. The coassociativity and counit axioms for Acgp are straightforward to check, using the

respective properties for both C' and D. O
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We finish this section with the concepts of subcoalgebra and coideal. The latter is the dual

concept of an ideal in an algebra.

Definition 2.1.6. Let (C, A, ¢) be a coalgebra. A subcoalgebra D of C'is a vector subspace of C'
such that A(D) C D®D. A coideal I of C'is a vector subspace of C such that A(/) C I@C+C®I
and ¢(I) = 0.

As expected, coideals are the subspaces of C such that the respective quotient space has a

coalgebra structure induced by C.

Proposition 2.1.7. If I is a coideal of a coalgebra (C, A, ¢), then the quotient space (C/I, A, ) is

a coalgebra, called quotient coalgebra, where the maps A and & are given by

Alc+I)=Ac)+(IC+CxI)eC/I®C/I, (2.1.9)
Elc+1)=-¢(c) € K, (2.1.10)

forallce C.

Proof. The important part is to prove that the maps A and ¢ are well defined. Then the
coassociativity and counit axioms C'/I follow at once from the original ones on C. Since (/) =0
by hypothesis, the well-definedness of ¢ is clear. Let p:C ® C — C/I ® C/I be the surjective
linear map sending c® dto (c+ 1) ® (d+ I). We claim that Kerp =1 C+ C ® I.

Itis clear that C ® [ + I ® C'is a vector subspace of C'® C' and is contained in Ker p. Conversely,
let {u; + I};ca be a basis of C'//I and let {v; };/ca- be a basis of I. Then it is direct to check that
{u;}iea U{vi }irep is a basis of C. From this, we can construct a basis of C'® C' consisting of pure
tensors of the forms u; ® u;, u; ® vy, vy ® u; and vy ® vy, with i, j € A and i’, j* € A’. Notice
that those elements of the forms u; ® vy, vy ® u; and vy ® vy arein I ® C' + C ® I. Therefore,
given ¢ € C ® C, we can write

c= Z Aijui ® uj +
1,jEA

for some \;; € K, finitely many nonzero, and some ¢ € I ® C'+ C ® I. It follows that

p(c) = Z Aij(u; + 1) @ (uj + 1).
ijeA

Hence, if ¢ € Ker p, it is clear all the \;; = 0 because {(u; +I) ® (u; + I)}; jea constitutes a basis
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of C/I®C/I. Assuch, c = € I® C+C® I and this proves that Ker p = I @ C+C ® I. Since p
is surjective, it yields an isomorphism between (C®C)/(I® C+C®I) and C/I®C/I. Consider
now the composition map po A:C — C/I @ C'/I. By hypothesis, A(I) C Ker p or equivalently,

I C Ker po A. Therefore p o A factors through C'/I to the desired map (A). O

2.2 Bialgebras and convolutions

As the name suggests, a bialgebra is simultaneously an algebra and a coalgebra, in such a way
that these two structures are compatible. What we mean by compatible, can be understood in

one of two ways which turn out to be equivalent, as the next proposition shows.

Proposition 2.2.1. Let (H,u,n) and (H,A,¢) be algebra and coalgebra structures in the same

vector space H. The following conditions are equivalent:

(i) A and ¢ are algebra homomorphisms;

(i) p and n are coalgebra homomorphisms.

Proof. This proof follows [Kas95, Theorem III.2.1]. It is convenient to start by recalling the
algebra and coalgebra structures in the tensor product H ® H. The algebra structure is given by
the multiplication map ppen == (L@ p)e (Id®7®1d):(H® H) ® (H ® H) - H ® H and by
the unit map nygy := (n®n): K ~ K ® K — H ® H. The coalgebra structure is given by the
comultiplication map Apgy = (Id®@7®1Id)c (A® A):H® H — (H® H)® (H ® H) and by
the counit map eggy = (e ®¢): H® H - K ® K ~ K. We also recall that the multiplication
map ux: K ® K — K is a linear isomorphism and hence, K has algebra structure (K, ux, Idg)

and coalgebra structure (K, M;_(17 Idg).

According to Definition 2.1.2} the maps u: H @ H — H and 7: K — H are homomorphisms of

coalgebras if and only if

(L@ p)oApgn =Aop
(for p)

EHRH —€°[

(m@n)opg =Aon

IdKZEOn

(2.2.1)
(for n)
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On the other hand, the maps A: H —+ H ® H and ¢: H — K are homomorphisms of algebras if

and only if
Aop= c(A®A
p=pHeH (A®A) (for A)
NAopn=
N ="NH®H (2.2.2)
pic o (e®e) =eop (for )

EOTIZIdK

The last equality in both (2.2.1) and (2.2.2) is the same. We now write the remaining

equalities into the following three diagrams using the definition of pygy and Aygy.

H®H s H A H®H

A®A Apor S~ " pHeH Lo ,

(H® H)® (H® H)

(Ho H)® (H® H)

Id®reld
HoH —" +H K ! H
o \\\\ EH®H ., H}l \\\\\WH®H A
KK s nen e
K@K —— K K@K ———— H®H
It becomes clear that the systems (2.2.1)) and (2.2.2]) are indeed equivalent. O

Definition 2.2.2. A bialgebra is a tuple (H, u,n, A, &) where (H, uu,n) is a algebra, (H, A, ¢) is

a coalgebra and such that one of the equivalent conditions in [Proposition 2.2.1/holds. When the

structure maps are understood, we just write that H is a bialgebra.
We now take another look at the list of examples that we introduced in the previous section:

(i) If G is a monoid, then K[G], the vector space of K with G as a basis, has a coalgebra
structure given by A(g) = g ® g and ¢(g) = 1, for g € G, as we saw previously. It also
has a unital algebra structure induced by the group operation and with 1 as its identity
element. Given g, h € G, we have that A(gh) = gh® gh = (9 ®g)(h®h) = A(g)A(h) and
A(lg) = 1g ® 1¢ and also that e(gh) = 1 = ¢(g)e(h) and (1¢) = 1. Thus A and ¢ are

algebra homomorphisms and therefore K[G] is a bialgebra, called the monoid algebra. It
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is always cocommutative and it is commutative if and only if G is abelian. If G is a group,
then K[G] is called the group algebra of G.

(ii) In the polynomial algebra K [x|, we have of course an algebra structure and also a coalgebra
structure, as we have seen before. We also argued that the maps A and ¢ determined by
A(x) =1®z+ 2 ® 1 and ¢(z) = 0 are algebra homomorphisms. Thus K|z]| is a bialgebra.

(iii) Let (H,p,n,A,€) be a bialgebra. Then we have the following bialgebras: the opposite
bialgebra H? = (H,p o 7,n,A,¢), the co-opposite bialgebra H*P? = (H, u,n, 70 A,¢)
and the opposite co-opposite bialgebra HP“P = (H, o 7,m, 70 A ¢).

(iv) If H and H' are bialgebras, then H ® H’ has a bialgebra structure, which combines the
structures of the tensor product of algebras and the tensor product of coalgebras (see
[sition 2.1.5). The maps A gy := (Id®7T®Id) o (A ®Ay) and eggnr = pro (g @en)

are algebra homomorphisms because they are the composition of algebra homomorphisms.

We now introduce an important concept that is required to define Hopf algebras. Given a
coalgebra (C, A, ¢) and an algebra (A4, p,n), denote by Homg (C, A) the K-vector space of linear

maps from C' to K. Using A and p, we can define a convolution operation on Homg (C, A).

Definition 2.2.3. Let f,g € Homg(C,A). The convolution of f and ¢ is the linear map
frg:=po(f®g)eA:C — A,ie., in Sweedler’s notation

(f*9)(e) = fler)g(ea), (2.2.3)

for all ¢ € C. The convolution product is the map x: Homg (C, A) xHomg (C, A) — Homg (C, A),
that sends a pair (f,g) to f x g.

One particular case in which we will focus afterwards is when (H, u,n, A, ¢) is a bialgebra and
the convolution product is considered between linear endomorphisms of H. We prove now some

properties about the convolution product.

Proposition 2.2.4. Let (C, A, ¢) be a coalgebra and (A, i, n) be an algebra. Then the convolution
product x on Homg (C, A)

(i) is bilinear;
(ii) is associative;

(iii) has a convolution identity element, which is o e € Homg (C, A).
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These properties mean that Homg (C, A) with = as multiplication is a unital associative algebra.

Proof. (i) follows from the fact that p and the tensor product of maps are bilinear.

(ii) follows from the associative properties of 1 and the tensor product of maps, as well as
from the coassociativity of A. Given f,g,h € Homg(C, A) and ¢ € C, we write in Sweedler’s

notation

((f%g)xh)(e) =D (f *g)(c1)h(c2)
= fer)g(e2)h(cs)
= fle)(g*h)(c2)
= (f*(gxh))(c),

which proves that (f x g) x h = f * (g x h). Hence, * is associative on Homg (C, A).

(iii) Let f € Homg (C, A) and ¢ € C. Then we compute in Sweedler’s notation

(fx(mee))(c) =Y fler)n(elca)) = f (Z 616(02)) = f(e), (2.2.4)

by identifying 7 o £ with ¢, because f is linear and finally, by the counit axiom. Likewise, we

prove that (nee) x f = f. O

If (H,u,n, A, ) is a bialgebra, then by|Proposition 2.2.4we have that Endx (H) has an algebra

structure different from the one given by composition of maps. As a matter of fact, Id is not the

convolution identity, but it turns out to play an important role in defining what a Hopf algebra is.

Definition 2.2.5. Let (H,u,n,A,c) be a bialgebra. A linear endomorphism S is called an
antipode if it is the convolution inverse of Idy, i.e., S xIdy = Idg xS = n o ¢, or in Sweedler’s

notation:

D " S(h)hy =e(h)ly = >  h1S(ha), (2.2.5)

for all h € H. Relation (2.2.5)) is called the antipode property of H.

An antipode may not always exist in a bialgebra but when it does, it is unique by the uniqueness

of inverses in an algebra.
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2.3 Hopf algebras

The existence of an antipode in a bialgebra is what turns it into a Hopf algebra.

Definition 2.3.1. A Hopf algebra is a bialgebra (H, u,n, A, ) which has an antipode S. We
denote a Hopf algebra by the tuple (H, u,n, A, €,.5), or when the structure maps are understood,

simply by H.
Let us recover the examples that we studied in the previous two sections.

(i) In the monoid algebra K[G], the antipode property takes the form

for all ¢ € G, which means that the elements of G are invertible in K[G]. If there
exists an antipode S, we show that these inverses are also in G. Given g € G, we
can write S(g) = >, cq Anh for some finitely many nonzero )\, € G. Thus we have
g = > pea Ml(hg) = X heq An(gh) and since the elements of G form a basis of K[G], this
means that there exists h € G such that hg = 15 = gh. Hence, we conclude that there
exists an antipode in K|[G] if and only if G is a group, in which case S(g) = g, for all
g € G. In particular, defining the comultiplication map in K[z] = K[N] by A(z) =z ® x
and the counit map by ¢(x) = 1 does not give a Hopf algebra structure to K|z|, since x is
not invertible in K[z].

(ii) However, still in K [z], the bialgebra structure given by A(z) =1 ®x +z® 1l and e(z) =0
can be extended to a Hopf algebra structure if we define an antipode by S(x) = —z. Since
S is an algebra endomorphism of K[z] and = generates K|x], it is enough to check the
antipode property for z, i.e, 15(z) + zS(1) = S(1)x + S(x)1 =0 = (z)1.

(iii) If H is a Hopf algebra, then H°P“°P, as defined in the previous section, is also a Hopf
algebras with antipode S. If S is bijective, then H°? and H“? are also Hopf algebras, but
with antipode S~!.

(iv) If H and H' are Hopf algebras, then H ® H’ has a Hopf algebra structure with antipode
Sy ® Spr.

We now study some of the properties of the antipode in a Hopf algebra.
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Proposition 2.3.2. Let H be a Hopf algebra with antipode S. Then:

(i) S(gh) = S(h)S(g), forany g,h € H

Gi) S(ly) =
(iii) A(S(h)) =>_S(h2) ® S(hy), forany h € H.
(iv) €(S(h)) =e(h), forany h € H.

Properties (i) and (ii) mean that S is an antihomomorphism of algebras, while properties (iii) and

(iv) mean that S is an antihomomorphism of coalgebras.

Proof. We follow [[Swe69, Proposition 4.0.1].

(i) Let F,G: H ® H — H be the linear maps F' = o (S ® S) o7 and G = S o u. We want to
prove precisely that F' = GG. Consider the convolution product x in Homg (H ® H, H) and recall
the coalgebra structure on H ® H, given by the comultiplication Aggy = (Id®@7®Id) o (A® A)

and counit ey = K ° (¢ ® €). For g, h € H, we compute the following two convolutions

(ux F)(g®@h) = ulg1 @ h1)F(g2 @ ha) (definition of *)
=Y g1h1S(h2)S(g2)
= Z g1 ( S(g2) (antipode property for h)
=e(g9)e(h)ly (antipode property for g)

= (meocnou)(g®h)
and

(Gxp)(geh) = ZG91®h1 (92 ® ha)

= Z S(g1h1)gahe

= Z S((gh)1)(gh)2 (A is an algebra hom.)
=e(gh)ly (antipode property for gh)
=e(g)e(h)ly (e is an algebra hom.)

= (noersgu)(g®h).

By/|Proposition 2.2.4, neepgpy is the convolution identity of the algebra Homy (H ® H, H). Hence,

we have just proved that p is convolution invertible with left inverse G and right inverse F'. Thus,

by the uniqueness of inverses, we conclude that F' = G like we wanted.
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(ii) Apply the antipode property to 1 € H, for which we know that A(1y) = 1y ® 15 and
E(lH) = 1. We get that S(lH)lH = E(lH) = 1.
(iii) Let now F,G: H — H ® H be the linear maps ' = Ao Sand G = (S® S) o 70 A and

consider the convolution product in Homg (H, H ® H). Given h € H, we compute

(A F)( ZA (h))F(h

= A(h1)A(S(ha))
=A <Z hls(h2)> (A is an algebra hom.)

=A(e(h)ly) (antipode property)

=e(h)lg® 1y (A is linear)

= (Muen °)(h)

and
(G*A)(h) =) G(h)A(hg) =D (S(hg) ® S(h1))(h3 © ha)

= S(ha)hs @ S(h1)hs
= Z (h2)lg @ S(hi)hs (antipode property)
= Z 1g ® S(hie(h2))hs (S is linear)
= Z 1g ® S(h1)hs (counit axiom)
=eh)lg®1ly (antipode property)

which shows that A x FF = G x A = nggm © . Since nggp © € is the convolution identity of

Homg (H,H ® H), by [Proposition 2.2.4] it follows that A is convolution invertible with left

inverse G and right inverse F. Hence, F' = G.
(iv) Take the counit property, e(h) = > h1.5(h2), and apply . By linearity of both € and S, we
gete(h) = > e(h1)e(S(he)) =€ (S (> e(h1)he)) =€ (S(h)) by the counit axiom. O

We introduce some terminology regarding Hopf algebras.

Definition 2.3.3. Let (H,u,n,A,c) be a Hopf algebra. A Hopf subalgebra H' of H is a
subalgebra of H that is also a subcoalgebra and such that S(H’) ¢ H'. Equivalently, H' is
subset of H such that (H', u|g+, n|g/, Algr, €|g) is a Hopf algebra. . The augmentation ideal of
His HY := Kere.
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If H is a bialgebra, a bi-ideal of H is a subset I C H that is simultaneously an ideal and a
coideal. Furthermore, if H is a Hopf algebra, a Hopf ideal is a bi-ideal I such that S(I) C I.

The next result tells us that Hopf ideals behave like we expect them, that is, they induce a

quotient Hopf algebra.

Proposition 2.3.4. Let H be a Hopf algebra and I a Hopf ideal of H. Then the quotient H/I is a
Hopf algebra.

Proof. Since I is an ideal, H/I is an algebra and since [ is also a coideal, H/I is a coalgebra by

IProposition 2.1.7| The comultiplication and counit maps in H/I are induced by the ones in H and

therefore, are also algebra homomorphisms, which makes H/I into a bialgebra with structure
maps induced by the corresponding ones in H. It remains to see that the antipode S of H induces
an antipode S in H/I. Since S(I) C I, the map S: H/I — H/I given by S(h+I) = S(h) + I is

well-defined. The antipode property on H/I follows at once from its analogue in H. O

The augmentation ideal of a Hopf algebra is an example of a Hopf ideal, as the next proposition

shows.

Proposition 2.3.5. Let H be a Hopf algebra. Then the augmentation ideal H™ is a Hopf ideal and
H/H* ~ K.

Proof. To see that it is a coideal, take h € H+. Write

Ah) = h@hy = (h1—e(h1)) @ ha+ Y _e(h1) ® ho

and note that h; —e(hy) € HT and Y e(h1) @ ha = 1® > e(h1)he =1 ® h € H® H* by the
counit axiom. Hence, A(h) € H* ® H + H @ H*. Obviously, by definition, e(H") = 0. From
IProposition 2.3.2|(iv), it follows at once that S(H*) C H'. Hence, H" is a Hopf ideal. We

have that e: H — K is an homomorphism of algebras, which is surjective because ¢(15) = 1.
Then ¢ factors through Kere = H™' to an isomorphism H/H+ — K, by the first isomorphism

theorem. O

For instance, in the Hopf algebra K[z] where A(z) =1®x+2® 1, ¢(z) =0and S(z) = —x,
we can prove that K[z|" = (x). Indeed, by definition, we have that x € K[z]* and since K|[z]|"

is an ideal, then the ideal (z) is contained in K[z]|*. On the other hand, any element in K |z] is of
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the form A + f for some f € (x). So e(A+ f) = 0 if and only if A = 0 and therefore, K[z]" = (z).
It is clear that K[z]|/(x) ~ K.

The convolution product « restricts to unital algebra homomorphisms from H to K, which
are also called characters of H. Indeed, such a map a: H — K can be identified with the

linear endomorphism 7 o « of H. Denote by Alg, (H, K) the K-vector space of unital algebra

homomorphisms from H to K. We have the following corollary of [Proposition 2.2.4]

Corollary 2.3.6. Let H be a bialgebra. The space Alg, (H, K) is a monoid under the convolution
product = with € as the convolution identity element. Furthermore, if H is a Hopf algebra, with
antipode S, then Alg;-(H, K) becomes a group, in which for every o € Alg;-(H, K), its convolution

inverse is oo \S.

Proof. The first assertion is simply translating [Proposition 2.2.4|to Alg, (H, K). Assume now

that H is a Hopf algebra and S is the antipode. Given h € H, we compute

(ax(ao9))(h) =Y alh)a(S(hs)) = a (Z hlS(hg)) = a(e(h)) = e(h), (2.3.1)

because « is an algebra homomorphism and because of the antipode property. Analogously, one

proves that (e S) xa =¢. O
We can use these maps in Alg, (H, K) to define special algebra automorphisms in H.

Definition 2.3.7. Let H be a Hopf algebra. For o € Alg,(H, K), the left winding automor-

phisms 7{ is the algebra endomorphism p o (a ® Id) o A: H — H, i.e., in Sweedler’s notation:

h(h) = a(h1)hs, (2.3.2)

for all h € H. Likewise, the right winding automorphism 7, is the map o (Id®a)oA: H — H,

or in Sweedler’s notation:

(k) = hia(hs), (2.3.3)
forallh € H.

Left and right refer to the component of the comultiplication on which the map « acts on. One
thing that is not clear from the definition is that these maps are indeed automorphisms. The next

lemma adresses that point and the compositon structure of winding automorphisms.
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Lemma 2.3.8. Let H be a Hopf algebra and let «, 5 € Alg,(H, K).

() 75 Té = Tg*a.
(i) 7, is bijective with (75) " = 7i.g
(iii) Tg o T,g = 7—2*5‘
-1

(iv) T, is bijective with (7)) = 7/ 5.

In other words, there are an injective group homomorphism 7": (Algy (H, K),*) — (Algg (H, H), o),

o+ 17 and an injective group antihomomorphism 7¢: (Alg (H, K),*) — (Alg(H, H),°), a + 7.

Proof. (i) Given h € H, we compute

() =78 (3 Bhha) = S Bha)ri(ha)
= B()alhg)hs =Y (Bxa)(hi)hy = Th,,(h).  (2.3.4)

(ii) The counit axiom means that 7/ = Idy. We have a x (a0 S) = (a°S) xa = ¢ from

|Corollary 2.3.6|and therefore the result follows by (i).

(iii) & (iv) These are analogous to (i) and (ii). O

We introduce now a family of examples of Hopf algebras which are related to our results in
In order to do so, we first need to define some concepts from algebraic geometry, that
can be found for instance in [BG02, §1.9].

Definition 2.3.9. An affine algebraic group over K is a group G which is also an affine variety
over K, that is, a subset of K" for some n € N, and such that the group multiplication and
inverse operator are polynomial maps. The coordinate algebra O(G) of G is the algebra of

polynomial functions from G to K.

A trivial example of an affine algebraic group is the field K itself. More substantial examples
are matrix groups, such as the group of invertible n x n matrices GL(n, K) or its subgroup
SL(n, K), of n x n matrices of determinant 1. If G C K" is an affine algebraic group, then
any element g € G can be identified with a tuple (aq, -, a,) with a; € K, 1 < i < n. The

maps z;: G — K given by z;(aq, -, ap) = 4, for 1 < i < n are elements of O(G) called
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the coordinate functions of G. An arbitrary element in O(G) is a map f:G — K thatis a
polynomial in the variables x1, - -, x,.

There is a canonical way to define a Hopf algebra structure on O(G), which we present in
the next proposition. Observe that there is a linear isomorphism ¢: O(G) ® O(G) = O(G x Q)
(see [Har77, Ex. 3.15, p. 22]). If fi ® fo € O(G) ® O(G), then ¢(f1 ® f2) is given by
o(f1 ® f2)(g,h) = fi(g)f2(h), for all g,h € G. Therefore we can identify O(G) ® O(G) with
O(G x G).

Proposition 2.3.10. Let G be an affine algebraic group. Then the coordinate algebra O(G) is Hopf
algebra with structure maps A: O(G) — O(G) ® O(G), e: O(G) — K and S: O(G) — O(G) given
by

A(f)(g,h) = f(gh),  (F)l9) = f(le), S(Flg) = flg™), (2.3.5)

forall f € O(G) and g,h € G.

Proof. We write for g, h,i € G,

(A @Id)(A(f))(g; hy i) = A(f)(gh, i) = f((gh)i),
(Id @ A)(A())(g, by i) = A(f)(g, hi) = flg(hi)).

It is clear that the two equations above agree because of the associativity of the group multipli-
cation.

The counit axiom can be expressed as (¢ ® Id)(A(f))(g) = A(f)(1g,9) = f(lgg) = f(g9) and
(Id®e)(A(f))(g,1a) = A(f)(g9,1c) = f(9la) = f(g), forall g € G. Finally, the antipode property

in O(G) can be expressed as (S ® Id)(A(f))(9) = A(f)(g™9) = flg7'9) = f(le) = &(f)(9)
and likewise, (Id ® S)(A(f))(9) = A(f)(g™1,9) = flgg7") = e(f)(g), forall g € G. O

The next definition is reminiscent of the first examples of coalgebras that we studied in

Definition 2.3.11. Let C be a coalgebra. An element g € C is called grouplike if g # 0 and
A(g) = g ® g. The set of grouplike elements of C is denoted G(C).
Let H be a bialgebra. An element h € H is called primitive if A(h) =1® h + h ® 1. The set

of primitive elements of H is denoted P(H ).
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If g € C is grouplike, then by the counit axiom we have £(g)g = g, from where it follows that
e(g) = 1. Likewise, if h € H is primitive, then by the counit axiom it follows that ¢(h) = 0.
The next lemma tells us some properties of the set of grouplikes and the set of primitive

elements.

Lemma 2.3.12. Let H be a bialgebra. The set of grouplike elements G(H) under regular multi-
plication is a monoid and furthermore, if H is a Hopf algebra, then G(H) is a group. The set of
primitive elements, P(H) is a Lie algebra, under the commutator bracket [h,h'] = hh' — h'h, for
h,h' € P(H).

Proof. It is straightforward to check that G(H) is closed under the multiplication of H and
that 15 € G(H), which proves that G(H) is a monoid. If H is a Hopf algebra, then we have
9S(g9) = S(g9)g = €(g9) = 1, for every g € G(H), by the antipode property. This means that
g is invertible in H, but it turns out the its inverse S(g) is also grouplike, because we have
A(S(g)) = (S® S)(T(A(g))) = S(g9) ® S(g), by [Proposition 2.3.2| Hence if H is a Hopf algebra,
then G(H) is a group.

It is also straightforward to see that P(C) is closed under addition and scalar multiplication

and hence, it is a vector subspace of C. Finally, given z,y € P(C') we compute

Afzy—yzr)=(1r+re)(1ey+ye]l) -(1y+y)(lr+re1)
=1® (zy —yz) + (vy —yz) ® 1, (2.3.6)

which shows that P(C) is closed under the commutator bracket. O

A corollary of this result is that if H is a Hopf algebra, then the group algebra K[G(H)] is
always a Hopf subalgebra of H. This follows at once from Lemma 2.3.12|together with the fact
that G(H) is linearly independent over K (of which one can find a proof in [HGK10, Proposition
3.6.12], for instance).

Lemma 2.3.12]also allows us to introduce another interesting family of Hopf algebras, which
contains in particular the Hopf algebra structure on the polynomial algebra K|[z] introduced
previously (and polynomial algebras in n variables as well, for any n € N). These are the
universal enveloping algebras of Lie algebras, which we introduced in[Section 0.1] If L is any Lie

algebra of finite dimension, then setting the elements of L to be primitive defines a coalgebra
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structure in L. We recall that the universal enveloping algebra U (L) of L is the unique associative
algebra (up to isomorphism) that contains L as its Lie subalgebra, when we consider the Lie

algebra L(U(L)) determined by the commutator bracket on U(L), and that satisfies the universal
property for enveloping algebras (described in the end of [Section 0.1)).

Proposition 2.3.13. Let L be a Lie algebra of finite dimension. The universal enveloping algebra

U(L) has a Hopf algebra structure in which
Al)=1®z+z®]l, e(@)=0, S()=-g, (2.3.7)

forallx € L C U(L).

Proof. Define the linear maps A: L — U(L)®U(L),e: L — K and S: L — U(L) given by (2.3.7)).
We are going to prove that they extend respectively to a comultiplication map, a counit map and

an antipode on U(L). We can rewrite the computation in (2.3.6)) as

[A(z), AW)vmyeuw) = 1@ @, yluw) + 2 yluw @ 1= Az, y]L)

for any x,y € L and therefore, we have that A is actually a Lie algebra homomorphism
L — L(U(L) ® U(L)). Hence, by the universal property of the universal enveloping algebra,
there exists a unique algebra homomorphism A:U(L) — U(L) ® U(L) extending the original
one. Analogously, we can extend the original map ¢ = 0 to a unique algebra homomorphism
e:U(L) — K, because any map constantly zero is always trivially a Lie algebra homomorphism.

It is a straightforward computation (the same we already did for the polynomial algebra K{[z])
to show that the elements of L satisfy the coassociativity axiom using (2.3.7]). Hence, we have

that the map
©coass = [(A®Id) e A = (Id® A)o A]l: L - U(L)@U(L)® U(L)

is constantly zero and in particular, it is trivially a Lie algebra homomorphism from L to
LWU(L)® U(L)® U(L)). Therefore, by the universal property, we can extend ¢coass t0 an
algebra homomorphism ¢ceass: U(L) — U(L) ® U(L) ® U(L). Being an algebra homomorphism,
its image is completely determined by the images of the elements of L, which are a set of
generators of U(L). Hence, since pcoass is zero for the elements of L, it must be zero for every

element in U(L), i.e., U(L) satisfies the coassociativity axiom for A. We can analogously prove



Hopf algebras 45

that it suffices to check the counit axiom for elements of L, which is straightforward to do using
(2.3.7D.

Now consider the map S: L — U(L) such that S(z) = —=z, for all z € L. Since U(L) is
anti-isomorphic to U(L)°P, we can view S as a map S: L — U(L)°? which satisfies, for any
x,y € L,

S([z,ylL) = [z, ylvw)y =yr —zy =z *y —y*x = [T,Y]y(1)0p,

where « is the multiplication on U(L)°P. The last term above is of course equal to [S(x), S(y)]y(L)op
which means that S: L — L (U(L)°P) is actually a Lie algebra homomorphism. By the uni-
versal property of the universal enveloping algebra, there exists an algebra homomorphism
S:U(L) — U(L)°P extending the original one. Hence, we can view S as an anti-homomorphism
S:U(L) — U(L). It is enough to show the antipode property for the elements of L because L
generates U (L) as an algebra and the antipode property is preserved by the algebra operations
(which we can show using an argument analogous to the one given for the coassociativity).
Finally, the computation to show that the antipode property holds for x € L is the same as the

one presented for the polynomial algebra previously. O

Examples of universal enveloping algebras include the polynomial algebra in n variables, which
correspond to the abelian Lie algebra of dimension n (for any n € N). There is a noncommutative
universal enveloping algebra coming from the (unique) nonabelian Lie algebra of dimension
2, which turns out to be a differential operator ring, a type of Ore extension, later discussed
in More interesting examples arise in higher dimension, for example the special
linear Lie algebra sl(2), which we briefly discuss in With [Proposition 2.3.13] we

have proved that all of these are cocommutative Hopf algebras (because they are generated by

primitive elements, whose comultiplication is symmetric).
We now address an important invariant of a coalgebra, its coradical. A nonzero subcoalgebra

of a coalgebra is called simple it does not have any nontrivial proper subcoalgebras.

Definition 2.3.14. Let C' be a coalgebra. The coradical C of C is the sum of the simple

subcoalgebras of C. The coalgebra C is called connected if C is trivial, i.e., Cp = K.

Note that a grouplike element g € C spans a one-dimensional subcoalgebra K¢ of C because

A(g) = g ® g. Since it is one-dimensional, it is necessarily a simple subcoalgebra of C. Hence,
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the set of G(C) is contained in Cy. In particular, if H is a connected bialgebra, then there is only

one grouplike element in C, its identity 1.

Proposition 2.3.15. Let C be a coalgebra. Define inductively C,, = A (C ® Cp,_1 + Cy ® C),
for n > 1. Then {C},} en is a family of subcoalgebras of C, called the coradical filtration, that

satisfies
(1) C = UpenCyp
(i) Cp € Cripr
(iii) A(C) €0, Ci @ Chs.
Proof. See [Mon93, Theorem 5.2.2]. O

A family {A;};en of subcoalgebras of a coalgebra that satisfies (i) to (iii) above is called a

coalgebra filtration. Thus [Proposition 2.3.15| tells that the coradical filtration is a coalgebra

filtration. It turns out that the coradical of a coalgebra is the smallest possible initial subset of

any coalgebra filtration.
Lemma 2.3.16. Let C be a coalgebra and {A;};cn be a coalgebra filtration of C. Then Cy C Ay.

Proof. See [Mon93, Lemma 5.3.4]. O



Chapter 3

Hopf algebras on Ore extensions

In this chapter, we start combining elements from the previous two chapters. Consider an Ore
extension over a Hopf algebra. We want to study the problem of giving it a Hopf algebra structure
extending the original one. In general, for which automorphisms and twisted-derivations is it
possible?

We will first focus on an article by Panov [Pan03]], which was precisely the first article
studied in the preparation of the present thesis. Then, we will proceed to an article by Brown,
O’Hagan, Zhang and Zhuang, [BOZZ15], that improves Panov’s result and hence became the
main reference in this particular topic. Throughout the chapter, R will be a Hopf algebra and
T = R|y; 0, 6] will be an Ore extension of R. We recall that 7" is the algebra generated by R and

by y subject to the relations
yr =o(r)y +6(r), (3.0.1)
for all » € R, where ¢ is an automorphism of R and ¢ is a o —derivation. Every element in 7" can

be written uniquely as > 7;3¢, for finitely many nonzero r; € R.
ieN

3.1 Panov’s theorem

In [Pan03]], Panov proved necessary and sufficient conditions for 7" = R]y; o, d] to be a Hopf

algebra, having R as its Hopf subalgebra, under the hypothesis that the comultiplication has a

47



48 Hopf algebras on Ore extensions

specific form:
Aly)=a®y+y®b (3.1.1)

for some a,b € R. The hypothesis that A(y) has the form is somewhat natural, since
it can be seen as a generalization of the notion of primitive element (which corresponds to
a = b = 1). This is in conformity with how the classical polynomial algebra K{[z], where x is
primitive, is generalized by the concept of Ore extension (also called skew polynomial algebra,
in a direct nod to this motivation). Accordingly, if y satisfies then it can be proved that a
and b are grouplike elements and hence, we call y a skew primitive element.

When all the conditions above are satisfied, Panov called such an extension 7" a Hopf Ore

extension of R. We will, however, reserve that term for later. In the next section, we give a

broader definition of Hopf Ore extension and use it to prove a stronger result, Theorem 3.3.1}

which yields Panov’s theorem as a corollary. But to give an idea of what comes in the next section
and to duly acknowledge Panov’s contribution, we present in this section the statement of Panov’s
theorem without proof.

In a lemma before his theorem, Panov proves that ¢ and b in are invertible in R and
that we can assume without loss of generality that b = 1. Since we will also prove these facts in
a stronger setting, let us just assume them for now. We could also assume instead that « = 1 but
not both simultaneously. We recall Sweedler’s notation, defined in in which we write

A(r) = >_r ®ry for the comultiplication of a general element r € R.

Theorem 3.1.1 ([Pan03, Theorem 1.3]). The Ore extension T' = R|[y; o, d] is a Hopf algebra with
A(y) =a®y+y® 1, having R as its Hopf subalgebra, if and only if

(i) there is an algebra homomorphism x: R — K such that o(r) = Y_ x(r1)rs, for any r € R;
(i) the relations Y x(r1)ro = Y (aria™') x(r2) hold for all v € R;
(iii) the o-derivation § satisfies the relation A (6(r)) = > 6(r1)®@ra+>_ ar; ®46(re) forany r € R.

Condition (i) above means that ¢ is a left winding automorphism Tfé of R, as introduced in

IDefinition 2.3.7)) and condition (ii) means that this left winding automorphism is also equal to

a right winding automorphism composed with the map of conjugation by a, i.e., ’7';; = ad, o 7.

In light of Lemma 2.3.8} this condition can be rewritten as Tf; °77,¢ = ad, which means that
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conjugation with respect to x (in the sense of winding automorphisms) is the same as actual
conjugation by the element a.

For the sake of completeness, we end this section by mentioning that the counit and the

antipode of T are defined, in|[Theorem 3.1.1} by £(y) = 0 and S(y) = —a ™'y, respectively. We

also note that condition (iii) can be written as Acd = (6 ®1)oc A+ (a®J) o A. We call a map that
satisfies it, a twisted coderivation, or more precisely, an a-coderivation. It is the dual concept

of a derivation, see [[DupO3].

3.2 Preparation for generalizing Panov’s theorem

The main result in this chapter expands Panov’s theorem. Like its precursor, it establishes a
criterion to assess when we can extend a Hopf algebra structure on R through an Ore extension
T = R|y; 0, d], that is, define on T' a Hopf algebra structure compatible with the given structure
on R. However, instead of requiring that y is skew primitive, we will require that A(y) satisfies
a more general hypothesis. In the next section, we will obtain a complete characterization of
these Ore extensions which are also Hopf algebras. Understandably, we will call them Hopf Ore

extensions.
Definition 3.2.1. A Hopf Ore extension (HOE) of R is an algebra T such that:

(i) T is a Hopf algebra with R as its Hopf subalgebra;
(ii) There exist a y € T, an algebra automorphism o of R and a o-derivation § such that
T = R[y; 0,0];
(iii) There are a,b € R and v,w € R ® R such that

Aly) =a®y+y@b+v(y®y)+w. (3.2.1)

The condition given by can be seen as imposing that y is not too "far" from being skew
primitive. We observe that the "Hopf Ore extensions" originally defined by Panov are the Hopf
Ore extensions (as defined above) in which v = w = 0. It is natural to ask just how restrictive
this condition ([3.2.T]) is. We will see later in [Section 3.5|that we can almost dispense it (but not
quite), if we assume that R ® R is a domain. Furthermore, we will also see that if we assume

that R is a connected Hopf algebra, then ([3.2.1)) is automatically true.
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Before we start to study Hopf Ore extensions, we establish two observations that will be useful

in the sequel.

Lemma 3.2.2. If ¢ € Ris such that A(c) = c1®1 or A(c) = 1® ¢y for some ¢q,c2 € R, then ¢ € K.
Moreover, if a € R® R and there are ay,a2 € Rsuchthata =a1 ® 1 =1 ® a9, then a € K, in the
sense that a = A1 ® 1, for some \ € K.

Proof. If A(c) = c1 ® 1, apply € ® Id. By the counit axiom, we have ¢ = ¢(c;) € K. For the other
case, apply Id ® e. As for the second part, we have a1 ® 1 — 1 ® as = 0. If a; € K, then we are
done. Otherwise, 1 and a; form a linearly independent set and by [Lemma 0.1.3] we conclude
that 1 = 0, which is absurd. O

We proceed by studying what conditions does a Hopf Ore extension necessarily satisfy. With
this in mind, we look to the elements a,b € R, v,w € R® R in ([3.2.1)). We recall that G(R) is

the set of grouplike elements of R.
Lemma 3.2.3. Let T'= R[y;0,6] bea HOE.

(i) Ifv=0orw=0, then a,b € G(R).
(i) If R® R is a domain, then v € K.
(iii) The relation a ® w + (Id ® A)(w) = w @ b+ (A ® Id)(w) holds.

Proof. This result is Lemma 2 in §2.2 of [BOZZ15]] and we follow its proof. The idea is to apply
the axioms of coassociativity and counit to ([3.2.1)).
(i) We start by writing (A ® Id)A(y) and (Id ® A)A(y):
ARIDAY) =(AxId)(e®@y+y@b+v(yQy) +w)
=Ala)@y+(@@y+yb+u(y®y) +w) @b (3.2.2)

+(ARI)(W)[(e®@y+yRb+v(y@y) +w) @y] + (A @ Id)(w).
and
(MM A)AY) =deA) a®y+yRb+v(yQy) + w)

=a® (aRy+yRb+v(y®y)+w)+y e Ab) (3.2.3)

+ MA@ A)WyR(a@y+yb+u(y@y) +w)]+ (Id® A)(w).
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Regarding 7'® T'® T as a free module over R ® R ® R, we can compare the coefficients of

1®1®yin (3.2.2) and (3.2.3):

Ala) @1+ (AxIdv)(wel)=a®a® 1. (3.2.4)
Likewise, we can compare the coefficients of y ® 1 ® 1, yielding

1bb=1x A() + (Id® A)v)(1 @ w). (3.2.5)

If either v = 0 or w = 0, then (3.2.4) and (3.2.5) imply that A(a) = a ® a and A(b) = b ® b,
respectively. It remains to prove that both a and b are nonzero. Write v and w as sums of tensors
v=>Y v ®vyand w = Y w; ® wy, in a notation akin to Sweedler’s notation (but v and w are

not necessarily comultiplications of elements!). By the counit axiom applied to y,

y=c(a)y+e(y)b+ Z e(v1)e(y)vay + Z e(wy)ws (3.2.6)

and

y = as(y) + ye(b) + Z v1ye(y)e(ve) + Z wie(wa). (3.2.7)

If v = 0, then we have ¢(a) = ¢(b) = 1 by comparing the coefficients of y and we are done.
Otherwise, if w = 0, then we have ¢(y)a = be(y) = 0. If e(y) # 0, we must have a = b = 0.
In this case, A(y) = v(y ® y). By the antipode property, (y) = >_ S(viy)vay, which means
that y is left invertible which is a contradiction, by [Lemma 1.2.2] Therefore, ¢(y) = 0 and after
comparing the coefficients of y on both sides from and from (3.2.7)), we finally get that
g(a) =e(b) = 1.

(ii) We divide this proof into two cases: w # 0 and w = 0. Write explicitly v = >, v1; ® v2; and
assume without loss of generality that {v;}; and {vy; }; are linearly independent sets. Just require
that the number of summands vy; ® v9; is minimal, any linear dependence relation contradicts
this minimality. In the case w # 0, we write as (A(a) —a®a) @14+, A(vi))w @ vy = 0.
For a fixed i, if vo; which is not in K (i.e, it is linearly independent of 1), then we have by
Lemma 0.1.3|that A(vy;)w = 0. Because R ® R is a domain and w # 0, it follows that A(vy;) =0
and since A is injective, vi; = 0 for every i such that vy; ¢ K. Hence, v = v; ® 1. Analogously,
comparing the leftmost tensorands in ([3.2.5)) yields v = 1 ® vy. The result then follows from
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In the case w = 0, comparing the coefficients of 1 ® y ® y in ([3.2.2)) and (3.2.3)) gives the
following equality in R® R ® R:

(A®Id) (v)(e®l1l®l)=a®u. (3.2.8)

This is equivalent to )", [A(v1;)(a ® 1) — a ® vi;] ® v; = 0. By the linear independence of {vy;};,
we get A(vy;)(a®1) = a®vy;. As R® R is a domain and a # 0 by (i), we can cancel a ® 1 from
the right side, which gives A(vy;) = 1 ®vy;. By[Lemma 3.2.2] we conclude that v; € K. Likewise,
comparing the coefficients of y @ y ® 1 in and gives

vb=(Id®A) (v)(1®1xb) (3.2.9)

and analogously, we conclude that v» € K and thus, v € K.

(iii) It follows directly from comparing the coefficients of 1 ® 1 ® 1 in (3.2.2) and (3.2.3). O

Lemma 3.2.3| corrects some minor details of [BOZZ15, Section 2.2, Lemma 2]. In point (ii),
the hypothesis that R ® R is a domain is needed and in point (iii), the condition v = 0 was

unnecessary.

Regarding now the properties of the antipode of the element y, we have the next lemma:
Lemma 3.2.4. Let T' = Rly; 0,0]| be a HOE. Write w = ) w; ® wy as before.

(i) If S is bijective and R is a domain, then S(y) = ay + S fora € R* and B € R.
Assume that S(y) has the form in (i) and v € K. Then:
(ii) v=0.
(iii) a,b € G(R). In particular, they are invertible.
(iv) a=—a"to(b™).
() B=a"t(e(y) —6(b7") — w1 S(ws)).

Proof. (i) The antipode S is an anti-homomorphism of 7" by [Proposition 2.3.2] Being bijective,

S is an anti-automorphism and since R is a Hopf subalgebra of 7, S restricts to S|z: R — R.

Hence, it falls into the conditions of [Proposition 1.2.5/and the result follows.




Preparation for generalizing Panov’s theorem 53

(ii) Applying the antipode property to y, together with (i) and v € K, yields

e(y) = aS(y) +yS®) +vyS(y) + Y wiS(wo)

= aay + af + yS(b) +Uyozy+vyﬁ+2w15(w2). (3.2.10)

The only term above with 32 is vo(a)y? which comes from vyay. Since the powers of y form
a basis of 7" over R, we must have vo(a) = 0. But « is invertible and ¢ is an automorphism,
therefore, v = 0.

(iii) It follows immediately by (ii) and by Lemma 3.2.3(i). In a Hopf algebra, grouplike
elements are invertible by the antipode property.

(iv) & (v) Given that v = 0 and that a, b are grouplike, we can rewrite ([3.2.10)) as

e(y) = aay+af +yb ! + ZunS(wz)
= (aa+o(b~ ))y—l—a6+6 —i—ZwlSwg

By comparing the coefficients of y and of the independent term on both sides, we get exactly (iv)
and (v). O

We will in general want to assume that the antipode S is bijective. This assumption is

reasonable because it is automatic if R is a noetherian domain. In this case, then so is T

by [Propositions 1.2.1{and [1.2.4] In [SkrO6], it is proved that noetherian Hopf algebra domains

have a bijective antipode and some counterexamples are mentioned, namely a construction by
Takeuchi of a Hopf algebra with non bijective antipode. The examples we will see will almost
always be noetherian domains.

We have explored so far the "Hopf algebra" side of a Hopf Ore extension and have not yet
dwelt much upon its properties as an Ore extension. In general, an Ore extension 7' = R]y; o, 4]
is far from being uniquely determined by the automorphism o, the c—derivation § or even the
element y that generates it with R. In the next lemma, we explore this to our advantage, seeking

to simplify the Hopf algebra structure on 7' = R[y; o, J].
Lemma 3.2.5. Let T' = R]y; 0, 0] be an Ore extension.

(i) Given A\ € K, we have that §y = 0 + A(Id — o) is a o-derivation and T = Ry + X; 0, 6,].

Hence, we can replace y by y + X without affecting T' as an Ore extension.
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(ii) Given s € R*, denote by ad, the map of conjugation by s, i.e., ads(r) = srs~ ", forallr € R.
Then, T = R[sy;ad, o o,sd]. Hence, we can replace y by sy without affecting T as an Ore

extension.
Proof. (i) Take u,v € R. Then, using the properties of ¢ and 9, we have
I (uv) = 0(uv) + Auv — Ao (u)o(v)
= 0(u)v + o(u)d(v) + Auv — Ao (u)o(v) (3.2.11)
= (6(u) + Au) v+ o(u) (6(v) — Ao (v)) .
Adding and subtracting Ao (u)v yields 0y (uv) = dx(u)v + o(u)dr(v). Hence, ¢, is a o-derivation.
Furthermore, we have

(y+Nr=yr+Ar=0(r)y+3d(r)+Ir=0(r)(y+ )+ oxr(r), (3.2.12)

for all » € R and with this, we prove that R[y + \;0,d,] is an Ore extension. Since 7' can be
generated by R and y + )\, it follows that T' = R[y + A;0,0,]. We emphasize that we mean
equality and not only isomorphism.

(ii) The map ad; is an automorphism (with inverse ad.-1). Thus, ad; o ¢ is an automorphism.

Given u,v € R, we check that
sé(uv) = sé(u)v + so(u)d(v) = sé(u)v + ads(o(u))sd(v) (3.2.13)
and hence, s¢ is a (ad; o o)-derivation. We also check that
syr = slo(r)y + 0(r)] = ads(o(r))sy + sd(r), (3.2.14)
for any r € R, from where it follows that R[sy; adsco, sd] is an Ore extension. Since s is invertible,
we have that 7' is generated by R and sy and thus, 7' = R[sy; ad; o o, sd]. O
3.3 Generalization of Panov’s theorem

We recall that the augmentation ideal Ker. of T (resp. R) is denoted by T (resp. R™). The
small typo corrected in [Lemma 3.2.3| also affects the hypotheses of [BOZZ15, Theorem §2.4],

which accounts for our additional assumption that v € K in the following result.
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Theorem 3.3.1 ([BOZZ15[]). Let R be a Hopf algebra.

(i) Let T = R|y; o, 0] be a Hopf Ore extension of R, in which A(y) =a®y+y@b+v(y®@y)+w
for a,b € Rand v,w € R® R. Suppose that v € K and S(y) = ay + 5, for o, 8 € R with
a € R*. Write w =) w; ® wa € R® R. Then, we have the following properties:

(a) a and b are grouplike (in particular, invertible) and v = 0.
(b) After suitable changes of variable and the corresponding changes in o, §, a and w, we
can assume that

Aly) =a®@y+y®1+w, (3.3.1)

and that (y) = 0.
(0 S(y) = —a~' (y + 2 w1 S(wg)).
(d) There exists an algebra homomorphism x: R — K such that

o(r) = ZX(H)TQ = Zarlx(rg)a_l, (3.3.2)

for all r € R. Hence, o is both a left winding automorphism 7';; and a right winding
automorphism 7y, composed with conjugation by a, ad,.

(e) The o—derivation ¢ satisfies
A(S(r)) — Z 6(r1) @re — Z ary ® 6(re2) = wA(r) — A(o(r))w, (3.3.3)

forallr € R.
(f) We have w € Rt ® R™ and w satisfies

ZS’(wl)wg = a_lzwlS(wg), (3.3.4)

and

wRl+(ARId)(w) =a®w+ (Id® A)(w). (3.3.5)

(ii) Conversely, suppose that a € G(R), w € R ® R, an algebra automorphism ¢ of R and a
o-derivation 0 are given, satisfying conditions (d), (e) and (f) above. Then, the Ore extension
T = Rly;o,d] admits a Hopf algebra structure having R as a Hopf subalgebra and with
the comultiplication, counit and antipode of R being extended to T as in (b) and (c). As a

consequence, T is a Hopf-Ore extension of R.
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While condition (c) above may seem to privilege a specific way of writing S(y), this is offset
by ([3.3-4) in (f). Combining the two, we can write alternatively S(y) = —a~ty — > S(w1)ws.
Likewise, in condition (d), we also see the symmetry given by the relation 7';; = ad, o 7y. Of

course, if in condition (b), we had set a = 1 instead of b, these statements would all be symmetric.

Comparing Panov’s theorem with [Theorem 3.3.1} we see that condition (d) in the latter is the
equivalent to conditions (i) and (ii) in the former, condition (e) is equivalent to condition (iii)

and (e) is void (because w = 0 in Panov’s case).

Proof of [Theorem 3.3.1] We follow the proof in [BOZZ15, Theorem in §2.4].
(i) (a) Itis just (ii) and (iii) of Lemma 3.2.4]

(b) By|Lemma 3.2.5| we can replace y with y — ¢(y) and we observe that y — (y) € T". With
the corresponding change in w, A(y — (y)) still satisfies ([3.2.1)). Since b is grouplike (and thus

so is b~1) and v = 0, we can write
Ay =0teob Haeoy+yeb+w) =blab ly+b ly@1+ (b ob Huw. (3.3.6)

Replacing y by b=y, a by b~'a and w by (b~! ® b~!)w, the result follows.

(c) With the changes in the previous point, we now have £(y) = 0 and §(b!) = 0, because
b =1 and § is a derivation. Thus, the result follows directly from (iv) and (v) of
(d) & (e) Start by applying A to the defining relations (3.0.1). Since A is an algebra

homomorphism, the defining relations in the Ore extension R[y; o, §] must be preserved, that is
A(y)A(r) = A(o(r))Aly) + A(6(r)), (3.3.7)
for all » € R. We compute

AWAM) = @@y +yel+w) (Y rer)
= ar @ [o(r2)y +5(r2)] + Y [o(r)y + 6(r)] @2 + w (Z r® 7“2)
= (Z aria” ' ® J(rg)) (a®y)+ (Z o(r1) ® 7"2) (y®1)

+ Z (arl ®0(re) +6(r1) ® 7”2) tw (Z T ® 7"2)
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and
Ao (r)Ay) + A(0(r)) = Alo(r))(a®@y) + Alo(r))(y ® 1) + A(o(r))w + A(S(r)).

By comparing coefficients above we get the following identities in R ® R.

Alo(r)) =Y ada(r1) @ o(ra), (3.3.82)
Alo(r)) =) olr) @y, (3.3.8b)
Ao (r)w+ A(4(r)) = Z [07“1 ®(r2) +9(r1) ® 7“2] + wA(r). (3.3.8¢)

It is clear that ([3.3.7)) holds if and only if equations ([3.3.8a)) to (3.3.8c)) do. Define x: R — R
as xy = po(oc®S)oA, where u: R® R — R is the multiplication map. That is, y maps an element
r € Rto x(r) => o(r1)S(r2). Applying the antipode property to o(r) and using ((3.3.8b)) yields

S(o(r) = w1 @ $)A(o() = (18 8) (Y olr) @ rs) = > a(r)S(r2) = x(r)

which shows that x is actually a map R — K and it also shows that y is an algebra homomor-

phism, being the composition of two such maps. If we now apply the counit axiom to o(r),

together with ([3.3.8b)), we get

o(r) = e @ DA@() = pe @ 1) (Y o) @) = > ela(r)ra = > x(r)r

which shows that o = Tﬁ. The same argument using (3.3.8al) proves that o(r) = > ad,(r1)x(r2).
Since x(r2) € K and ad, is linear, we can write ¢ = ad, ° Ty Finally, observe that ([3.3.3)) is
simply (3.3.8d) rearranged.

(f) Write explicitly w = ), wi; ® wy;. We can assume without loss of generality that {w;};
and {wy; }; are linearly independent sets. Just assume that the number of summands wy; ® wo; is
minimal, any linear dependence relation contradicts the minimality. Applying the counit axiom

together with A(y) =a® y+ y ® 1 + w yields
y+ Z wye(we) =y =y + Z e(w;)wa;

because £(y) = 0 and £(a) = 1. This implies that ¢(wy;) = (ws;) = 0 for all s because of the linear

independence. Thus, w € RT"@R™. Applying now the antipode property to A(y) = a®y+y@1+w
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yields
OIE(y) S y+S +ZS w1 ailzwlS(wg)—i—ZS(wl)wg

and follows. Finally, is (iii) of

(ii) To extend the maps A, ¢ and S from R to T = R][y;0,¢], we need to check that the
extended maps preserve the defining relations (3.0.1)), with the images A(y), ¢(y) and S(y)
given by conditions (b) and (c). Since R and y generate T, the image of an element >_ r;y' € T
is entirely determined by the images of »; and y and by the maps being homomorphisms of
algebras (or in the case of S, an anti-homomorphism). After proving the well-definedness of
these maps, we need to check that they define a Hopf algebra structure on 7'. The fact that R is
a Hopf subalgebra of 7" is then automatic, because the restrictions to R of these extended maps

are obviously the original ones. We break down this proof into several claims.

Claim 1. The extension of A from Rto T given by A(y) = a®y+y ® 1 4+ w is well defined. As

observed above, A preserves the defining relations if and only if equations ([3.3.8a)) to (3.3.8¢)
hold.

4

If we compose A with o = 7,, we get

=Y AKX(r)ra) =Y x(r)A(ra) = D (x(r)ra) @ r3 =Y _o(r) @7

forany r € R because x(r;) € K. This yields (3.3.8b). We have implicitly used the coassociativity
axiom, in its Sweedler notation form, on the third equality: > x(r1)(ra ® 73) = >_(x(r1)r2) @ r3.
We will use this argument throughout this section, avoiding writing explicitly one step for
coassociativity, as that would make the computations too cumbersome. Analogously, we prove
using instead o = ad, © 7, and noting that Acad, = (ad, ®ad,) o A since a is grouplike.
Finally, condition is simply in (e) rewritten.

Claim 2. The extension of ¢ from R to T given by £(y) = 0 is well defined. Applying ¢ to
yields e(y)e(r) = e(o(r))e(y) + €(d(r)). Since e(y) = 0, this relation holds if and only if
e(d(r)) =0, for all r € R. We can prove it by applying the counit axiom with (Id ® ¢) to

in (e). Since w € R* ® R, we get

2(5 r1)e(ra) Zana& )

Because ¢ is linear, we have > d(r1)e(r2) = 6 (D rie(r2)) = d(r), again by the counit axiom.
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Hence, the expression above is equivalent to ) r1e(d(r2)) = 0. If we apply ¢, we finally get

0= (D re(d(r2))) = D etri)e(d(ra)) = (3 (D elrrs ) ) = =(6(r),

using once more the counit axiom.

Claim 3. The extended maps A and e give T a bialgebra structure. As argued above, it is
sufficient to check the coassociativity and counit axioms for y, because y and R generate T’
and by hypothesis, A and ¢ are a comultiplication and counit in R, respectively. We compute
(A ® Id)A(y) and (A ® Id)A(y), essentially just writing equations and with
ac€GR),v=0andb=1:

(A2I)(AW) =awavy+ (a@y+yel+w)ol+(Ad) (),
(Id®A)(A(y)):a®<a®y+y®1+w>+y®1®1+(1d®A)(w).

It is clear that the two expressions above are equal by ([3.3.5]). This proves coassociativity. The

counit axiom is also clear:

since a € G(R), y € TT and w € R™ ® R™, by hypothesis.

Claim 4. The extension of S from R to T given by S(y) = —a~!(y + >_ w1S(ws)) is well defined.
We recall that the antipode S is an anti-homomorphism of algebras. Hence, when we apply it to
the defining relations (3.0.1)), we get S(r)S(y) = S(y)S(o(r)) + S(4(r)). By replacing S(y) by
its defining expression and multiplying on both sides by —a, we compute

~aS(r)S(y) = ady(S(r)) (y+ 3 wiS(uz))

= ady(S(r)y + ada(S(r)) (D wiS(u) ) .
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Comparing the coefficients of y and the constant terms, we get

ad,(S(r)) = o(S(a(r))), (3.3.9a)
ad, (S(r)) (Z wlS(wg)) = §(S(o(r))) + (Z wlS(wg)) S(a(r)) — aS(3(r)). (3.3.9b)

We recall that S is also an anti-homomorphism of coalgebras, which means that we have

A(S(r)) = >_S(re) ® S(r), for all v € R. Hence, using o = 7,, we compute

o(S(r)) =) ada(S(r2))xS(r1).

Using now ¢ = 7, we compute

o(S(o(r) = o ($ (X xtrorz) ) = D x(r)a(S(r2)):

Combining both expressions, we get

o(S(a(r) = Y x(r1)ada(S(r3)x(S(r2))
= Z X (Z rlS(r2)> ads(S(r3))  (because x: R — K is a homomorphism)

= x(e(r1))ada(S(r2)) (by antipode property)
= ad, (S (Z 5(r1)r2>> (because x|x= 1d)
= ad,(S(r)) (by counit axiom),

hence, proving ([3.3.9a)). In order to prove ([3.3.9b]), we start by rewriting it as
aS(0(r)) —d(S(o(r))) = wsS(a(r)) —ada(S(r))ws (3.3.10)
where wg = > w1.5(w2). We then compute

aS(5(r)) = aS (5 (Ze(rl)rg)> =Y ae(r)S(6(r2) = 3 aS(r)r2S(3(rs)),  (3.3.11)

using the counit axiom and the antipode property in succession. Using ¢ = ¢, we write

X,
0(S(o(r))) = > x(r1)o(S(r2)) and we observe that by applying the o-derivation ¢ to the antipode

property e(r) = Y r1.5(r2), we obtain

0="0(c(r)) =D _8(r1)S(ra) + > a(r1)d(S(ra)),
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because d|x= 0. Hence, > o(r1)0(S(r2)) = —>_d(r1)S(rz). We will use this equality in the

following long series of calculations

D x(r)6(S(ra)) = x(r1)e(r2)d(S(rs)), (by the counit axiom)
= x(r1)o(e(r2))8(S(rs)), (because o|x= 1d)
=" x(r1)o(S(r2))a(rs)8(S(r4)), (by the antipode property)
==Y o (S(x(r1)r2))3(r3)S(r4), (by the identity above)
==Y o(5(c(r1)))d(r2)S(r3), (because o = 7)
==Y ada(S(r1))d(r2)S(rs), (3.3.12)

using o So = ad,S, which was proved above. We combine ([3.3.11)) and ([3.3.12]) while rewriting

aS(r1) = ad,(S(r1))a in the first term, for convenience. This yields
aS(5(r)) = 3(S(o(r) = Y ada(S(r1)) [argsw(rg)) + 5(7“2)5(7"3)} . (3.3.13)
We now apply the antipode property with (Id ® S) to in (e), which states
AS(r) =Y 6(r) @12 — Y ary @ 8(ry) = wA(r) — Ao (r))w.

On the left hand side, we obtain e(§(r)) — >_ d(r1)S(r2) — >_ ar1S(d(r2)). On the right hand side,
using (3.3.8b)), we get

Y wir1S(r2)S(we) = Y o(r)wiS(w2)S(r2) = e(ryws — Y o(r1)wsS(ra),
because S is an anti-homomorphism of algebras. As seen in claim 2, £(6(r)) = 0. Thus, we have
D ariS(8(r2)) + Y 6(r1)S(ra) = —e(r)ws + Y _ o(r1)wgS(ra) (3.3.14)
Inputting into equation yields

aS(3(r) = 8(S(e (1)) = D ada(S(m) | = e(ra)ws + > o(r2)wsS(rs)]

S (Z ada(S(rl))a(rg)) wg + <Z ada(S(r1))o(r2)wsS(r3)) .
(3.3.15)
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The first sum equals —ad,S(r)wg, by the counit axiom. To evaluate the second sum, use

ad,S = oSo to write

> adu(S(r))a(r2) = o (D S(o(r)ra) = o(e(a () = (1)),

because A(o(r)) = > o(r1) ® r2 and o acts as the identity on scalars. Finally, we check that

r)) =¢ (Z X(ﬁ)m) ZX r1)e(ra) (Z rie(ra ) = x(r).

Therefore, the second sum in isequalto ) x(r1)wsS(r2) = ws > S(x(r1)re) = wsS(o(r))

and we proved
aS(0(r)) —d(S(o(r))) = —ada(S(r))ws + wsS(o(r)), (3.3.16)

like we wanted.
Claim 5. The extended map S is the antipode in T with A and e. Like argued above for the

comultiplication and counit, it suffices to check the antipode property for y. We compute

S(a)y + S(y)1 + Z S(wy)we = aly —a " (y + ZwlS(wz)) + Z S(wi)ws =0 =e(y),
y) +yS(y —|—Zw15 wa ——y—Zwls(w2)+y—i—Zw15(w2):

using the definition of S(y) and equation (3.3.4). O

3.4 Examples of Hopf Ore extensions

Let L is the non-trivial Lie algebra of dimension two, i.e., there is a basis {x,y} of L with
[z,y] = x. Its universal enveloping algebra U(L) is an Ore extension K [x|[y;Id,d] of K[z] with
0 the derivation determined by §(z) = —z. The polynomial algebra K[z| has a standard Hopf
algebra structure with = primitive, i.e., A(z) = 1@z + 2 ® 1, e(z) = 0 and S(z) = —=z. Itis
straightforward to check that U (L) satisfies the conditions of Theorem 3.3.1|(ii) with « = 1 and
w = 0. Condition (d) for o = Id is simply the counit axiom using y = ¢. Condition (e) follows
from the primitivity of . Finally, condition (f) is void because w = 0. Therefore, U(L) is a Hopf
Ore extension.

The quantum plane K,[x,y] (with ¢ # 1) is an Ore extension K[z][y; o, 0] where o is deter-
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mined by o(z) = qz. If K[z, y] was a Hopf Ore extension, then by [Theorem 3.3.1|there would

exist a character y: K[z] — K such that
qr = o(x) = x(x) + z,

because x is primitive. This equation implies that ¢ = 1 because {1, z} form a linearly indepen-
dent set and this is a contradiction.

The next example shows an Ore extension over a Hopf algebra on which the generalization of
Panov’s theorem applies, but Panov’s original result does not. It serves as a motivation for
a broader definition of the comultiplication (3.2.1]), rather than Panov’s condition of skew
primitiveness. The Heisenberg group G of dimension 3 is the set of upper triangular 3 x 3

matrices with 1 in the diagonal, i.e.,
1 «
G = 0 1 v|:'q Ba 7€ K,
0 0 1

with the usual matrix multiplication as group operation. This group is related to the equivalence
of different formulations of quantum mechanics and it is named after the German physicist
Werner Heisenberg, one of the pioneers of quantum mechanics.The Heisenberg group is what
we call an affine variety of dimension 3, although we will not enter in too many details about
what that means. In short, an element of G can be identified with a triple («, 8, 7) and in light of
this identification, multiplication is a polynomial function. As a matter of fact, if we identify two
elements g, ¢’ € G with triples, say g = (a1, £1,71) and ¢’ = (ae, 52,72), then its multiplication

is given by
g 9 = (14 az,B1 + B2+ @172, 11 + 72) (3.4.1)

and each coordinate above is a polynomial in the variables «;, ; and ;, for i = 1, 2. The identity

is identified with the triple (0,0, 0) and inverses are given by (a, 3,7) ! = (—a, ay — 3, —7).

Denote by H the coordinate algebra O(G) of G (see Definition 2.3.9). It consists of the

polynomial maps G — K, which we can identify with polynomials in the variables x, y and z.
These three variables are the coordinate functions, which map («, 3, 7) to «, /3 and ~, respectively.

Hence, we see that H = K|z, v, z] and therefore we can regard H as the Ore extension R[y],
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where R = K|z, z]. The element 1 € H is the constant map G — K that maps every element in
G to 1. The tensor product H ® H can be seen as consisting of the polynomial maps G ® G — K.

We know that H has a Hopf algebra structure in which the comultiplication is induced by the

multiplication in G, as seen in[Proposition 2.3.10} This means, for instance, that A(z) is the map
G x G — K such that

A(z)(g,9") = 2(9-9') = 1 + aa.

where g = (aq, 81,71) and ¢ = (as, 82,72). On the other hand, we have

am=Eo)(ged), awm=01z)(90yd),
Bi=wol)(ged), Bo=(1oy)gyd),
n=zol)(ged), T=(122)(92d).

via K ~ K ® K, meaning for instance that oy = a;(1®1). Hence, we conclude that x is primtive,
ie., A(x) =2z ®1+ 1® z. Likewise, z is also primitive. As for y, the fact that

Aly)(g@g) =ylg-g) = b1+ P2+ a1y
means that A(y) =1®y+y®1+ (z®1)(1 ® z). Summarizing, we have

Alz) =2z®1+1®w, Aly) =10y+ye 1+ ez, Alz)=1®@2z+2®1.

Since (0,0, 0) is the identity in G, the counit map is given by ¢(z) = z(0,0,0) = 0 and likewise,
e(y) = e(z) = 0. Thus, the Hopf algebra structure on R = K|z, 2| is the usual one and it is a
Hopf subalgebra of H. This shows that H = K|z, z|[y] is a Hopf Ore extension in which A(y)
satisfies withw =2z ® 2z # 0.

3.5 Additional results

Note that in[Theorem 3.3.1|(ii), the conditions (a) to (f) are sufficient for the existence of a Hopf

Ore extension of the Hopf algebra R holds for any Hopf algebra R. However, for the converse

statement [Theorem 3.3.1/(i), in which we prove the necessity of the same conditions (a) to (f),

we had to make two extra assumptions: that the parameter v is a scalar and that the antipode
S a specific form. We present the following corollary as a situation in which (i) and (ii) are

equivalent.
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Corollary 3.5.1. Let R be a Hopf algebra. Suppose that R is a noetherian and that RQ R is a domain.
Then, the Hopf Ore extensions T' = R|[y; o, ] over R are exactly those given by [Theorem 3.3.1

Proof. Observe that if R ® R is a domain, then so is R because the map [r — r ® 1] gives
an embedding R — R ® R. Then, the hypothese of [Lemmas 3.2.3| and [3.2.4] hold and these

two lemmas give us the necessary conditions to apply [Theorem 3.3.1{(i), which gives necessity.

Theorem 3.3.1|(ii) gives sufficiency. O

As we mentioned at the beginning of condition in the definition of a Hopf
Ore extension can almost be dispensed with. Le., if T' = R[y; 0, 4] is a Hopf algebra with R as its
Hopf subalgebra, then A(y) is necessarily of the form a ® y + y ® b + v(y ® y) + w. We explore
this idea for the remaining of this section, under two settings: first, when R ® R is a domain and

second, when R is connected as a Hopf algebra.

Proposition 3.5.2. Let T' = R|[y; 0, 0] be a Hopf algebra with R as a Hopf subalgebra. If R ® R is
a domain, then A(y) = s(1®y) +t(y® 1) +v(y ® y) + w, for some s,t,v,w € R® R.

Proof. See [BOZZ15, Lemma 1 of §2.2]. O

The difference between the comultiplication given above and is in the coefficients
s,t € R® R. In the latter, we simply have s = a ® 1 and ¢t = 1 ® b, for some a,b € R. However,
this apparently small detail makes a great difference since we build all the results in
around it. Since a,b € R, we can use the Ore extension structure on 7' = R[y; o, §], while there
is not a priori an Ore extension strucuture on 7' ® 7" over R ® R. In this result, we assumed that
R ® R is a domain, but whether this hypothesis can be replaced with the weaker hypothesis of
R itself being a domain, we do not know yet.

We recall that, in a Hopf algebra R, a coalgebra filtration is a family of vector subspaces
{F.R}nen such that R =, .y Frn R and

A(F,R) €Y FR® F, iR
i=0
One particular coalgebra filtration is the coradical filtration {R,},cn, defined in
tion 2.3.15| The coradical of R is Ry is the sum of the simple subcoalgebras of R.

The next proposition relates the coradical of R and that of T' = R|[y; o, ¢].
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Proposition 3.5.3. Let T = R|[y; 0, d] be a HOE such that v = 0. Then, Ty = Ry, i.e., the coradical
of T is the coradical of R.

Proof. See [BOZZ15, Proposition 2.5]. O

IProposition 3.5.3| tells us that every simple subcoalgebra of 7" is contained in R. In partic-

ular, every grouplike element of 7' lies in R. Recall from [Proposition 2.3.15| that R admits

a coalgebra filtration {R;};cn called the coradical filtration, where Ry is the coradical of R
and R, = A" (R® Ri_1 + Ry ® R) fori > 1. Then it is straightforward to check that
A, ="y R; ® R,,—; defines a coalgebra filtation of R ® R and B,, := Ei+j+k:n R; ® R; ® Ry,
defines a coalgebra filtration of R ® R ® R. Note that Ay = Ry ® Ry and By = Ry ® Ry ® Ry.
In Chapter 2, we called a Hopf algebra R connected if its coradical was trivial, that is, Ry = K.

In particular, the only grouplike element in R is 1. Keeping the notation from the previous

paragraph, it is clear that A = K ® K ~ K and likewise By ~ K. By|[Lemma 2.3.16| the

coradical of R ® R is contained in Ay = K and hence, R ® R is also connected. Similarly,

R ® R ® R is connected too. In [[Zhul3], we have the following result.

Proposition 3.5.4. If H be a connected Hopf algebra over a field of characteristic 0, then H is a

domain.

Proof. See [Zhul3, Theorem 6.6]. O

Therefore it follows from this result and the observations that preceded it that R, R ® R and
R® R® R are all connected Hopf algebra domains. In this situation, several of the hypotheses we
have made in[Sections 3.2|and[3.3|on R and its Ore extension T' = R[y; o, 6] become automatically
true. Namely, if 7" is a Hopf algebra with R as its Hopf subalgebra, then A(y) must necessarily

have form ([3.2.1)). The next proposition summarizes these claims. We note that our assumption

of the characteristic of K being 0 is crucial here, because of |Proposition 3.5.4}

Proposition 3.5.5. Let R be a connected Hopf algebra with bijective antipode and let T' = R|[y; o, 0]
be a Hopf algebra with R as its Hopf subalgebra. Then we have

Aly)=1@y+y1l+w

for some w € R® R. As a consequence, T is a HOE and is a connected Hopf algebra. Furthermore,

(i) of Theorem 3.3.1) holds.
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Proof. See [BOZZ15, Proposition in §2.8]. O

The next result concerns the Gelfand-Kirillov dimension of a Hopf Ore extension. See
for the definition.

Proposition 3.5.6. Let T = R]y;o,0] be a Hopf Ore extension and assume that R is finitely

generated as an algebra. Then

GKdim7T = GKdim R + 1.

Proof. By |(Corollary 1.3.3] it is enough to prove that o is locally algebraic, i.e., for every r € R,

there exists a finite dimensional vector subspace V' of R such that {o"(r)},eny € V. Before we do
so, we prove the following claim: if x: H — K is the algebra homomorphism such that o = sz,

then in Sweedler’s notation, we have
o"(r) =Y x(rira-- mn)rng (3.5.1)

for all » € R. We proceed by induction on n > 1. For n = 1, this is precisely (d) of[Theorem 3.3.1
Suppose that ([3.5.1]) holds for n > 1. Then, for » € R, we have

0’”“(’") =o" <Z X(TI)TQ) = ZX(Tl)X(Tzl e )T, = ZX(Tﬂ“z S Tp1) T

by the coassociativity axiom, finishing the induction step. Fix » € R and write A(r) = > r; @ ro
in Sweedler’s notation. Let V' = ) Ky be the linear span of the right tensorands {r2} in A(r).
We will prove that ¢™(r) € V for all n € N. For n = 0, we have r = )" e(r;)r2 € V by the counit
axiom. Note that can be written as o™ (r) = >_ x(r1, - - - r1,, )72 by the coassociavity axiom,

for n > 1. Hence, it follows immediately that ¢"(r) € V for n > 1. O

3.6 Iterated Hopf Ore extensions

As [Proposition 3.5.5| shows, connectedness is a property passed through Hopf Ore extensions.

This motivates us to consider a chain of Hopf Ore extensions, all of them connected and all of

them satisfying (i) of Theorem 3.3.1] With this in mind, we introduce the following definition.
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Definition 3.6.1. An iterated Hopf Ore extensions of K (IHOE) of order n is a Hopf algebra
H = K[i1][y2;02,02] - - [Un; On, On] (3.6.1)
in which

(i) The subalgebra H ;) of H generated by v, - - -,y; is a Hopf subalgebra of H, for 1 <i <n,

(ii) o; is an algebra automorphism of H(;_;y and J; is a o;-derivation, for 2 < i < n.
By definition, Hp) = K.

In [BOZZ15]], the ultimate goal was to classify the affine (finitely generated) Hopf algebras
of low GK dimension as Iterated Hopf Ore extensions. For us, they will be of interest in the
next chapter, where we introduce the concept of a double Ore extension and study Hopf algebra
structures on it. We finish this chapter with some properties of IHOEs, featuring part of a result
in [BOZZ15].

Proposition 3.6.2. Let H be an IHOE with defining chain ([3.6.1)).

(i) H is a connected Hopf algebra with
Aly)) =10y +y3 @1+ w' ™ (3.6.2)

where w'™1 € H(Jg_l) ® H(Jg_l), for 1 < i < n and with w® = w' = 0. After changes of the
variables y; and the corresponding changes in the data {o;, 6;, w' ' }o<;<, but not of the chain
(3.6.1)), we have that H;y = H(;_1)[y:; 04, 0] is a Hopf Ore extension satisfying the conditions
in (i) of[Theorem 3.3.1} with a = 1, for 1 <i < n.

(i) H is a noetherian domain of GK dimension n.

(iii) For 1 <i <nand j < i, we have o;(y;) = y; + a;j, for some a;; € Hi_qy.

Proof. (i) We can apply Proposition 3.5.5|for H(i) = H;_y)[y;; 04, 8;], for every 1 <i < n and the

result follows by induction. We also have that H> is a connected Hopf algebra of GK dimension
two (see the next item) and [Zhul3, Proposition 7.4] states that these are universal enveloping
Lie algebras. Both the polynomial algebra K[y, y2] and the universal enveloping algebra of the
non-trivial Lie algebra of dimension two are Hopf algebras that satisfy with w® = w! =0
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(ii) It follows by induction in H;), starting with H g = K which is a noetherian domain and

using [Proposition 1.2.1in the induction step.

(iii) Fix 1 < 4 < nand 5 € {1,---,i}. There exists a character x;: H,_;, — K such
(i-1)
that o; = 7';; Hence, by (3.6.2), we have o;(y;) = y; + xi(y;) + ZXi(w{_l)wg_l, where
. - o
w] IZZU){ ®w% 1€H(j,1)®H(j,1). D
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Chapter 4

Hopf algebra structures on double Ore

extensions

The ultimate goal of this chapter is to study Hopf algebra structures on double Ore extensions
B = Aply, z; 0, 0] such that A is a Hopf subalgebra of B. The definition of a double Ore extension
is introduced in the along with notation. In we reduce the problem to
the case when A = K by taking the quotient of B by a suitable Hopf ideal. Afterwards, we focus
on this particular setting and its ramifications. Like with Hopf Ore extensions in [Chapter 3} we
denote by (A, ¢, S) the structure maps on both A and B, attaching a subscript when we need to

distinguish them.

4.1 Double Ore extensions

A double Ore extension is a generalization of an Ore extension, in which we add two generators
at the same time and a relation between them. The resulting object can be an iterated Ore
extension of order two, but that is not necessarily the case. As a matter of fact, neither of these
two classes of algebras is contained in the other. The intersection of these classes, that is, double
Ore extensions which are also iterated Ore extensions of order two, has been studied in [CLM11].

Let A be an algebra. Like in we start by introducing an appropriate notion of
twisted derivation in A, since the one from the previous chapter is not quite what we need. If

y1 and ys are the new indeterminates introduced, then we now look at three defining relations

71
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instead of only one: the relation between y; and an arbitrary a € A, the relation between y» and
an arbitrary element a € A and finally, the relation between y; and ys.

Let M4 = Mayx2(Endg(A)) be the algebra of 2 x 2 matrices of linear endomorphisms of A,
with matrix product as multiplication. The operation in Endg(A) is the composition of maps.
Hence, an element o € M4 is of the form o = |7} 732 |, for some linear endomorphisms o;; of
A. Equivalently, we can identify o with the linear map A — Ms.2(A) by

ola) = |T1@ i@ (4.1.1)

0921 (a) g99 (CL)
If we denote the matrix product in M 4 by e and the map composition in Endg (A) by o, then we

have

- o o12| Y11 Y2 oo + o120 011012 + o120 P2
g = =

021 022 Y1 a2 o921 0 Y11 + 0220 P21 021 © Y12 + T2 © P2

for all 0,99 € M4. The identity element in M4 is of course Idy, = [I%A I (?A ] We say that

o € M, is e—invertible if there exists a map ¢» € M 4, such that, c e ) = e o = Idpy,.
The introduction of two indeterminates at once in a double Ore extension brings us to a

matricial setting, which motivates our next definition.

Definition 4.1.1. Let A be an algebra and 0 € M4 = Myy2(Endg(A)). A twisted multideriva-

tion, more precisely, a c—multiderivation, is a linear map 6: A — Msx1(A) such that
d(ab) = o(a)o(b) + d(a)b, (4.1.2)

for all a,b € A, under the identification of 0: A — May2(A).

This definition is quite similar to the original definition of twisted derivation ([Definition 1.1.1)),

but with the appropriate differences on where the images of the involved maps are. We also
write § = [g; } , Where 01, do are linear endomorphisms of A.

The maps o and ¢ address the commutation relation between the pair (y1, y2) and the elements
of A. The relation between y; and y» themselves is a new feature of double Ore extensions. We

are now ready to give such a definition.
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Definition 4.1.2. Let A be a subalgebra of an algebra B and M4 = Mayx2(Endg(A)). We say

that B is a double Ore extension of A if

(i) B is generated as an algebra by A and by two elements y;, 42 € B;

(ii) y1 and y- satisfy the relation

Y2Y1 = P12Y1Y2 +p11yf + T1y1 + Ty + 70 (4.1.3)

for some p12,p11 € K with P12 75 0 and T, T2, To € A;
(iii) there exists an algebra homomorphism o = [71! 512]: A — May2(A), which we can identify

with an element of M 4 and there exists a o-multiderivation § = [g; ] : A — Msy1(A), such

that

+d(a), Vae€ A; (4.1.4)
Y2 Y2

(iv) The transpose of o in My, 0T, is e—invertible, i.e., there is an algebra homomorphism

G = w; g;z]A — Msyx2(A) such that

ol e =600 =Tdp,. (4.1.5)

We say that o is e/ —invertible and denote the o7 —inverse by 5.

(v) B is a free left A-module with basis {513} ;>0 and also a free right A-module with basis
{v33 Yi.izo0-

Under these conditions, we write B = Ap[y1,y2; 0,6, 7], where P = (p12,p11) € K? is called the

parameter pair and 7 = (7, 71, 7o) € A3 is called the tail of the double Ore extension B.

The existence of o and ¢ satisfying condition (iii) is equivalent to y; A+y2 A+ A C Ay + Ay +A.
As proved in [ZZ08, Lemma 1.9], the existence of the map ¢ is equivalent to the condition
A+ A+ A = Ay; + Ays + A and this A-module being free with basis {1, 41,42} on
both sides. In particular, this means that if we assume (v), the inverse ¢ exists if and only
if Ay; + Aya + A C y1A + y2A + A. In other words, it is this condition that allows us to write
the right-sided versions of (4.1.4)).

Just an in the case of Ore extensions in [Chapter 1} it is natural to ask if given an algebra

A together with data P, 7, o and ¢ satisfying (ii), (iii) and (iv), there exists the double Ore



74 Hopf algebra structures on double Ore extensions

extension Ap[y1,yo; 0,0, 7]. The answer is yes if and only if some additional conditions on these
data is met. One can find the precise characterization in [ZZ08| Proposition 1.11] or in [[CLM11,
Proposition 1.5], the latter correcting some small mistakes in the relations originally published
in the former.

One of the simplest examples of double Ore extensions are those taken over a field K, i.e.,

when A = K. Such double Ore extensions turn out to be iterated Ore extensions.

Proposition 4.1.3. Let B = Kp[yi1,y2;0,0,7] be a double Ore extension of a field K. Then
B ~ K|x1][z2;0,d] is an iterated Ore extension, where 6 is the algebra automorphism of the
polynomial algebra K|[x1] defined by 6(x1) = p1221 + 72 and d is the 0-derivation of K [x1] given by

d(x1) = piz? + a1 + 7.

Proof. See [CLM11, Proposition 1.2]. O

We now give another, more substantial, example that first appeared in [ZZ08} Example 4.1].
Let A = K[z and fix a, b, c € K with b # 0. Define an algebra homomorphism o: A — May2(A)
given by o(z) = [ 2 ¥ /*] and a linear map 4: A — M3, 1(A) given by §(z) = [_cbig ] Then we
can consider the double Ore extension B?(a, b, c) = A1)y, 20,0, (ax?,0,0)]. It is the algebra

over K generated by z, y, z subject to the relations

2y = —yz + aaz2,
yr = b 1oz + cxz, (4.1.6)
zx = bxy — bea®.

0 bx

“1z 0

& = of. We would like to point to the second and third equations in (4.1.6)), which could

The e—inverse of o7 is the the map 6: K[z] — Mayx2(K[z]) given by 6(x) = [, |, ie,
not happen in an iterated Ore extension of order two over K[z]. It is stated in [ZZ08] that
B?(a, b, c) cannot be written as an iterated Ore extension K [x][y; o1, d1][2; 02, d] for some algebra
automorphism o; of K|z|, o;—derivation d;, algebra automorphism oy of K|[z]y;o1,d;] and
o9—derivation ds.

Of course, examples of iterated Ore extensions A[y;; o1, d1][y2; 02, d2] which are not double
Ore extensions can be constructed simply by requiring o2(y1) to be a polynomial in y of degree

greater or equal than 2.
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A characterization of the double Ore extension Ap[yi, y2; 0, d, 7] which are also an iterated Ore

extension Alyy; 01, d1][y2; 0, 9] is proved in [CLM11].

Theorem 4.1.4. Let A and B be algebras with A C B. Let P, 7, o and § be as in |Definition 4.1.2]

The following conditions are equivalent:

(i) B = Ap[yi,y2;0,0,7] is a double Ore extension of A which can be presented as an iterated
Ore extension Aly1; o1, di][y2; 02, d2);
(ii) B = Aply1,y2; 0,9, 7| is a double Ore extension of A with 015 = 0;

(iii) B = Aly1; 01, d1][y2; 02, d2] is an iterated Ore extension such that

02(A) C A, o2(y1) = pr2y + 72,

da(A) C Ayp + A, da(y1) = prayi + 711 + 70,

for some p12,p11 € K with p1a # 0 and such that o3| 4 is an automorphisms of A.

If any of these conditions holds, then the maps o and § are related to the maps o1, 02,d1,ds by

0 d
o= | . 8(a) = (@) . foralla€ A.
021 02]a da(a) — o21(a)yr
Proof. See [CLM11, Theorem 2.2]. O

There a similar theorem in [CLM11]] concerning instead iterated Ore extensions of the form
Alya; 02, da][y1; o1, d1].
We finish this section with another result from [[CLM11]], which tells us what are the classes of

isomorphism of double Ore extensions with respect to the parameter pair.
Proposition 4.1.5. Let B = Ap[yi1,y2; 0,0, 7] be a double Ore extensions.

() If p11 # 0 and p12 = 1, then
O11  P11012 5
B ~ A) |:y/17 yé) |:p;11021 0922 i| 9 |:p1512 ! :| ) 7-/:|

where 7' = (p1170, 71, P1172), Y§ = puiy1 and yh = yo.
(ii) If p12 # 1, then

~ I, 011—q012 012 o1 /
B~ A(P1270) [yl’ Y25 [021+q(01170227q012) 022+q012 ] ) [52+q51 } T ]



76 Hopf algebra structures on double Ore extensions

where ¢ = SPi, 7' = (10,71 — q72,72), Y1 = y1 and Y5 = y2 + qy1.

Proof. See [CLM11, Lemma 1.7]. O

Only one case is not mentioned in the proposition above: p;o = 1 and p;; = 0. In that case,
there is no simplification to be done. In short, we can always assume that p;; = 0 except when
p12 = 1, in which case we can assume that pq; is either 0 or 1. In other words, there are, up to

isomorphism, two cases of the parameter pair: P = (p;2,0) (including p;o = 0) and P = (1, 1).

4.2 Reduction to double Ore extensions over a field

Assume throughout this section that B is both a double Ore extension of A and a Hopf algebra
such that A is its Hopf subalgebra. Write B = Ap[y, z; 0, d, 7], with the same notation from the
previous section, except that we replace y; by y and y» by z to alleviate the notation. The idea

is to find an appropriate Hopf algebra quotient of B that becomes a double Ore extension of

the field K. By [Proposition 4.1.3| this quotient will be an iterated Ore extension of the field K.

The augmentation ideal B+ would be a first candidate because it is always a Hopf ideal but in a

sense, it is too large since B/B* ~ K by [Proposition 2.3.5| The next lemma which establishes

the correct Hopf ideal to consider.

Lemma 4.2.1. The ideal I = BA™' B is a Hopf ideal of B.

Proof. The result follows immediately from AT being a Hopf ideal of A, by |Proposition 2.3.5| as

well as A and ¢ being algebra homomorphisms and S being an algebra anti-homomorphism. [J

Let m: B — B/I denote the canonical projection. While|[Lemma 4.2.1|ensures that the quotient
B/I is a Hopf algebra, we still need to ensure that the double Ore extension B over A projects
to a double Ore extension of K. The next lemma tells us the we are proceeding in the right

direction.
Lemma 4.2.2. Let ] = BA™ B. The subalgebra w(A) = A/(I N A) of B/I is isomorphic to K.

Proof. Let us prove that I N A = A™. First, it is clear that I C BT because ¢ is an algebra

homomorphism. Also, the augmentation ideal A* of A is equal to B*N A and hence INA C A™.
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The other inclusion is clear because B is unital and thus AT C I. Therefore, it follows that

A/(INA)~ AJAT, simply by mapping a + (I N A) to a + AT. By|Proposition 2.3.5] we have

that A/AT ~ K, which completes the proof. O]

From now on, we identify A/(I N A) with K, making each classa+ 1 € A/(I N A) correspond
to the scalar £(a). In particular, 7; := 7(7;) can be seen as the scalar ¢(7;), for i = 0, 1, 2, which
means that the tail 7 of the double Ore extension B projects to a subset of K. The identification
between A/(I N A) and K is at the heart of the next proposition. Before we present it, we

introduce a definition which plays a role in its statement.

Definition 4.2.3. We say that A" is stable under ¢ if 0(AT) C Msy2(AT), or equivalently,
oij(AT) C A", for all 4,5 = 1,2. Analogously, we say that A" is stable under 6 and under § if
G(AT) C Moya(AT) and §(AT) C Moy (A™), respectively.

In the example B = B?(a, b, ¢) introduced in the previous section (with a,b,c € K, b # 0), we

have A = K|[z], which has a Hopf algebra structure defined by

Alz)=1®z+z®1, ex)=0, S(z)=—=z.

We have that AT = (z) as seen in the example after [Proposition 2.3.5| The ideal I = BA'B is

thus the ideal of B generated by x. The condition that AT is stable under o, & and § is satisfied

0 bl ) 0 b cx?
, o(z) = , O(x) = :
bx 0 bz 0 —bea?

so we see that each entry in the matrices above is in A*. It is enough to check the stability

because, by definition,

condition for x because it generates A" as an ideal and ¢ and & are algebra homomorphisms
and ¢ is a o-multiderivation.

The example B?(a,b,c) was our motivation for considering the stability of A*. There are
however examples of double Ore extension Hopf algebra B over a Hopf subalgebra A, for which
the stability condition of A" does not hold. We thank Ken Brown for pointing us one such
example, the universal enveloping algebra U (s[(2)) of the special linear Lie algebra of order two.

The Lie algebra s[(2) has dimension three, its is spanned by three elements typically denoted
e, f,h satisfying: [e, f] = h, [h,e] = 2e, [h,f] = —2f. These Lie brackets translate into the
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following relations in U (s((2))

ef = fe+ h,
he = eh + 2e, (4.2.1)
hf=fh-—2f.

By the Poincaré-Birkhoff-Witt theorem, the elements in U(s[(2)) are polynomials in the indeter-
minates e, f, h. This fact together with the above relations mean that we can view U (sl(2)) as
a double Ore extension of K [h]. More precisely, in the double Ore extension notation, we can

write U(sl(2)) = K[h|p [f,e; 0,0, 7], where P = (1,0), 7 = (h,0,0), § = 0 and o is determined by

h+2 0
0 h—2

a(h) =

The augmentation ideal K[h|" is the ideal (h) of K[h]. Therefore, we see for instance that
h+ 2 = o11(h) ¢ (h), which means that (h) is not stable under o. In this case, defining I as
the ideal of U(sl(2)) generated by h, the relations in show that both e, f € I. Since
the elements of U(sl(2)) are polynomials in e, f, h, it follows that the only elements of U (sl(2))
possibly not in I are scalars. But scalars cannot be in I because I C U(sl(2))" and they cannot
be in U(s[(2))* because the counit map acts as the identity on scalars. As a consequence, we
have that I = U(s[(2))" and therefore, the quotient U (sl(2))/I is isomorphic to K and it cannot
be a double Ore extension.

This is precisely the situation we wish to avoid in the next proposition.

Proposition 4.2.4. Suppose that A™ is stable under the maps o, 6 and §. Then the Hopf quotient
B/I is a double Ore extension of K with defining relation

ZY=p1ogZ+pnug: +n9+nz+ 0, (4.2.2)

i.e., B/I is a double Ore extension of the form Kp [g, zZ IdK}, {8 },7’-}, where T = (7, 71, 72)
is a subset of K.

Proof. By the previous lemma, 7(A) ~ K and hence, K is a Hopf subalgebra of B/I, with the
latter being generated by K, y := =w(y) and z := 7(z). Applying = to the defining relation
(4.1.3)) yields the defining relation (4.2.2)) with p12,p11, 70, 71, 72 € K, in light of the preceding
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identification.

The quotient B/I is a well defined A/(I N A)-module, which means, via our identification, it is

a K-vector space. In particular, B/I satisfies condition (v) in|[Definition 4.1.2| However, we still

need to check that {3°%/ : i, j € N} and {z'9’ : i, j € N} are the respective bases. We prove only
the first, since the second is analogous. Clearly, the fact that {y’z/ : i,j € N} spans B implies
that {427 : i, j € N} spans B/I.

The conditions of stability of A* imply that I := BAT™B = AtYB = BA™. To prove, for
instance, that BAT™B C AT B, it is enough to check that yA* C AT B and zA™ C AT B, because

y and z generate B as an algebra. Indeed, we have

larc ot Y|+ 647 C My (ATB).
z ~—— Z ~—~—
CMaxa(AT) CMax1(AT)

Analogously, we prove that BAT™B C BA™ using 6. The converse inclusions are trivial

Let us now prove that {§°27}; jey is linearly independent over K. Let \;; € K, finitely many
nonzero, such that > \;;4°27 = 0. Via our identification of K and A/(I N A) there exist a;; € A
such that e(a;;) = A\j; and 7 (3" a;jy'27) = > A\i;i'z = 0. Hence, h := Y a;;y'2’ € I. Since
I = AT Band A" is an ideal, we can also write h = > b;;y'27, for some b;; € A™. By the freeness
of B as a left A-module we conclude that a;; = b;; € A" and hence, \;; = £(a;;) = 0, for all
i,j € N. Therefore, {7°2/ : i, j € N} is a basis of B/I over K.

The conditions of stability of A* allow us to factor o, 6 and § through A™. Therefore, we can
define ¢ by
o11(a) + AT o12(a) + AT

gla+ AT) =
Ugl(a) + AT 0’22(0,) + AT

< M2><2(A/A+) (423)

and we can define & and § analogously. By identifying A/ AT with K via the counit map ¢, we

get maps which make the following diagrams commute

A —% 5 Myyo(A) A —% s Myyo(A) A —2 s My (4)
O e T A
K —% Myyo(K) K —% Myyo(K) K —% My (K)

Using these diagrams, we can explicitly determine &, & and 6. We start by rewriting equations
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(4.1.4] as
ya = o11(a)y + o12(a)z + 61(a),
za = o91(a)y + o22(a)z + da(a),

for all @ € A. Passing this relation to the quotient B/I and identifying A/(I N A) with K via ¢,

we get

ye(a) = e(o11(a))y + e(o12(a))z + £(d1(a)),
ze(a) = e(o21(a))y + e(022(a))z + £(d2(a)).

The commutation of the diagrams means that the equations above can yet be rewritten as
ge(a) = 511(e(a))y + G12(e(a)) 2 + 01(e(a)),
ze(a) = 521(2(a))7 + F22(2(a)) + Sa(e(a).

But now, of course, (a) is a scalar and thus it commutes with y and with z. Hence,

because {1,y,z} are linearly independent. This means that ¢ = [I%K I(;JK] and § = [8 }
Analogously, we prove that 5 = [I%K I G? }, from where the condition of invertibility between &
K

and 4 is evident.

As mentioned before [Proposition 4.2.4] in the example B?(a, b, ¢), which is a double Ore exten-
sion of K [z], we have that K [z]" = (z) is stable under o, 6 and §. Hence, we can apply [Proposi}
tion 4.2.4/to B. Since z+/ = 01in B/, we have that B/I = K(_; o)[y, z; [I%K IdOK }, [8 }, (0,0,0)].
The relations in (4.1.6)) become simply

Zy = —yz’ (4.2-4)

which means that B/I is actually a quantum plane K_ [y, z].

In the setting of |Proposition 4.2.4}, we recall that if p;2 # 1, then B/I is isomorphic to a double
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Ore extension with parameter pair P = (pj2,0). Else if pjo = 1 and p;; # 0, then the double
Ore extension B/I is isomorphic to a double Ore extension with parameter pair P = (1,1).
Therefore, without loss of generality, we will assume hereafter that the parameter pair P is either
P = (p12,0) or P = (1,1).

From [Proposition 4.1.3| we have that B/I is also an iterated Ore extension K|y][z; 6, d]|, where

the automorphism 6 of K[y] is defined by
0(y) = p12y + 72 (4.2.5)

and d is the §-derivation of K[y given by
d(y) = puy” + iy + 7. (4.2.6)

We will use the notation K [y][z; 0, d| onwards for B/I, dropping the bars to alleviate the notation.

In particular, K [y|[z; 0, d] is an affine algebra, meaning finitely generated, with Gelfand-Kirillov

dimension two by [Proposition 1.3.2| This is because 6(y) = p12y + 72 and hence, the subspace V'

spanned by 1 and y generates K [y] and is stable under 6.

If K[y|[z; 0, d] is what we called an iterated Hopf Ore extension in Section 3.6, then we have a

full characterization by|[Theorem 3.3.1] the generalization of Panov’s theorem. We address this

case in the next section.

However, we could also have a Hopf algebra structure on K{y|[z; 8, d] that does not have K[y]
as its Hopf subalgebra. In theory, we could have for instance the comultiplication of y depending
on both y and z, which cannot not happen the former case. In order to study these alternative
Hopf algebra structures, we need first to classify the algebras with Gelfand-Kirillov dimension
two into families. We will then check if and when we can define Hopf algebra structures in each

of these families.

Let us pause for a moment to put things in perspective. Our starting point was a double Ore
extension B over a Hopf algebra A together with a Hopf algebra structure on B compatible with
that of A. We also assumed that this Hopf algebra structure is such that the augmentation ideal
AT is stable under the maps o, 6 and 6. Through a Hopf quotient B/I, we reduced our study to
a double Ore extension of the field K, which is easier to study, while keeping the same parameter

pair and tail.
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Ideally, we would like to use the insight gained about Hopf algebras on double Ore extensions
over K to improve our understanding about Hopf algebras on double Ore extensions in general.
For instance, obtain a classification of the possible Hopf algebra structures or derive restrictions
on the data associated to the double Ore extension. However, going back from B/I to B is where
the subjects becomes extremely complicated. Nonetheless, we can observe that if for some fixed
parameter pair P and tail 7 we cannot have a Hopf algebra structure on B/I, then neither can
we have one on B. This gives some sort of negative answer in such cases, allowing one to focus

on the remaining cases in which a positive answer may be possible.

4.3 Iterated Hopf Ore extensions of order two

In this section, we carry the hypotheses and notation of as well as the conclusions
of [Proposition 4.2.4] In addition, we assume that the double Ore extension B/I = K|y|[z; 6, d]

is actually a Hopf Ore extension of K [y] or an iterated Hopf Ore extension of order two, as in

IDefinition 3.6.1} This means that K[y] is a Hopf subalgebra of K|[y|[z; 0, d]. Note that the Hopf

algebra structure on K|y is given by:

Aly) =1®y+y®1l, e(y)=0 and S(y) = —v.

Both [Theorem 3.3.1|and [Proposition 3.6.2|apply. Thus, we can directly check which conditions

on the data P and 7 are necessary and sufficient for K[y][z;6,d] to be a Hopf Ore extension,

given by
Alz)=1®z+z®1+w, e(z)=0 and S(z)=-z+» wiS(wy),
for some w € K[y]* ® K[y]". We summarize these results in the next proposition:

Proposition 4.3.1. Let K[y][z; 0, d] be an iterated Hopf Ore extension, with 6 and d given by (4.2.5]
and (4.2.6)), respectively. Then, p12 = 1 and 19 = 0. Furthermore, we have two possible cases:

(i) If 19 # 0, then w = Qf—yy ® y and the iterated Hopf Ore extension is completely determined.
(ii) IfTQ =0, then p11 = 0.

Proof. From [Proposition 3.6.2] it follows that p;» must be equal to 1. By (e) of [Theorem 3.3.1}
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we have that

Ad(y) =Y dy) @ y2 — > 11 @ d(y2) = wA(y) — A (6(y)) w,

using Sweedler’s notation. Bearing in mind that py1, 79, 71, 72 € K and that K[y is commutative,

we compute

Ady) =pu(1@y+ye 1) +AM)(10y+y®1)+A(n)
= (1@ +2y0y+?@)+n(ley+ye1)+nl®l,
Ydy) @y, =deld(1ey+yel)=dy)el=pny’@l+ny®@l+mnlal,
Yy ®dy) =Mded(1leoy+yel)=12dy)=pul@y’ +n1ley+mnlal,
wA(y) —A0(y)w =wA(y) — Ay + R)w = —A(n)w = —Tw.

Putting everything together yields
2pny®y —ml®1l=—-nuw.

By (f) of[Theorem 3.3.1} we know that w € K|[y]*®K|[y|". In particular, we have (¢ ® Id) (w) = 0.
Applying € ® Id to the equation above, together with £(y) = 0, implies that 7y = 0.

If 7 # 0, then we conclude that w = —%y ® y. Otherwise if 7o = 0, since K[y] ® KJy] is
vector space with basis y' ® y/ (with i,j € N) and char K = 0, it follows that p;; = 0. O

Conversely, if 75 # 0, we can check that there exists indeed a Hopf Ore extension of K [y] when

w = —%y ® y. We just have to apply |Theorern 3.3.1|(ii). To check condition (d), we define

the algebra homomorphism y: K[y] — K by x(y) = 72. Then, o(y) = y + 72 = x(1)y + x(y)1.

Condition (e) follows from the computations in the proof of [Proposition 4.3.1} Finally, we check

condition ():

2 2 2
> S(wnws = LSy = Ty = —Lys(y) = 3 wiS(ws) (4.3.1)
T T2 T
and
2 2 2
ﬂy®y®1+ﬂA(y)@y: ﬂ(y®y®l+y®l®y+y®y®1)
2 2 2 (4.3.2)
2p11 2p11

=—1Ryey+ —yeA(y).
T2 T2
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As noted at the end of the previous section, since p;o = 1, we can assume that either p;; = 0 or
p11 = 1. In the first case, we have w = 0 and hence, the Hopf algebra structure on K[y|[z; 0, d] is

just the same the one of the classic polynomial algebra K[y, z]. In conclusion, we have

(i) If P=(1,0) and 7 = (0, 71, 72) with 7» # 0, then w = 0.
() If P=(1,1) and 7 = (0, 71, 72) with 72 # 0, then w = —T%y ® y.
(i) If P = (1,0) and 7 = (0,71,0), then § = Id, d(y) = my and the defining relation is
2Y = Yz + 11Y.

We should note that the Hopf algebra structures in items (i) and (ii) above are one and
the same, even though the defining relations and the comultiplication of the element > are
different. They coincide both with the universal enveloping algebra of the nonabelian Lie algebra,
K[y'][#; 8') where & (') = y'. For (i), we can see that with the change of variable i’ = 2+, 'y
and 2’ = 75 'y. For (ii), we can see that with the change of variable y' = z + 7, ' (y? + my) and
2 =15 1. In the next section, we fully address the description of the Ore extensions of order
two, up to isomorphism (which includes the variable changes just mentioned).

Regarding the example B = B?(a, b, c) discussed in and we had concluded
that B/I ~ K_1[y, 2] is a quantum plane. In particular, it is an Ore extension of K[y|. By

IProposition 4.3.1}, K_;[y, z] cannot have a Hopf algebra structure that extends the Hopf algebra

structure of K|[y|.

4.4 Tterated Ore extensions of order two in general

In an article by Alev and Dumas [[AD97, Proposition 3.2], there is a classification, up to isomor-
phism, of the Ore extensions of order two over any field. We can apply it to B/I = K[y][z; 0, d],
where 0 and d are defined by 6(y) = p12y + 7 and d(y) = p11y® + 1y + 70. There are the

following possibilities:

(i) Ifp12 # 1, assuming without loss of generality that p;; = 0, then K[y][z;6,d] ~ K[y'][2; ¢, d]

where y' = y+ o2 and 0'(y') = p12y’. Furthermore, we have d(y') = ny/ + (T[) - p?;_?l).

Thus, setting 2’ = (z + p1;1_1>, we get that

T1T:
2y = piay'? + (7'0 -2 > :
p12 — 1
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(i)

(iii)

If 7o = ;22;, then we conclude that K[yl[z;6,d] ~ Kp,,[y',2'] - the p1>-quantum plane.
The defining relation is zy = p1oyz.

Else, if 79 # TR then B/I ~ A"*(K) - the p;2-quantum Weyl algebra. More precisely,

A (K) = K[y'][z";¢',d"] where (7'0 — A% ) 2" = 2" and d’(y’) = 1. Thus, the defining

p12—1

relation is 2"y’ = p1oy'2” + 1.

If p12 = 1, then we can assume that either p;; = 1 or p;; = 0. If 7» = 0, then 0 = Id|gy,
and hence, B/I = K]Jy|[z;d] is a differential operator ring. The defining relation is
zy = yz + d(y), where d(y) = y? + 11y + 79 or d(y) = 11y + To.

If pjo = 1 and 7» # 0, then B/I ~ K|[y'][2/; d] is again a differential operator ring, where
2 =1y y,y =2+ 7, 'd(y) and d'(y') = —y'. The defining relation is 2’y = y/2' — ¢/. It is
clear that this defining relation falls into one of the cases of the previous item, namely, the
one with ; = —1 and p;; = 79 = 0. Therefore, we can assume without loss of generality

that 5 = 0 when p;s = 1.

The classification above yields three different families of algebra structures on B/I: quantum

plane, quantum Weyl algebra and differential operator rings. Through the next sections, we

will study, for each of these families, if there are any algebraic constraints to endow them with

Hopf algebra structures. For clarity, we display a summary of the contents of this section in the

following table, while dropping the primes in the variables:

Parameter pair Tail Defining relation Notation  Type
() pr2#Lipu=0 To = ST 2y = Prayz Kp,[y,2]  Quantum plane
To# 57 2y =pryz+1 A2 (K) Quantum Weyl algebra
(i) pio=1;p11=0,1 7w =0 2y =yz+d(y) Kly]|z;d]  Differential operator ring
(iii) 79 # 0 2y =yz—y Klyl][z;d'] Differential operator ring

The Parameter pair and Tail columns refer to the original data of the double Ore extension,

while the Defining relation column refers to the new defining relation of the algebra, simplified

after variable changes.

Before we continue, we will establish an important result in [Proposition 4.4.2|that allows us

to further reduce B/I to a commutative Hopf quotient.
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Lemma 4.4.1. Let H be an algebra. The smallest ideal of H with a commutative quotient is
m {L : Lisanideal of H and H/L is commutative} (4.4.1)

and coincides with the commutator ideal [H, H], which is the ideal generated by the commutators
[f,gl=fg—gf, forall f,g € H. The algebra H/[H, H] is called the largest commutative
quotient of H.

Proof. Let J = (\{L: Lis anideal of H and H/L is commutative}. If L is an ideal of H, then
H/L is commutative if and only if [f, g] € L, for all f,¢g € H. In particular, [H, H] is an ideal that
induces a commutative quotient and therefore contains ./, because J is the intersection of any
such ideals. On the other hand, it is clear that all the commutators are in J and thus, J contains
[H, H]. O

The importance of the commutator ideal as a tool for studying Hopf algebras will be made

clear in the next proposition.

Proposition 4.4.2. Let H be a Hopf algebra. The commutator ideal [H, H| is a Hopf ideal, i.e.,
H/[H, H] is a commutative Hopf algebra.

Proof. Denote J = [H, H]. Let p: HQ H — H/J®H/J be the map sending a®b to (a+.J)®(b+.J).
As seen in the proof of [Proposition 2.1.7, we have Kerp = J ® H + H ® J. Consider the
composition map H 2 HeH % H/J®H/J andlet L = Ker poA. Then L = A=Y (JQH+H®.J).

By the first isomorphism theorem (see [Proposition 0.1.1), p o A induces an injective map

H/L— H/J® H/J. Since H/J ® H/J is commutative, it follows that H/L is commutative as
well. By[Lemma 4.4.1] we have that J C L and therefore, A(J) C J® H + H ® J.

The counit ¢ maps commutators into commutators in K because it is a homomorphism of
algebras and commutators in K are 0 because K is commutative. Hence, the augmentation ideal
H gives rise to a commutative quotient H/H . By definition, J C H™, i.e., e(J) = 0.

We have proved so far that J is both an ideal and a coideal, it remains to check that J is

stable under the antipode S. Consider the composition map H°P S H o H /J, mapping h € H

to S(h) + J. It is an homomorphism of algebras by [Proposition 2.3.2l Its kernel is the ideal
S~1(J). Hence, we have an induced map (H/S~'(J))*® < H/J, which is injective. Since
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H/J is commutative, then so is H/S~!(J). Thus, J C S~1(J), i.e., S(J) C J, which ends the
proof. O

This result means that we can study the commutative Hopf algebra H/[H, H], which is an
easier task, and hopefully derive some properties of the original Hopf algebra H. This is exactly
what we will do in the following sections for H = B/I = K|[y|[#;6,d]. We would like to thank
Ken Brown for pointing out that looking to the largest commutative quotient of a Hopf algebra
in generally a good idea.

The commutator ideal [H, H| turns out to be a principal ideal, being generated as a two-sided
ideal by

[2,y] = 2y —yz = (pr2 — D yz + puy” + 1y + 72z + 70.

Indeed, in the quotient H/([z,y]), the variables y and z commute (by construction) and they
generate H/([z,y]) as an algebra. Hence, H/([z,y]) is commutative and by definition, [H, H] is

contained in ([z,y|) (the other inclusion being trivial).

4.5 Hopf algebra structures on the quantum plane

In this section, we study the quantum plane K, ,[y, z|, with p12 # 1. It is the Ore extension of
Ky] defined by the relation zy = p12yz. Its commutator ideal, as defined in the previous section,

takes the form (yz), because

[2,y] = 2y —yz = (p12 — Dyz
#0

and K has characteristic zero. By|[Proposition 4.4.2] we have that K, , [y, z]/(yz) is a commutative

Hopf algebra and it is affine, because it is still finitely generated. We observe that the quantum
plane K, ,[y, z] becomes indistinguishable from the classical polynomial algebra Ky, z], when
we take the quotient by (yz) in both, that is, K,,[y, 2]/(yz) ~ K|y, z]/(yz). This happens
because, in the free algebra K{y, z}, the ideal generated by yz and zy — p12y=z is the same as
the ideal generated by yz and yz — zy. We identify K, , [y, z]/(yz) with K[y, z]/(yz) so that we
can regard it as an affine variety and use some techniques of algebraic geometry to study it in

the following lemma. It is a small incursion into algebraic geometry, but a self-contained one.
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The only requisites are knowledge about maximal ideals and winding automorphisms, which are

anyway covered in|Section 0.1/ and |[Section 2.2} respectively. The aim of the following lemma is

to establish an invariant of commutative Hopf algebras.

Lemma 4.5.1. Let H be a commutative Hopf affine algebra and M be a maximal ideal of H. Then,
dim M/M? = dim H*/H*?. In particular, dim M/M? remains constant, as M varies over all

maximal ideals.

Proof. The augmentation ideal H™" is a maximal ideal, because the quotient algebra is a field

(see[Proposition 2.3.5)) and H is commutative. An automorphism o of H induces an isomorphism

H/M = H/o(M) mapping a+ M to o(a)+o(M). Thus, H/M is a field if and only if H /o (M) is.

Therefore, automorphisms of H, and in particular, winding automorphisms 7,,, preserve maximal
ideals. Given an algebra homomorphism «: H — K, recall that a (left) winding automorphism 7,

is defined by 7, (h) = > a(h1)he. Let G := Hom(H, K) be the group of algebra homomorphisms

from H to K, with the convolution operation (see |Corollary 2.3.6(). Fix a € Gand h € H. In

the following computation, remember that o maps 1 to 1x and hence, acts as the identity on

scalars:

e(h) = a(e(h) = a (Z S(hl)h2> =3 a(S(h))a(hs)
= a (Y a(S(h)) h2) = alracs(h)).

This means that h € H* if and only if 7,.5(h) € Ker a. In other words, 7,.5(H ") = Ker a.

If M is a maximal ideal of H, then H/M is a field on one hand and an algebra over K
on the other. Thus, H/M is a field extension of K. Since H/M is affine because H itself is
affine, it follows by [AM94[][Ex. 18, Chapter 5] that H/M is a finite algebraic extension of K.
But K is algebraically closed and therefore, H/M ~ K. This means that the projection map
H — H/M ~ K can be seen as an element of G. Hence, for every maximal ideal M, there
exists o € G such that Kera = M and thus, M = 7,.,5(H™"). In particular, we also have that
M? = 7,5 (H +2) and 7,.5 induces an isomorphism between M/M? and H*/H +2_ This implies
that dim M/M? = dim H+ /H*>. O

The main result in this section gives a negative solution to the problem of endowing the

quantum plane with a Hopf algebra structure.
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Theorem 4.5.2. The quantum plane Ky, z], with pi12 # 0,1, cannot have a Hopf algebra

Structure.

Proof. Seeking a contradiction, let us assume otherwise, which is, that exists a Hopf algebra

structure on K, [y, z]. Hence, by [Proposition 4.4.2|and the preceding comments in this section,

the quotient H = Kly, z]/(yz) is a affine commutative Hopf algebra. [Lemma 4.5.1| tells us
that dim M /dim M? is constant. If we find two distinct maximal ideals M and M’ such that

dim M/M? # dim M’ /M’?, then we are done.

We have not said much about how maximal ideals of H look like, which is what we do

next. They come from the maximal ideals of K]y, z], by the second isomorphism theorem

(see |[Proposition 0.1.1)). We recall a classical result in Algebraic Geometry known as Hilbert’s

Nullstellensatz, whose proof can be found, for instance, in [Har77, p. 4]. It states that the
maximal ideals of K[x1,-- -, x,] are exactly of the form (x1 — A1, - -, x, — \,,), for some elements
A1,--+,A\p, € K. Thus, we conclude that the maximal ideals of K[y, z]/(yz) are of the form
M = {(j— M\ z—p), forsome )\, u € K and where § = y + (yz) and z = z + (y=z).

We check that M = (g, z) has dim M/M? = 2. Since § 7 = 0 and H is commutative, it is clear
that {gji}iZI ] {Zi}iZI forms a basis of M. For the same reason, it is clear that {gi}iZZ U {Zi}z’y
forms a basis of M?. Hence, it follows that a basis for M/M? is given by 5 + M? and z 4+ M?. As
such, dim M/M? = 2.

On the other hand, we check that M’ = (, z — 1) has dim M’/M’* = 1. The reason for this is
that M’ has basis {gi}iZI U {(Z — 1)’}i>1, but because § = §(1 — z) € M'?, we have that M"?
has basis {'} ., U{(Z —1)'},.,. Hence, the quotient M'/M’? is spanned by (z — 1) + M"?, i.e.,

it is one-dimensional. O

Back to the example B = B?(a,b,c), we had shown that B/I is a quantum plane and in

Section 4.3| we had concluded that it does not have a Hopf algebra structure extending that of

K[y]. Now, with [Theorem 4.5.2 we conclude that it does not have a Hopf algebra structure at

all because p1o = —1 # 1.

Although we are not plunging deep into algebraic geometry and we only mention the precise
results that we need, we make a small detour at the end of this section to link the algebraic
argument given above with its geometric counterpart and thus, we hope to better motivate the

result. What Hilbert’s Nullstellensatz says is that maximal ideals in K[z, -, z,] correspond
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bijectively to points (A1, -+, A,) € K™ (the hypothesis that K is algebraically closed is used).
The ideal (yz) € K]y, 2] corresponds to the affine variety Z(yz) (the set of points (y,2) € K?
such that yz = 0), which is drawn in following figure. Given a maximal ideal M of K|y, z]/(yz)
(which corresponds to a point P in the variety Z(yz)), the dim M /M? corresponds geometrically

to the dimension of the tangent space of Z(yz) at P, seen as a manifold.

Yy Z(xy) C K?

Intuitively, we see in the figure above that for all points in Z(yz) except (0,0), the tangent
space at Z(yz) in those points is a line (one-dimensional). But in (0, 0), which we call a singular
point, a tangent line is not well defined. Not coincidently, we see that M = (g, z) corresponds
precisely to the point (0,0) and that M’ = (y, Z — 1) corresponds to the point (0, 1), by Hilbert’s

Nullstellensatz.

4.6 Hopf algebra structures on the quantum Weyl algebra

In this section, we study the (first) quantum Weyl algebra A}**(K), with p12 # 1 (otherwise,
it would just be classical first Weyl algebra, which is studied in the next section). Denote
H = AY(K). The defining relation is zy = pioyz + 1. Thus, its commutator ideal [H, H|
is generated by [z,y] = (p12 — 1)yz + 1. This means that in H/[H, H], which is commutative,
we have (1 — pi2)yz = 1 = (1 — p12)zy. Since p12 # 1, it follows that y and z are invertible
and z7! = (1 — p12)y. Therefore, H/[H, H] is isomorphic to the Laurent polynomial ring K [t*!].
We write ¢ instead of z to avoid confusion. Like in the previous section, we arrive at a negative

ANSWeEr.
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Theorem 4.6.1. The quantum Weyl algebra A"?(K), with p12 # 1, cannot be a Hopf algebra.

Proof. By [GZ10, Lemma 6.2 and Lemma 7.2], there exists a grouplike element h € H such that
7(h) = t, where m: H — K [t*'] is the projection induced by the isomorphism H/[H, H] ~ K[t*!].
Note that h cannot be a scalar because it projects to t. Grouplike elements are invertible in Hopf
algebras, with the inverse given by the antipode, and therefore we conclude that there exists

in H an invertible element which is not a scalar. This cannot happen in an Ore extension of a

domain by [Lemma 1.2.2 yielding a contradiction. O

4.7 Hopf algebra structures on differential operator rings

In this section, we study differential operator rings, the Ore extensions in which the automor-
phism 6 is trivial. In[Section 4.4 we saw that such cases correspond to having p12 = 1 and that
we could assume without loss of generality that 7, = 0. Then, we have H = K|y, z; d|, where the
derivation d of K[y| is determined by d(y) = p11y? + T1y + 7o. It is a polynomial in y of degree

at most two. We reduce the number of possibilities, up to isomorphism, to five:

(@) If p;1 =190 =m =0, thend(y) = 0 and H is a classical polynomial algebra, which is a
trivial differential operator ring.

(b) If p1; = = 0 and 19 # 0, then d(y) = 79 has degree zero. Hence, setting a variable
change 2/ = = and a new derivation given by d'(y) = 1 yields the classical (first) Weyl
algebra A, (K), where the defining relation is z'y = yz’ + 1.

(c) If p;; =0and 71 # 0, then d(y) = Ty + 70 has degree one. Then, setting variable changes
y' = —y— 2 and 2’ = Z yields the universal enveloping algebra of the nontrivial Lie
algebra of dimension two, where the defining relation is 32’ = 2’y + ¥/.

(d) If p1; # 0, then we can assume that p;; = 1. Thus d(y) = y? + my + 7 is a monic
polynomial of degree two, which has two roots, say A and u, because K is algebraically
closed. Factorizing y? + 7y + 70 = (y — A)(y — p), we conclude that 1y = —\ — p and
7o = Au. Thus, if the two roots coincide, then 7, = —2\ and 79 = A\?. This implies that
2 = 4)? = 47y. Conversely, if 72 = 479, then () + p)? = 4\u which is equivalent to
(A — u)? = 0. Thus, the two roots coincide. In summary, we have that the roots of d(y)

coincide if ¥ = 47 and are distinct otherwise.
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We condense the information in the following table, dropping the primes in the variables:

Parameter pair Tail Defining relation Type
(Wlth P12 = 1) (Wlth Ty = 0)

p1i1 =0 T9=711=0 2y =Yz Polynomial algebra Ky, z]
T0#0,11=0 zy=yz+1 Weyl Algebra A, (K)
m#0 [y, 2] =y Universal enveloping algebra
p11=1 2 = 479 {lii;sy:fZ(jgycoincide Generic dif. op. ring

7'12 # 479

= d
{zy yz+d(y Generic dif. op. ring

Roots of d(y) are distinct

Of these five cases, some will provide positive answers, meaning that they admit a Hopf algebra
structure, and others will not. For instance, the polynomial algebra Ky, z] and the universal
enveloping algebra of the non-trivial Lie algebra both have classical Hopf algebra structures (see
the list of examples in [Section 2.3)). The first Weyl algebra, which has been widely studied as
one of the first examples of noncommutative algebras, does not. It is known that the first Weyl
algebra is simple, which means that it has no nontrivial proper ideals (see for instance [Brel4,
Example 1.13]). However, in any Hopf algebra H # K, the augmentation ideal H* is always

nontrivial and proper. It is nontrivial because otherwise, we would have H ~ H/H* ~ K (by

IProposition 2.3.5|) and it is proper because 1 ¢ H+.

Suppose that p;; = 1. A theorem by Cartier states that commutative Hopf algebras over fields
of characteristic zero are reduced, meaning that they do not have nilpotent elements (other than
zero) (see [Wat12, Section 11.4]). In a differential operator ring H in which the two roots of

d(y) coincide, we have that the commutator ideal [H, H]| is generated by

[2,9] = d(y) = (y — A)?,

for some A\ € K and hence, in the Hopf algebra H/[H, H]| the element y — X is nilpotent, which

is a contradiction.

It remains to study the differential operator rings H in which the two roots of d(y) are distinct,
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say d(y) = (y—A)(y—p), for some A\, u € K with A # u. The commutator ideal [H, H] is precisely
generated by (y — A\)(y — ). In the next lemma, we establish the form of the commutative Hopf

quotient H/[H, H].
Lemma 4.7.1. The commutative Hopf algebra H/[H, H| is isomorphic to K[t] x K|[t].

Proof. We have that H/[H, H] is isomorphic to K[y, z]/{(y — A\)(y — n)), very much in the spirit
of what happened in the case of the quantum plane in This is because in the free
algebra K{y, z}, the ideal spanned by yz — zy — d(y) and d(y) is the same as the ideal spanned
yz — zy and d(y). Set I = (y — A) and J = (y — p). Define the algebra homomorphism
v: Kly,z| — Kly,z]/I x K|y,z]/J mapping h € Kly,z] to (h + I,h + J). We have that
p—A=(y—A—(y—p € K\{0} N (I + J) and thus, I + J = K]y, z]. This implies that

 is surjective and by [Proposition 0.1.2} we have that IJ = I N J. On the other hand, it is clear

that Kerp = I N J. Hence, ¢ factors through I.J = ((y — \)(y — u)) yielding an isomorphism
between Ky, z]/{(y—\)(y—p)) and K|y, z]/(y—A) x Ky, z]/(y— ). Now, since K[y]/(y—\) ~ K,
it follows that K[y, z]/(y — A\) ~ K[t]. Likewise, K[y, z]/(y — n) ~ K|[t]. O

We stress the fact that H/[H, H| is isomorphic, not to a tensor product, but to a cartesian
product. In particular, it is not a domain. The next result tells us that we can have a Hopf algebra
structure on the cartesian product of a Hopf algebra with itself.

Let T' be a Hopf algebra. Note that 7" x T' is a T-module via pointwise multiplication. As
a consequence, (I'x7T) ® (I'xT) is a T'® T-module and hence, it makes sense to write
A(h)(1,1) ® (1,1) meaning Y (hi, h1) @ (he, ha) for h € T and in Sweedler’s notation. We
will denote both Hopf algebra structures on 7" and 7" x T" by (A, ¢, S), being clear which one is

meant at each point by the respective argument (which lies either in 7" or T" x T').

Proposition 4.7.2. If T is a Hopf algebra, then T' x T has a Hopf algebra structure, given by

A(h) + A(R) A(h) — A(R)

N —
A(h, 1) = 5

(1’1)®(1’1)+ (17_1)®(17_1)7
e(h,h) =¢e(h),

S(hv h/) = (S(h)v S(h/>) .

for h,h' € T.
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Proof. While one might check the Hopf algebra axioms directly from the definition, we follow
the reasoning that motivated defining these comultiplications, counit and antipode in the first
place. Recall the group algebra K|Z,] has a basis {1, g}, with g?> = 1. We start by showing that
T xT ~T ® K|Z5] as an algebra. Define o: T x T — T @ K|[Zs] by

1 1-
o) =he -9 ot —9
2 2
It is straightforward to check that it is a unital algebra homomorphism, because of the pointwise
algebra structure on both sides and the properties of the tensor properties. Furthermore, ¢ is
surjective because ¢(h,h) = h ® 1 and ¢(h, —h) = h ® g and {1, g} is a basis of K[Z]. On the
other hand, (1 + g)/2 and (1 — g)/2 also form a basis of K[Z]. Hence, if h ® HTQ +h® 1%9 =0,
then h = b’/ = 0 by|Lemma 0.1.3| Thus, ¢ is an isomorphism.

Recall that the group algebra K[Z,] has a Hopf algebra structure, with g being grouplike, that

is, A(g) =g®g,e(g) =1and S(g) = g~! = g. By|Proposition 2.1.5, T'® K[Z,] also has a Hopf

algebra structure given by

Ar@1) =) me1ah o1, Ah®g) =) M®geh g,
e(h®1)=ce(h), e(h®g)=c¢e(h)
Shel)=Sh)®1, Sh®g)=5Sh)®g.

which we can transport to 7' x T via the isomorphism just constructed.

We can actually say more about ¢: it is a isomorphism of T-modules, with the module structure
on T'xT mentioned in the paragraph preceding the proposition and the module in T® K [Zs] given
by left multiplication in the first tensor. In light of this isomorphism, we have ¢(h(1,1)) =h® 1
and ¢(h(1,—1)) = h ® g. Observe that we can write

1+g

1—- h+ 1 h—n

1 .
5 2®+2®g

At this point, we have everything to write explicitly A(h, h'), e(h,h') and S(h, h’), just by chasing

the isomorphisms, and the result follows. O

As a consequence of [Proposition 4.7.2 we have that the algebra H/[H, H| ~ K|[t] x K|[t| has a

Hopf algebra structure induced by the standard Hopf algebra structure on K [t]. But this does not
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imply that H itself has a Hopf algebra structure. As a matter of fact, we can show that it does
not have one with the help of [GZ10, Theorem 0.1].

In [GZ10]], the noetherian Hopf algebra domains of GK dimension two which satisfy a certain
homological property are classified. This property turns out to be equivalent to the Hopf algebra
admitting an infinite dimensional commutative quotient. In our case, we have that H = K[y][z; d]
is a noetherian domain and H/[H,H] ~ K|[t] x K|[t] is an infinite dimensional commutative
algebra. All of the classified Hopf algebras in [GZ10, Theorem 0.1] are either commutative or
have non-scalar invertible elements, except one which is the universal enveloping algebra U (L)
of the non-trivial Lie algebra L (with basis z,y and [z,y| = ). Since H is neither commutative
and it does not have non-scalar invertible elements by Lemma 1.2.2] it can only be a Hopf algebra
if it is isomorphic to U(L). But we can prove that this is not the case as follows.

If there is an algebra isomorphism ¢: H — U(L), then it maps bijectively the commuta-
tor ideal [H, H| to the commutator ideal [U(L),U(L)]. Hence ¢ induces an algebra isomor-
phism ¢: H/[H,H] — U(L)/[U(L),U(L)]. But on the other hand H/[H, H| ~ K|[t] x K[t] and
U(L)/[U(L),U(L)] ~ K]Jt]. This two algebras cannot be isomorphic because the latter is a
domain but the former is not.

We summarize the results of this section in the following theorem.

Theorem 4.7.3. Of the differential operator rings exhibited in the following admit a
Hopf algebra structure: the polynomial algebra K|y, z] and the universal enveloping algebra of the
non-trivial Lie algebra. As for the remaining ones, the first Weyl algebra and both the differential
operator rings with d(y) of degree 2, they cannot have a Hopf algebra structure and therefore, neither

can the original double Ore extension from which they were obtained.

4.8 Conclusions

Let A be a Hopf algebra and let pi2,p11 € K, with p1o # 0, 79,71, 72 € A, 0: A — May2(A) be
o’ —invertible algebra homomorphism and 6: A — M 1(A) be a o —multiderivation. Consider
)y, 250,06, (10,71, 72)] of A and let I = BATB be the
ideal of B generated by AT. Suppose that A" is stable under o, the o —inverse & and 6. In
we proved that the quotient B/I is a Hopf algebra and it is a isomorphic to a double

Ore extension of K which is also an iterated Ore extension K|[y|[z;0,d]|, where 6 and d are

the double Ore extension B = A, ,,,
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determined by
o(y) = proy +e(m), d(y) = puy® +e(m)y + (). (4.8.1)

We have also seen that we can assume without loss of generality that either (p12,p11) = (1,1)
or (pi2,p11) = (p12,0). In[Section 4.4} we classified the algebra K[y|[z; 6, d] up to isomorphism,
depending on the data pi9, p11, €(72), €(71) and (72). Then, through Sections to we
checked whether K|[y|[z; 6, d] may or may not admit a Hopf algebra structure. The caveat is
that if K[y][z;0,d] does not admit a Hopf algebra structure, then neither the algebra B. We
summarize the obtained results in the following table with the appropriate references. We write
7; instead of ¢(7;) for i = 0, 1,2. Note that the condition 7; = 0 translates to 7; € AT, when we

go from B/I back to B.

P12 P11 70 ol To Type H. A. S. Section
£1 0 To = A Quantum plane No [4.5]
#1 0 To # 2 Quantum Weyl alg. No

1 1 712 = 47 0 Diff. op. ring No 4.7

1 1 712 # 47 0 Diff. op. ring No 4.7

1 0 0 0 0 Kly, z] Yes 4.7

1 0 #0 0 0 Weyl algebra No 4.7

1 0 any #0 0  Univ. env. algebra Yes

1 any any any #0 Univ. env. algebra Yes 4.7

A "No" in the "H. A. S." column in the table above means that the double Ore extension
B does not admit a Hopf algebra structure for parameter pair and tail described in the five
leftmost columns. Note that the condition 7; = 0 translates to ; € A+, when we go from B/I
back to B. In particular, the table above tells us that there are no Hopf algebra structures on

K{y|[#;0,d] (and consequently on the double Ore extension B) if pi2 # 1. This is in agreement

with [Proposition 4.3.1|in|Section 4.3} which concerns iterated Hopf Ore extensions of order two.

On the other direction, a "Yes" in the "H. A. S." column does not imply that B has a Hopf
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algebra structure, only that B/I does. We do not know how the determine the structure maps
(Ap,ep, Sp) from those (Ap/r,ep,r, Sp/r) of B/I. But we know that the Hopf algebra structure

on the quotient is given by

Agj(h+1)=Ap(h)+I®B+B®]I,
ep/i(h+1) = e(h),

for all h € B, so we can reconstruct Ag(h) up to an elementof / ® B+ B® [ C B® B, we
can reconstruct £(h) and we can reconstruct S(h) up to an element of /. This narrows down the
possibilities and helps in the task of finding a Hopf algebra structure in a double Ore extension.
It is worth mentioning that the findings presented in the table above are not new results.
We proved in that K[y][z;0,d] has GK dimension two. In [Zhul3, Theorem 7.4]
[BOZZ15, Theorem in §3.3], the connected Hopf algebras of GK dimension two are classified
and there are only two isomorphism classes: the polynomial algebra and the universal enveloping
algebra of the non-trivial Lie algebra of dimension two. These two classes comprise all the "Yes"
cases in the table above. It is worth mentioning that we did not assume that B/ is connected.
In another paper, [GZ10]], there is a classification of the noetherian Hopf algebras domains
of GK dimension two which satisfy a certain homological property (see [[GZ10, Theorem 0.1]).
The algebra B/I ~ K]Jy][z; 0, d] that we consider is always a noetherian domain and it satisfies
that homological property, so it falls under the classification. That classification agrees with the
results of table above as well. We were not aware of the article [GZ10] until the later stages
of this thesis and nonetheless, our approach is a bit different except at the end of section 4.7,
where we rely on a result from the mentioned article. Our ultimate goal is to focus on double

Ore extensions in general, which we hope to do in the future.
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