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INTRODUCTION

The description, up to isomorphism, of all the algebras of some fixed dimension satisfying cer-
tain properties (the so-called algebraic classification) is a classical problem in algebra. There are
many papers devoted to algebraic classification of small-dimensional algebras in several varieties of
associative and non-associative algebras [1-8, 11-16,|18,/19]. Another interesting direction in the
classification of algebras is the geometric classification (see, [11,/16,/18]] and references therein). Re-
stricting our consideration to subvarieties of complex nilpotent 4-dimensional algebras, we mention
here the results on associative [7]], commutative [11]], bicommutative [|18]], Leibniz [§]], terminal [|16]]
and €®-algebras [14]. In the present paper, we complete the algebraic classification of allcomplex 4-
dimensional nilpotent algebras. Namely, we find 66 new algebras and parametric families of algebras
completing the list of 4-dimensional nilpotent algebras initiated in the above mentioned works.

Our approach is based on the calculation of central extensions of nilpotent algebras of dimension
less than 4. This method was developed by Skjelbred and Sund for Lie algebras in [20] and has been
an important tool for years (see, for example, [13}/17,[20] and references therein).

'The work was partially supported by CNPq 404649/2018-1, 302980/2019-9; RFBR 20-01-00030; by the Fundacio
para a Ciéncia e a Tecnologia (Portuguese Foundation for Science and Technology) through the project PTDC/MAT-
PUR/31174/2017; by CMUP, which is financed by national funds through FCT—Fundagdo para a Ciéncia e a Tecnologia,
L.P,, under the project with reference UIDB/00144/2020.
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In Section|1.1) we give a brief description of the method of central extensions and its adaptation to
our case. It turns out that most of the nilpotent 4-dimensional algebras are €®-algebras, which were
classified in [14]. Our classification will thus be carried out modulo this subvariety of 4-dimensional
nilpotent algebras, as explained in Section[I.1.1] In Section|[I.2]we discuss several other useful classes
of nilpotent algebras of dimension at most 4. In particular, we give a list of the 3-dimensional nilpotent
algebras (they are all, in fact, €9-algebras). The remainder of Section|l|(Sections 1.0) is devoted
to the construction and classification of 1-dimensional non-€® central extensions of 3-dimensional
nilpotent algebras. The work done in Section [I| culminates in the full classification of 4-dimensional
nilpotent algebras, which is completed in Section 2] where we present the full list of representatives of
isomorphism classes. Finally, in Section [3| we present a few applications of our results to the classes
of Lie-admissible and Alia type algebras.

Main result. The main result of the paper is Theorem [2| giving a full classification of complex 4-
dimensional nilpotent algebras. The complete list of non-isomorphic algebras consists of four parts:

(1) trivial €9-algebras, which were classified in [8, Theorem 2.1, Theorem 2.3 and Theorem 2.5],
the only anticommutative trivial €®-algebra being @@é};;

(2) terminal non-trivial extensions of the family €®23()\), which were classified in [16] 1.4.5.
1-dimensional central extensions of T 1;

(3) non-trivial non-terminal €®-algebras, which were classified in [|14];

(4) the nilpotent algebras found in Sections [I.3HI.6| of the present paper.

1. THE ALGEBRAIC CLASSIFICATION OF NILPOTENT ALGEBRAS

1.1. Method of classification of nilpotent algebras. Let A be an algebra, V a vector space and
7Z? (A, V) = Hom(A ® A, V) denote the space of bilinear maps § : A x A — V. For f €
Hom(A, V), weintroduce 0 f € Z? (A, V) by the equality § f (z,y) = f(zy) and define B? (A, V) =
{6f | f € Hom (A, V)}. One can easily check that B?(A,V) is a linear subspace of Z? (A, V).
Let us define H? (A, V) as the quotient space Z* (A, V) /B? (A, V). The equivalence class of § €
Z? (A, V)in H? (A, V) is denoted by [6].

Suppose now that dimA = m < n and dim'V = n — m. For any bilinear map § : A X
A — 'V, one can define on the space Ay := A © V the bilinear product [—, —], by the equality
[z + 2", y+y]s, = 2y +0(2,y) for v,y € A, 7',y € V. The algebra Ay is called an (n — m)-
dimensional central extension of A by V. It is also clear that Ay is nilpotent if and only if A is.

For a bilinear map 6 : A x A — V, the space 0+ = {z € A | 0 (x,A) =0 (A, z) = 0} is called
the annihilator of 0. For an algebra A, the ideal Ann (A) = {z € A | vA = Ax = 0} is called the
annihilator of A. One has

Ann(Ag) = (/- NAnn(A)) & V.

Any n-dimensional algebra with non-trivial annihilator can be represented in the form A, for some
m-dimensional algebra A, an (n — m)-dimensional vector space V and 0 € Z* (A, V), where m < n
(see [13, Lemma 5]). Moreover, there is a unique such representation with m = n — dim Ann(A).
Note also that the latter equality is equivalent to the condition - N Ann (A) = 0.
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Let us pick some ¢ € Aut(A), where Aut (A) is the automorphism group of A. For 6 €
72 (A,V), let us define (¢0) (z,y) = 0(¢(x),¢(y)). Then we get an action of Aut(A) on
Z? (A, V) that induces an action of the same group on H? (A, V).

Definition 1. Let A be an algebra and I be a subspace of Ann(A). If A = Ay & I, for some
subalgebra Ay of A, then [ is called an annihilator component of A. We say that A is split if it has
some non-zero annihilator component; otherwise we say that A is non-split.

For a linear space U, the Grassmannian G4 (U) is the set of all s-dimensional linear subspaces
of U. For any s > 1, the action of Aut (A) on H? (A, C) induces an action of the same group on
G, (H?(A,C)). Let us define

T, (A) = {W € G, (H (A.0) | 0 0" 1A (A) = o} .
S
Note that T'; (A) is stable under the action of Aut (A).
Letus fixabasis ey, ...,e;of Vand 0 € Z% (A, V). Then there are unique ¢; € Z? (A, C) (1 < i <

s) such that 0 (z,y) = 26 (z,y)e; forall z,y € A. Note that 6+ = 6{ N 605 --- N O in this case. If

6+-NAnn (A) =0, then by [13, Lemma 13] the algebra Ay is split if and only if [0;], [05] , . . ., [0] are
linearly dependent in H2 (A, C). Thus, if - N Ann (A) = 0 and A, is non-split, then {[0,], ..., [04])
is an element of T, (A). Now, if ¥ € Z? (A, V) is such that 9 N Ann (A) = 0 and Ay is non—split,
then by [13, Lemma 17] one has Ay = Ay if and only if ([61],[62], ..., [04]), ([19 |, [9a], ..., [Us]) €

T, (A) belong to the same orbit under the action of Aut (A), where 9 (x,y) = 219 (x, y) €.

Hence, there is a one-to-one correspondence between the set of Aut (A)- OI‘bltS on T, (A) and the
set of isomorphism classes of central extensions of A by V with s-dimensional annihilator and trivial
annihilator component. Consequently, to construct all s-dimensional central extensions with trivial
annihilator component of a given (n — s)-dimensional algebra A one has to describe Ts(A), Aut(A)
and the action of Aut(A) on T4(A) and then for each orbit under the action of Aut(A) on T (A)
pick a representative and construct the algebra corresponding to it.

1.1.1. Reduction to non-C¥-algebras. The class of €D-algebras is defined by the property that the
commutator of any pair of multiplication operators is a derivation [1,/14]; namely, an algebra 2 is a
¢9-algebra if and only if

T, T, € Dex(A),
for all z,y € 2, where T, € {R,, L.}. Here we use the notation R, (resp. L,) for the operator of
right (resp. left) multiplication in 2. We will denote the variety of €®-algebras by €®. In terms of
identities, the class of €®-algebras is defined by the following three:

((zy)a)b — ((zy)b)a = ((xa)b — (xb)a)y + x((ya)b — (yb)a),
(a(zy))b — al(zy)b) = ((ax)b — a(xb))y + x((ay)b — a(yd)),
a(b(zy)) — bla(zy)) = (a(br) — blazx))y + x(a(by) — blay)).



Our method of classification of nilpotent algebras will be based on a classification of €%-
algebras [14]. Clearly, any central extension of a non-€®-algebra is a non-€¥-algebra. But a €D-
algebra may have extensions which are not €®-algebras. More precisely, let A be a €®-algebra and
0 € Z*(A,C). Then Ay is a €D-algebra if and only if

(D 0((zy)a, b) — 0((zy)b, a) = 0((xa)b — (xb)a,y) + 0(z, (ya)b — (yb)a),
2) 0(a(xy),b) — 0(a, (xy)b) = 0((ax)b — a(xb),y) + 0(z, (ay)b — alyb)),
3) 0(a,b(zy)) — 0(b, a(zy)) = 0(a(br) — blax),y) + 0(z, a(by) — b(ay)).

for all z,y, z € A. Define the subspace Z25 (A, C) of Z*(A, C) by
Zeo(A,C)={ 0 € Z*(A,C) : 0 satisfies (1), (2) and (3) }.

Observe that B2(A,C) C Z25(A, C). Let H%Q(A,C) =725(A,C) /B2 A, C). Then H25(A, C)
is a subspace of H?(A, C). Define
R,(A) = {W € Ts(A): W e GS(HEQ(A,C))} ,
U, (A) = {W € T5(A) : W ¢ Gs(Hgo (A, C))} .
Then T;(A) = Rs(A) U U(A). The sets R5(A) and Ug(A) are stable under the action of Aut(A).
Thus, the nilpotent algebras corresponding to the representatives of Aut(A)-orbits on R(A) are
¢®-algebras, while those corresponding to the representatives of Aut(A )-orbits on U,(A) are non-
¢9-algebras. Hence, we may construct all nilpotent non-split non-€®-algebras A of dimension n
with s-dimensional annihilator from a given nilpotent algebra A’ of dimension n — s as follows:
(1) If A’ is non-€D, then apply the procedure.
(2) Otherwise, do the following:
(a) Determine U (A’) and Aut(A’).
(b) Determine the set of Aut(A’)-orbits on Ug(A').
(c) For each orbit, construct the nilpotent algebra corresponding to one of its representatives.
We will use the following auxiliary notation during the construction of central extensions. Let A
be an algebra with basis e, es,...,e,. Then A;; : A x A — C denotes the bilinear form defined
by the equalities A;; (e;,e;) = 1 and A;; (e, e,,) = 0 for (I,m) # (4, 7). In this case, the A;; with
1 <'i,j5 < n form a basis of the space of bilinear forms on A.
We also denote by

Qﬁ@” the jth ¢-dimensional nilpotent trivial €®-algebra,
Q:ZDZ the jth ¢-dimensional nilpotent non-trivial €®-algebra,
D“ the jth i-dimensional nilpotent terminal algebra,

Nz. the jth ¢-dimensional nilpotent non-&®-algebra.

1.2. Some special types of nilpotent algebras.

1.2.1. Trivial €9-algebras. Recall that the class of n-dimensional algebras defined by the identities
(xy)z = 0 and z(yz) = 0 lies in the intersection of all well-known varieties of algebras defined by a
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family of polynomial identities of degree 3, such as Leibniz, Zinbiel, associative, Novikov and many
other algebras. On the other hand, all algebras defined by the identities (zy)z = 0 and z(yz) = 0 are
central extensions of some suitable algebra with zero product. The list of all non-anticommutative 4-
dimensional algebras defined by the identities (zy)z = 0 and 2(yz) = 0 can be found in [8]. Note that
there is only one 4-dimensional nilpotent anticommutative algebra satisfying the identity (zy)z = 0.
Obviously, all algebras from this list are 4-dimensional nilpotent €®-algebras.

1.2.2. 2-dimensional nilpotent algebras. There is only one non-zero 2-dimensional nilpotent algebra.
It is a €®-algebra:

(’:@8; ©oeje; = ey

1.2.3. 3-dimensional nilpotent algebras. Thanks to [2], we have the classification of all 3-
dimensional nilpotent algebras. It is easy to see that each 3-dimensional nilpotent algebra is a €2-
algebra:

(’:@81 D oele] =€y €96y = €3

9:982 6161 = €2 €261 = €3 €9€y = €3
C5333 . €161 = €3 €261 = €3

¢©84()\) Ioe1ep =€z €162 = €3 ege] = Aes
D ©eje; = ey

0:538; . €16 = €3 €262 = €3

@@8; D oe1eg = e3 €96 = —e3

CC‘DSZ(}‘) ©oeler = Aeg ege; = €3 €96y = €3

1.2.4. 4-dimensional nilpotent algebras with 2-dimensional annihilator. Thanks to [2]], we have the
classification of all 4-dimensional non-split nilpotent non-trivial algebras with 2-dimensional annihi-
lator. All of these algebras are €®-algebras:

€©é5 Toe1e] =€y €9€] = €4 €969 = €3
Q@é(; . €16 =€y €16g = ey €9€6] = €3
1
CD,(N) @ ere1 =e€2 e1ea =eq €3e1 = Ney €969 = €3

1.2.5. 4-dimensional nilpotent algebras with 1-dimensional annihilator. Thanks to [[14] we have the
classification of all 4-dimensional nilpotent €©-algebras with 1-dimensional annihilator. The remain-
ing nilpotent non-¢’®-algebras with 1-dimensional annihilator will be found in the present paper.

1.2.6. Trivial central extensions. Thanks to [[14] we know that all central extensions of €03, €35
¢D;; and €D are €D-algebras.



6

1.3. 1-dimensional central extensions of ¢D?,. Here we collect all information about ¢}, :

Algebra | Multiplication | Cohomology

¢ ere; = ey Hen (€95) = ([Aw],[An])
01 eg€y = €3 H*(€D5,) = Hio(€D5) © ([Aus, [As], [Ass], [Asa], [Ass])

Let us use the following notations

Vi=[Ap] Va=[Ayn] Vi=[Ap] Vi=[Az]
Vs =[Ags] Ve =[Az] Vi=][Az]

Take 6 = S, oV, € H2(€DY)). If

z 0 0
p=10 22 0| cAute®},,
y 0 at
then
0 a1 ag o o] aj
¢Ta20a5gb:a30a§,
oy g Qup oy o o
where
af = 23 (zvay +yag) ab = 23 (ras + yas) af = 2t (xas +yar) of = 2 (zay + yar)
ai = 28as ai = 254 i = 28ay.
7
Hence, ¢(0) = (0%), where 0* = > «afV,;. We are only interested in elements with
i=1
(aug, g, (i, v, 7)) # (0,0,0,0,0). Then
(1) a7 # 0.
(a) ag # 0. Then choosing z = \/ozﬁoz;l and y = —oz4a7_1x, we have the family

of representatives («V1 + Vs + 7V3 + dVs5 + Vg + V7). Observe that two dis-
tinct quadruples (o, 8,7,6) and (¢/, ',+',0") determine the same orbit if and only if
(Oé, 67 Y, 5) = (_O/a _Bla _7/7 6/>

(b) ag = 0 and a5 # 0. Choosing x = \/oz5a7_1 and y = —a4a7_1x, we have the family of
representatives («V+ 5V +7V3+ V5 + V7). Observe that two distinct triples (v, 3, )
and (¢, #',7') determine the same orbit if and only if («, 5,v) = (=o', =", —7/).

(c) ag = a5 = 0 and a3 # ay. Choosing x = /(a3 — ay)a; ' and y = —aya- 'z, we have
the family of representatives (aV; + V2 + V3 + V7). Observe that two pairs (o, ) and
(a/, B") determine the same orbit if and only if (o, 3) = (£a/,&£f), where €2 = 1.

(d) o = a5 = 0, a3 = oy and ap # 0. Choosing = /! and y = —aya; ' o, we have
the family of representatives of distinct orbits (a V1 + V5 + V7).
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() ag = a5 = 0, ag = a4 and ay = 0. Choosing y = —og07 2, we have two representa-

tives (V) and (V1 + V) depending on whether or; = 0 or not.
2) ay = 0.

(a) ag # 0 and oy # 0. Choosing x = a4a6_1 and y = —a1a4a6_2, we have the family of
representatives of distinct orbits (a«Vy + V3 + V4 + V5 + V).

(b) ag # 0, ay = 0 and a3 # 0. Choosing = azag ' and y = —ajasza;?, we have the
family of representatives of distinct orbits («Vs + V3 + V5 + V).

(c) ag # 0and ay = a3 = 0. Choosing y = —aja4 12 we have two families of repre-
sentatives of distinct orbits (aV5 + V) and (Va + V5 + Vi) depending on whether
105 — Qg = 0 or not.

(d) ag = 0, a5 # 0 and oy # 0. Choosing = aya; ' and y = —azaa; 2, we have the
family of representatives of distinct orbits («V; + V3 + V4 + V5).
(e) ag = 0, as # 0 and oy = 0. Choosing y = —asa; 'z, we have the following represen-

tatives of distinct orbits (V1 + V3 + V), (V1 + V;) and (V5), corresponding to the 3
cases: az # 0; az3 = 0, oy # 0; az = a1 = 0, respectively.

(f) ag = a5 = 0 and oy # 0. We have the following families of representatives of distinct
orbits (V1 + aVa + BV3 + V4), (Vo + aVs + Vy) and (aV3 + V) corresponding to
the 3 cases: a; # 0; a; = 0, g # 0; ay = g = 0, respectively.

(g) ag = a5 = oy = 0 and a3 # 0. We have the following representatives of distinct orbits
(aV1+ Va + V3), (Vi + V3) and (V3) corresponding to the 3 cases: ay # 0; ay = 0,
a1 # 0; as = ay = 0, respectively.

Summarizing, we have the following distinct orbits:

(aV1+ Vs + Vs) (aV1 + BV + V3 + 6V + Vg + Vi) O(@h7:0=0(=a,=5,77.9)
aVi+ Vi3 + V5> <OJV1 + BV, + YV3+ Vs + v7>0(a,6,7):0(—a,—6,—7)

aV1 + ,BVQ + V3 + v7>0(a,ﬂ):0(\3/1(a,,8)) <04V1 + VQ + V7>

Vi+ Vs) (Vi+aVy+ V3 +Vy) (aVi+ Vs + Vi + Vs)

Vi + Vs) (Vi+ V) (Vo +aVi3+ V)

aVy+ V3 + V4 + V5 + V6> <04V2 + V3 + Vs + V6> <V2 + aVs + VG>

OéVg + V4> <V3> <V5>

OéVg, + V6> <V7>

They correspond to the following new algebras:

N (a) : erer =e2 ejeg = ey e1e3 = ey eze] = €4 exe2 = e3
Ngz(a,ﬁ,v,é) : erel = eo elea = aeq4 ejez =-yeq egel = ey

eses = e3 egez = deq  ezes = ey4 ese3 = ey
Nég(a) : eile] =eo e1ex = aqeq ei1e3 =eq eses = e3 ese3 = ey
N&(a,,@,v) : eje] = e elea = aeq ejez =-yeq egel = ey

esesy = e3 eses = eq eses = eq

T B — — — — — —

Nps(a, B) :oejer =e2 ejex = aeq eje3 = e4q eze1l = feq  ezea = e3 e3e3 = eq
NéG(a) : eje; =e2 eles = aeq ege] = ey eses = e3 eses = eq

Né7 : erlel =e2 ejex = eq ejes = eq egeg = e3




Nég(a,ﬁ) : eje; = e2 eles = eq eies = Beq esel = aeq4 ezes = e3 esel = eq
Nég(a,ﬂ) : eje; = e2 erea = aeq ejez = PBes eses = e3 eses = eq esel = eq
N1, 1 erel = es e1e2 = eq ezeg = e3 eses = eq
N1, : eiel = eg e1e2 = eq eseg = e3 eses = eq
N%Q(a) : erel =eo ele3 = aeqs ege] = eq eses = e3 eze1 = eq
N‘ﬁ(a,ﬁ,'y) : erel =eo eies = Beqs esel = aey ezez = e3
€2€3 = 7Y€4q €3€1 = €4 €3€2 = €4
Nh(a,ﬂ) : elel =eo e1e3 = eq ese] = ey eges = e3 eges = ffeq esex = eq
N‘lls(a) : elel = eo esel = e4 eses = e3 esesz = aeq ezez = eyq
N‘lle(a) : elel =eo e1e3 = aeqs eges = e3 eze1 = ey
N‘ll7 : eje] = ez er1ez = eyq ege2 = €3
N‘ll8 : eje] = e e2e2 = €3 e2e3 = €4
Nig(a) : ejel = es ezea = e3 ese3 = aeq eszez = eyq
N%O : eilel = es egea = e3 eses3 = eyq

32(0[757775)%Ng2<_(a76 ’Y) ) ( 757
N5 (e, 8) = Nj (\'/_( ,B)

1.4. 1-dimensional central extensions of ¢D},. Here we collect all information about €3,

)7) oa(=(a; 8,7))

Algebra | Multiplication | Cohomology

D3 22 i Z H%@(Q:?(gﬁ) = ([Aw], [A321D
0 H*(€Dg,) Hgo (€D0,) @ ([Aus], [Asi], [Ass], [Asa], [Ass])

€262 = €3

Let us use the following notations

then
0 a1 a3 o o] a3
T las 0 as|o=|as 0 aif,
oy g Q7 oy o o
where
o = o1 Fras ay =0+ 05 Q3 =03+ rT0r Q) =04+ T007
* * *
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Hence, ¢(0) = (0*), where 6* = > «afV,. We are only interested in elements with
i=1
(aug, vy, i, 0, 7)) # (0,0,0,0,0). Then
(1) ay # 0. Then choosing # = —asa; *, we obtain the family of representatives of distinct orbits
<OzV1 + BVe +4V4+0V5 4+ eVg + V7>.
(2) a7 = 0 and ag # 0. Then choosing ¥ = —a;a; ', we obtain the family of representatives of
distinct orbits (aVy + V3 + vV, 4+ V5 + V).
(3) ay = ag = 0 and a5 # 0. Then choosing z = —agagl, we obtain the family of representa-

tives of distinct orbits (a«V; 4+ fV5 + vV + V5).

(4) a7 = ag = a5 = 0 and oy # 0. Then we obtain the family of representatives of distinct orbits
<aV1 + ﬁVg + ’7V3 + V4>

(5) a7 = ag = a5 = ay = 0 and a3 # 0. Then we obtain the family of representatives of distinct
orbits (aVy + V4 + V3).

Summarizing, we have the following distinct orbits:

(aV1+ V4 + V3) (aV1+ Ve +79V3+ Vy)
<04V1 + 6V3 -+ ’YV4 —+ V5> <04V2 + 6V3 + ’YV4 + (5V5 -+ V6>
(aV1 + /BVQ + ’7V4 + 5V5 + 5V6 + V7>

This gives the following new algebras:

N%1(a7r3) L elelr = e e1e2 = (xeqg €1€3 = eq eser = e3 + fBes  esex = e3
N%g(a,ﬁ’ﬁ) o ejep =e2 €1€2 = éq €1€3 = Yeq ege; =e3+fPes  egex =e3 esze1 =eq
Ngg(a,ﬂ,'y) : ele1 =eg eles = aeq erez = ey ege1 = e3

eses = e3 eses = eq ese] = yeq
N‘214(a,,8,'y,6) . ere; =eo eres = Beqy ese;] —=e3+aeq egex = e3

egesz = Jeq esze] = yeq eszex = ey
N%5 (a,8,7,0,e) : ere1 =e2 elea = aeq ege] —e3+ Bes  esex = e3

eses = deq eze] = yeq e3ex = gey eses = eq

1.5. 1-dimensional central extensions of ¢D7,. Here we collect all information about €D} :

Algebra | Multiplication | Cohomology

e erer = e Hio(€95;) = ([A], [An], [As] — 2[As])
03 e2e1 = €3 H?(€Ds) = H3o(€D55) @ ([As], [Ags], [Asy], [Ass])

Let us use the following notations

v1 = [A12] V2 = [AQQ] v3 = [A13] - 2[A31] v4 = [A?)l]
Vs = [Ags] Vi =[Ag] V7 =[Ag;].
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Take 6§ = S, o;V; € HX(€DY,). If

z 0 O
p= |y 22 0] cAuted,,
z oy a3
then
0 ap o af oy o5
P 0 s a5 | o= o™ ay of |,
oy — 203 o oy oy — 205 o on
where
af = (qz?+ (oo + az)vy + asy® + agrz + aryz)z,
ay = (wz?+ (as + ag)zy + azy?)z?,
ay = (a3 + asy + agz)a’,
af = (ouz + (205 + ag)y + 3arz) 23,
ay = (asT+ azy)rt,
(

o
(=]
I

7
Hence, ¢(f) = (6*), where 0* = > afV,. We are only interested in 6 with (ay, a5, o, 7)) #
=1
(0,0,0,0).

(1) a7 #0. Thenputy = —%* and 2 = a%(ozsozﬁ — azar) to make a = ag = 0.

(a) a5 # . Then choosing x = %, we obtain the family of representatives of distinct
orbits <OéV1 + 5VQ + ’7V4 + Vs + V7>

(b) a5 = o and ay # 3ag. Then choosing x =  / 0‘43’7?;“3, we obtain the family of represen-
tatives (aV + BV, + V4 + V), where two distinct pairs («, §) and (o/, 5’) determine
the same orbit if and only if (o, ) = (—a/, 7).

(c) a5 = ag, ay = 33 and a% # apar. Then choosing z = a%\/agm — a2, we obtain
the family of representatives (a«Vy + V3 + V7), where two distinct parameters « and o’
determine the same orbit if and only if & = —¢/.

(d) a5 = ap, aq = 3az and a2 = a7 Then we obtain 2 representatives (V7) and (V+V7)
depending on whether aisag = vy 7 or not.

(2) a7 =0, a5 # 0 and ag # 0. Then a3 = 0, and we puty = —%3;” and z = ﬁ(agag — ajas)
to make o] = a3 = 0.

(@) (a4 — 2a3)as # azag. Then choosing © = o (g — 2a3)as — aizag), we obtain the
family of representatives of distinct orbits (aVy + V4 + V5 + Vi) g0

(b) (a4 —2a3)as = azag and (e — az)as # agag. Then choosing x = a51a6 (g — az3) s —
a3ag), we obtain the family of representatives of distinct orbits (Vo + a Vs + Vi) axo.
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(©) (a4 — 2a3)as = agzag = (a2 — az)as. Then we obtain the family of representatives of
distinct orbits (V5 + V)20
(3) ar = ag = 0 and a5 # 0. Then o = o = 0, and we put y =
(a) ay # 2a3. Then choosing © = 0‘4;—520‘3, we obtain the family of representatives of distinct
orbits (aV1 + SV, + V4 + V).
(b) oy = 2av3 and as # 3. Then choosing © = QQQ;:S, we obtain the family of representa-
tives of distinct orbits (aV; + Vo + V5).
(¢) oy = 2a3 and g = 3. Then we obtain 2 representatives (V) and (V1 + V) depending
on whether a3 = a;a; or not.
(4) a7 = a5 = 0 and ag # 0. Then af = a7 = 0, and we puty = —%* and 2 = ig((ozz +

agzv

to make a3 = 0.

as3)ay — ajag) to make af = o = 0.

(a) g # . Then choosing x = O‘QQ;;‘“, we obtain the family of representatives of distinct
orbits (Vs + aV3 + V).

(b) ay = ay. Then we obtain 2 representatives (V) and (V3 + Vi) depending on whether
a3 = 0 or not. We will join (V) with the family (aV5 + V)40 found above.

(5) ay =as =as =0and ay # 0. Then o} = of = o = 0.

(a) as # —as. Then choosing y = —aita -, we obtain the family of representatives of
distinct orbits (aVy + V3 + Vi) 524 _q.

(b) s = —a3. Then we obtain two families of representatives of distinct orbits («Vy —
aVs + Vy) and (V; + aVy — aV3 + Vy) depending on whether ov; = 0 or not. The
family (aVy — V3 + V) will be joined with the family («Vy + V3 + V)5, from
the previous item.

Summarizing, we have the following distinct orbits:

<V1 + OéVQ — aV3 + V4> <CYV1 + /BVQ + V4 + V5> <OéV1 + /BVQ + ’)/V4 + V5 + V7>
(aV + BV, + V4 + v7> B)=0(=a.6) (aVi+ V3 + Vs)
(aV) + Vo + V;)0@)=0(=2) (7, 1 V;) (Vi+V7)
(aVa+ BV3 + V) (Vo +aVs + V) (aVy 4 Vi + BVs5 4+ Vi) g0
(Va4 aVs 4+ Ve)axo (Vs + V) (Vs)
(aV5 + V) (V)
They correspond to the following new algebras:
Néﬁ(a) : eje] =ex ejex =ey ejes3 = —aeq eze] = e3 eses = aey eser = (14 2a)es
N37(a,ﬁ) ;. erle] =ez ejex = qeq ese] = e3 egsea = ey ege3 = eq eze] = eq
N%S(avﬁa v) © €1e] = €2 €1e2 = Qqeq €21 = €3 ezea = fBeq
€2€e3 — €4 ese] = yeq €e3€e3 = €4
N%Q(a,ﬁ) : ele] —=ey ejex =aeq ezex = Bey ese] = e3 eze] = eq ezes3 = eq
N%O(a) : erle] =ez ejex = qeq ese] = e3 eges = ey ese3 = ey
N%l(a) : ele] =ex ejex = es ese] =e3 eges = ey eze3 = ey
N§2 : ele] —=ey ejex =ey ege] =e3 eze3 = eq
Ngg . eje1 —ey ejez =eyq ege] = e3 €3€3 = €4

N§4(o¢,b’) : eje1 —ey ejes =Pes eze] =e3 eses = aey eser = (1 —28)es




N§5(oz) : erle] —ez ejez3 =aes ese] =e3 eges = ey ezel = —2aey eszes = ey
N%G(a, B)pg+o : e1e1 =ez ezep =e3 eses = aey eses = ey ezel = ey ezex = ey
N§7(a)a¢0 : erle] =ex esel =e3 eses = eyq eses = aey eses = eq

Nég . ele] —ey ejez =eyq ege] = e3 eze; = —2e4 ezex =eyq

Ngg : eje] —ey ege] =e3 ese3 = eyq

Nio(a) ;. erle] =ez ege; =e3 eses = aey ezeo = ey

Nfu : eje] —ey ege] = e3 ezes3 = ey

N3o(, ) = Nyg(—av, 8) N (o) = Ny (—a)

1.6. 1-dimensional central extensions of ¢D;,. Here we collect all information about ¢, :

Algebra | Multiplication | Cohomology
008, | cep—er | DEn(€D5) = (=2 = (20— 1A, A, Aaa)
’ ener = hes | T (@00) = Hep(€Dy)  ([Aus] = 2[Au], [Acs], [Ase], [Ana])

Let us use the following notations

Vl = (/\ — 2)[A13] — (2/\ — 1)[A31] VQ = [Agl] V3 = [AQQ]
Vi = [Ars] — 2[As] Vs = [Ags] Ve =[Agy] V7 =[Ag]

Take 0 = >0 | ;V; € Hip (€D},). If

T 0 0
o= 1y x? 0] € Aut Q:CDM,
z A+ Dy 23
then
0 0 A=2)as+ oy a a* (A=2)a; +aj
o Qg fa % as ¢ = as 4+ Aa** ag o’
—2A—=1Dag — 204 ag oy -2\ —1Daj —2a; aof ak
where
a; = %(3$a1 —y(2a5 + ag) — 3zar)
a; = z(2’az + y(l + A)(ZCY?( = A) +ylas — az))) + z(z(as — agA) — y(as(A — 1)+
ar(A = 1)(A+1)? + as(2 + 3A +1%))))
o 22 (223 + zy(as + ag) (1 + \) + y2az(A + 1)?)
a = %(33@4 + yag(A — 2) + 3zaz(A — 1) + yas(2A — 1))
aif = z'(zas+yar(A+1))
af = at(zag+yar(A+1))
ar = 2bay



13

7
Hence, ¢(0) = (0*), where 6* = > «afV,. We are only interested in elements with

i=1
(o, s, v, cv7) # (0,0,0,0).

(1) ay # 0and A # —1. We may assume a; = 1. We put z = oy — %(2045 + )y to make
ay = 0.

(a) ag # «s. Then choosing y = —W we have of = 0. Now, if ag #
SADADortos) - thep choosing © = ag — (’\H)((A 1)0‘1+a4) we have the family of

represeiltatlees of distinct orbits (Vs + V3 + 7V5 + Ve + Vi7)rz—1421. Other-
wise, choosing * = a5 — ag we have the family of representatives of distinct orbits
<04V2 + 5V3 + Vs + V7>)\7g_1.

(b) ag = as and ay # (1 — A)ay. Then choosing y = — % and = = Vag+ (A= 1ay,
we have the family of representatives (a«Vy + V3 + V4 + V7)1, where («, 3) and
(¢, ) determine the same orbit if and only if («, 5) = (£, ).

(c) ag = as, ag = (1 — Aoy and a3 # . Then choosing y = —{=% and = = \/063 — a2,
we have the family of representatives (aVy + V3 + V7) A%£—1, where a and o' determine
the same orbit if and only if @ = +¢/.

(d) ag = a5, g = (1 — N)ay and a3 = a2. Then have two representatives (V7),._1 and
(V3 + V7)a2_1 depending on whether cvy = (A — 1)ay a5 or not.

(2) a7 #0and A = —1. We may assume a7 = 1.
(a) ag # 0 and ag # «a5. Then choosing ©* = «g, y = 3Cu—an)r ang , =

as—ag
(“4(20‘5+ag) _351(0‘5“6))36 we have the family of representatives of distinct orbits (Vs +

BVs+ Vs + Ve + Vi)a—_1, #1
(b) ag # 0,06 = a5 and a3 # «a?. Then choosing z = as, y =

2(a2—a3)
%, we have the family of representatives of distinct orbits (V3 + SV, +
5

Vs + Ve + Vi)e—1az1-
(c) ag # 0,06 = a5 and a3 = ag. Then choosing z = ag, y = a7 and z = 0, we have the
family of representatives of distinct orbits (aVy + V3 + V4 4+ V5 + Ve + Vi) a=_1.
(d) ag = 0 and a5 # 0. Then choosing z = a5, y = 3(2a5 — o) and z = (24 — 3a1)avs,
we have the family of representatives of distinct orbits («Vy + V3 4+ Vs + V)= 1.
(e) ag = 0, a5 = 0, ay # 27 and a3 # 0. Then choosing x = /oy — 204, y = —%
and z = oy, we have the family of representatives of distinct orbits (aV3 + V4 +
V) r=—1,050-
(f) ag = 0, a5 = 0, ay = 2a; and a3 # 0. Then choosing v = \/asz, y = —% and
z = ayx, we have the representative (V3 + V7)\—_1.
(g) ag =0, a5 = 0, oy = 2a; and a3 = 0. Then choosing z = «a;x, we have two represen-
tatives <V7> r=_1 and (V5 4+ V7),—_1, depending on whether vy = 0 or not.
(3) ay = 0 and ag # 0. We may assume ag = 1.

2
(a2t20105)7 g z =



(@) as ¢ {—%, A}. Then the system o = «j = 0 has a unique solution in y and z. Now,
if g # — ((QA_lgzsii‘ —2°1  then choosing the suitable value of x we have the family of
representatives distinct orbits (aV3 + V4 4+ 8V5 + Vi) Be{—1 ) Otherwise, we have

two families of representatives distinct orbits (aVs + Vi), 15 and (V3 + aVs +

V6)ag(—1 .} depending on whether as = %%l)m or not.
2
(b) a5 =\ # —% and oy # 2(127/\—’11)(11 Then choosing r = a4 + % and y = S‘A”jr“i’ we
have the family of representatives of distinct orbits («Vy+ V3 + V4 + AV + Vi) AL
(©)as = A # —3 and ay = % We put y = 24% to make of = 0. Now, if
3(A+1)%0q

ag # — 3“;;210‘1 then choosing x = a3+ =577, we have the family of representatives
of distinct orbits («Vy + V3 + AV5 + Vi), VAR Otherwise, we have two representatives

9A—1)(A+1)2a2

<)\V5—|—V6)/\¢7% and <V2+)\V5+V6>/\¢7% , depending on whether oy = —==3577

or not.

d) a5 = —% # A\. Then put y = 2oy and z = 2(0‘2_20‘4“_;;%”1(Ml)z)x to make o =
af = 0. Now, if g # —(A + 1)y, then choosing © = a3 + (A + 1)ay, we have the
family of representatives of distinct orbits (aV; 4+ V3 — V5 + V) »z—1. Otherwise, we

have two representatives <—%V5 + Vo) g 1 and (V; — %Vg, + Vo) s 1, depending on
whether ov; = 0 or not.

(e) as = —% = X and ay # —2a3. Then choosing x = a3 + 5* and y = 2ayx we have the
family of representatives of distinct orbits (aV; + Vs + V3 — 1V;5 4+ Vi), __ 1.

) as = —1 = A and ay = —2a3. Then we put y = —4asz to make a; = 0. Now, if

ay # 333 (a1 + 4as), then choosing 7 = \/042 — 3% (ay + 4as), we have the family of

representatives of distinct orbits («V; + Vo — §V5 + V) o 1. Otherwise, we have two

representatives (Vi — 3V5 + Ve),__1 and (—3V5 + V6>,\__,
a1 = 0 or not.

(4) a7 = a¢ = 0 and a5 # 0. We may assume «; = 1. Then the system o] = a3 = 0 has a
unique solution in y and z. Now, if 2cy 4 (2A — 1)a;; # 0, then choosing z = ay + (A — 3oy
we have the family of representatives of distinct orbits (« V3 + V, + V). Otherwise, we have
two representatives (Vs) and (V3 + V) depending on whether 2a3 + 3(A + 1)y = 0 or not.

(5) ay = ag = a5 = 0 and ay # 0. We may assume ay = 1.

@ A = (XN + D%ag + a3) + (A + 1)(A + 2) # 0. Then choosing y =

SO0 H)Qasz?)) TornoTy Ve have the family of representatives of distinct orbits

(
éOéVl + V5 4+ Vy4), where (A — 1)(A + 1)?a+ ) + (A + 1)(A +2) #0.
® A=A+ 1% +a3) + (A+1)(A+2) = 0. Then A # 1 and we have two

families of representatives of distinct orbits <aV1 + QD) —Da+A+2) V + V4>/\¢ and
1

depending on whether

1-X
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<04V1 +V2 +

first family will be joined with the family from the previous item.

, depending on whether a; = 0 or not. The

()\+1)(()\i ia+/\+2 v, +V4>
A£1

Summarizing, we have the following representatives of distinct orbits:

2
<aV1 + V- O Detd i) g, v4> o (VI BV2+ Vs 1Vs + Vi) o
(V1 4+ Vi = 3V5 + Ve)ro 1 (aV1+ BV + V)
<OéV1 + V3 - —V5 + v6>>\¢ 1 <V1 - —Vg, + VG>)\__l
(aVy+ V3 + Vi + AV5 + VG)A;,,é 1 (aVy+ V3 + Vs + V5 + Ve + Vi)r=1
O
(aVo+ pV3+V,y+V >>\7&a,f O-e:h) (aVy+ V3 + AV;5 + V6>)\7§—7
<CVV2 + BVg + ’)’V5 —|— Ve + V7>’y751 <05V2 + ﬁv?, + Vs + V7>
=0
(Vs + V3 + V) o0 (V2 + AV5 + Vi)t
<V2 + V7> <04V3 + V4 + V5>
<OJV3 +V4+ Vs + v6>5¢{ 1A} <C¥V3 + BV4+ Vs + Vg + V7>)\_,1 a#l
<OéV3 + V4 -+ V7>)\__1 a#0 <V3 —+ V5>
<V3 + aVy + V6>ag{ 1) <V3 + V7>>\7_1
(Vs) (aVs + V)
(V7)
The corresponding algebras are:
Ni, (A a)az eiel = ez erez = e3 ) ere3 = (a(A —2) + 1)eq
ese1l = Aes +eq egey = <)‘+1)(()‘1:i)a+)‘+2) e4 eser = (a(l —2\) — 2)eq
Nis(o, B) eler = eg e1ez = e3 eres = —2Fey ezer = —e3 + fes
esea = eq ege3 = —%e4 eze1l = 2aeq eses = ey
N, (@) ele; = e e1ez = e3 ere3 = — ey ege] = —ie3 + ey
egesz = —%64 ezel = 2aey ezes = ey
Ni;(\ a,B) eler = e2 eje2 =e3 eres = (a(A—2) + 1)es
eze1 = Aeg ezez = feq ezer = (a(l —2X) — 2)es
Nie()‘v a))\;é_% €1€e1 = ez ele2 =e3 erez = a(A —2)ey egel = Aes
egex = ey ese3 = 7%64 eze1 = a(l —2N\)es eszex =eq
Nj, ere] = eg ejes = e3 e1e3 = 7%64 ese] = 7%63
eges = —%64 ese1 = 2ey esex = ey4
Nis(\a,B)y, 1 ele; = ez ele2 = e3 eles = ey ese1 = Nes + aes
esea = ey eses = ey eze; = —2eq esex = ey
Nﬁg(a,ﬁ) e1e1 = es e1es = e3 eres = Bey
exel = —e3 +aeq  eze2 =eq e2e3 = e4
ese; = —20ey eses = €4 ese3 = ey4
NI (A o, B)ag—1 ere1 = ez e1es = e3 eres = eq eze1 = hes + aeq
esea = ey ese1 = —2e4 eze3 = ey
Ngl()\, 04))\#,% e1e1 = es e1es = e3 ese1 = ez + aey
e2e2 = ey ese3 = ey eses = ey4
N%g(k,a,ﬁ,v)ﬁl e1e1 = ez ejes = e3 ese; = Aes + aeq egea = ey
€2e3 = yeq €3e2 = eq e3e3 = eq
Ngg()\: 01718) ejep = ez ejez = e3 ese1 = Ae3g + aey
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egex = fBey eze3 = eq ezes = eq
T n — — —
Nz (A o)z : eile] =eg e1es = e3 egse1l = ez + aey
eses = ey eses = eq
Nés()‘)x;ﬁ—% : erel =eo eles = ez ese1l = \e3 +eq
ese3 = Aey eses = ey4
N‘516()\) : erel =eo eles = e3 ese1l = Aeg + eq ese3 = eyq
Ng7()\, ) : eiel =eg eles = e3 ele3 = eq ese1l = Aes
egea = ey e2e3 = €4 eze] = —2ey
Zs B — — — —
N58()\,a,,6’)#8€{7%‘)\} : erel = es e1e2 = e3 er1es = eq egel = Aes
eses = aeq eze3 = fBey ese1l = —2ey eses = ey
Niy(a, B)axt1 © eler =e2 e1ez = e3 e1e3 = feyq
ese1l = —e3 ege2 = ey ese3 = eq
ese1l = —2feq ezex = eq eze3 = eq
T B — — — —
Ngo(@)az0 : eile] =eo e1es = e3 e1e3 = ey ese1 = —e3
eges = ey ese1 = —2e4 ese3 = eq
Nél (N\) : elel =eo eles = e3 esel = Aes
€2€2 = €4 €2€3 = €4
s B — — —
Nga (A, O‘)ag{—%,A} : eilel =e2 ejex = e3 eze; = Aes
eses = ey ese3 = aeyq esex = ey
T B — — —
N5s : eje] = ea eje2 = e3 ege] = —e3
eses = ey eses = eq
Né4()\) : ere] =eo eles = ez esel = Aes eses = eyq
N‘és()\, ) : eile] =eg e1es = e3 ese1 = Aes
eses = aeyq esez = eq
Ng6()\) : erel = eo eles = e3 esel = Aes ezes = eq

N%O()" a, ﬁ) = Ng(](/\a —Q, 6) N§4(/\, a) = N§4<)‘7 —Oé)

2. THE CLASSIFICATION THEOREM

Theorem 2. Let N be a complex 4-dimensional nilpotent algebra. Then N is isomorphic to an
algebra from the following list:

@’Dg;‘ : eile] =eg
@@3’2‘ . e1el = €3 egen = €3
€©§§ : eilez =e3 ese1 = —e3
6931()\) : erlel = des ege] = e3 eseo = e3
Q:’Dgg : ejep =es3 eses = ey
Q’D?)g : elez —eq eze1 = eq
C’Dg; : eilez =e3 ege] = eyq egex = —e3
€®§§(a) : eile] —e3 e1ea = eyq esel = —aes egen = —eyq
6933(01) T elel =ey e1es = aey ese] = —aey
€2€2 = €4 €3€3 = €4
@Dzllé Lo erez =eé4q ejesz = eq ese] = —ey
eses = eq ese] = eq
Q'Dﬁ : eje] =eq elex = eq ege] = —ey ese3 = ey
[GokH : eilez —es3 ese1 = ey
@@%g : elel =eq elez = eg ege] = —es egea = 2e3 + ey
@9%2(04) T eles =ey ese] = aey ezea = e3
633‘11; T eles = ey ese] = —ey ezes = eq
D%O : eiel =eq elez = ey ege] = e3

€egeg = €3 €2€3 = €4
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T — — —
Dg, (M o, B) e1e1 = \eg + eq ejez = aey esel = e3
ezez = e3 ezes = feq ese1 = eq
Déz(z\, a, B) ere1 = Mes e1es = aey esel = e3
egep = eg eze3 = feq eser =eq
D33(>\7 a) erer = Aeg elje2 = eq ege1 = e3
eses = e3 ese3 = aey ese] = eq
T — —
D3\, @) ere1 = \es ese1l = e3 eses = e3
€ege3 = ey €3€1 = €4
Dés()\, ) ere1 = Mes e1es = ey ese1 = e3 + aes
eseo = €3 ese3z = Oey eze1l = Aey
Dg6()\, a) ere1 = \es e1ex = eyq ese1 = ez + aeyq
egeg = €3 eges @_164 €3€e] = €4
D37(A) ere1 = deg eseq e3 + Aeg egeg = €3
ege3 = Oey ese] = ey
Dgs()\) ere1 = \es ese1l = e3 + ey eseo = e3
eze3 = O ley eszel = e4q
Dgg()\, a) ele] = Mes e1es = ey4 ejes = aey
ese] = e3 eses = e3 ese] = eq
T — —
Diy(\ @) ere1 = \es ejez = aey esel = e3
€2€2 = €3 €3€1 €4
D‘ll1 A\, @) e1e1 = \es +eq e1es = aey ejez = —ey
ese] = e3 egey = e3 ese] = eq
D%Q(A, o) e1e1 = \eg +eq ejes = aey eze] = e3
egeg = e3 ese; = Oey esex = ey
D‘lls()\, ) e1e1 = \e3 + ey eje3z = aey esel = e3
exez = €3 ese1r = (1 —O)es ezez = eq
D4114()‘: a) erel = Aes eles = aeyq ese1l = e3
egex = e3 ese; = Oey esex = eyq
D%S(A, ) e1e1 = Aes ejes = aey esel = e3
egea = e3 ese; = (1 —O)ey esea = ey
T — —
Dig(e) eles = aeyq esel = e3 +eq egen = e3
ese; = eq eses = eq
D‘ll7(a) ele] = ey ejez = —ey ese1l = e3 + aey
€2€2 = €3 €3€1 = €4 €3€2 = €4
D‘llg()\, ) e1e1 = \es +eq e1es = Oaey esel = e3 eses = e3
e2e3 = aeq ese] = Oey ezex = eyq
D‘llg()\, ) e1e1 = \e3 + ey ere3 = (1 — O)aey esel = e3 eseo = e3
eses = aey ese; = (1 —O)es ezes = eyq
D%O(A, ) ejer = Aes eres = Oaey esel = e3 eseo = e3
eges3 = aey ese; = Oey ezex = ey
D%l A\ @) ere1 = Mes ere3 = (1 — O)aes esel = e3 eses = e3
eses = aey ese; = (1 —O)ey esea = eyq
D%2(>\) ere1 = desg + (1 —2)\)es elez = eq elez = (@ —1)es ege] = eg
eses = e3 egez = (1 — @71)64 eze1 = Oey ezeo = ey
D%S()\) ere1 = Aez + A(1 — 2N\ )eq ejeax = ey ejes = —\Oey ese1] = e3
eses = e3 esez = —O%¢y ezer = A1 — O)ey ezea = ey
D%4(A) e1e1 = ez + Oey eles = ey ere3 = (© —1)es ese1 = e3
egeg = e3 egez = (1 — @_1)84 eze] = Oey e3ez = e4q
D%S()\) erer = deg + A(1 — O)es e1es = ey e1es = —\Oey ese1 = e3
exes = €3 esez = —O%¢y ese1 = A1 — O)ey ezes = ey
D%G(A) ere1 = ez + Oey ejex = ey ejez = —BOey ese1] = e3
eses = e3 ese3 = —ey ese] = Oey eses = eq
D%7(A) ere1 = Aez + (1 — O)ey e1es = eyq ere3 = (© —1)es ese1 = e3
egea = e3 eges —ey esze] = (1 — @)64 eszex = eyq
D%S()\) erer = dez + (1 — O)ey e1es = ey e1ez3 = —BOey ese] = e3
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egeg = e3 ege3 = —ey ese1 = Oey eseg = ey
D%Q()\) eje] = des + Oey el1eg eq ejesz = (@ — 1)64 egel; = e3
eses = e3 esesz = —ey ese1r = (1 —O)es ezes = ey
D§O(A) ejer = \es +eq ere3 = (© —1)ey esel = e3 egeo = e3
ege3 = —ey ese; = Oey esex = ey4
D§1 \) e1e1 = \es +eq e1ez3 = —BOey esel = e3 egeo = e3
eze3 = —eyq eser = (1 — O)es ezea = ey
D§2()\) erer = Aes ere3 = (© —1)es esel = e3 eses = e3
eges = —ey ese; = Oey ezex = ey
D§3()\) ejer = des ejez = —Oey esel = e3 eseo = €3
exe3 = —eq ese1 = (1 —O)es ezez = eq
D§4 eje] = eyq eseq e3 + eq egeg = €3
€3€1 = €4 €3€2 = €4
D%S(A) e1e1r = Aes e1es = eq esel = e3 + ey eses = e3
D%G()\) ere1 = Aes ejes = eq esel = e3 eses = e3
D§7()\) ere1 = deg +eq e1es Oey ege] = e3
€2€2 = €3 €2€3 = €4
D%S(A) e1e1 = \es +eq ere3 = (1 —O)es esel = e3
€2€2 = €3 €2€3 = €4
D§9(A) ere1 = \es eje3 = Oey esel = e3
eses = e3 eses3 = eq
Dio()\) eje; = deg ere3 = (1 —O)es ese] = e3
€2€2 = €3 €2€3 €4
63331 ele] = eg ege2 = €3
@@%2 eje; = ez ege] = e3 eze2 = €3
@3333 eje] = ez ese] = e3
C”D&(A) ejel = es ejex = e3 ese1l = Mes
@935 ele] = eg ege] = eq eges = e3
@@%6 ele] = eg elez = eq eze1l = e3
6@37()\) ele] = es eles = ey esel = ey eses = e3
6938(04) eje] = ez eies = eyq esel = e3
ezex = aey eseq —2ey
@@gg eile1 = e2 er1eax = ey eje3 = ey
ege] = e3 egex = —ey esze; = —2ey
C”D%O(a) ejel = es ejex = e3 ejez = —ey
esel = e3 + es eges = Qqeq ezel = —eq
L’Z’D‘lll \) eje] = ez e1ez = e3 erez3 = (A —2)es
A#1 ese1 = de3g + eq ezea = —(A + 1)264 esze] = (1 - 2)\)64
QD%Q(a,)\) ele] = es e1es = e3 ere3 = (A —2)es
ese1 = \es eses = aey eser = (1 —2N\)eq
C’D‘l*g(a) e1e1 = es e1es = ey eje3z = ey4 ese1 = ey
a# % eses = aey ese1l = eq esez = (a+ 1)es
€07, (a, B) eje; = es ejex = ey ejez = aey ese1l = ey
eses = eq ese] = aey esex = eq eses = Beq
694115 (a) eje] = ez e1es = aey ejes = eq
eze; = (a+ 1)ey ese1l = ey
D4 ele] = e e1ex = ey eze1 = ey
ege3 = —%e4 esey = %64 eses = eq
G’Dﬁ(a) e1e1 = es e1es = ey esel = eyq
eses = aey esex = (a+ 1)ey
6'}3‘118(a) eje] = ez e1ex = aey eze1 = (a+ 1)ey eze3 = ey
G’D%Q eje] = ez ejex = ey ese] = ey
ese] = eq eses = eq
@9%0 eje; = ez er1ex = ey ese1 = ey ese] = eyq
633‘211 (o) eje] = eg ejes = aey ese1l = eq eges = ey



eses = eq ese] = aey esey = eq eses = eq
T T
D5, eler = e2 elez = 614 ege3 = —5e4
€3€1 = €4 €3€e2 = 5€4 €3€e3 = e4
€©§3(a) ejel = eg ejes = ey eses = aey
eze1l = eq esex = (a+ 1)es
T
€05, (a) eje] = ez eje3 = eq eses = ey
ese] = eq esex = eq ese3 = aey
@@%5 ele] = eg eijes = ey ege] = eq
ese] = eq esey = eq
€©§6(a) ejel = eg ejes = aey egeo = ey ese; = (a+ 1)eq
@5337 eijer = e2 e2e1 = ey e2e3 = eyq
€3€2 = €4 €3€3 = €4
T
CD5g(x) ejer = e2 exel = ey €2e2 = €4
a#1 eses3 = ey ezex = ey ezes = ey
T T
CD5g ele] = eg ege3 = —5€4 e3ex = seq eszes = eyq
@’D%O eje] = ez ege] = ey ese3 = ey ezes = eyq
€©§1 erer = e2 eoe3 = ey ese] = ey ezes = ey4
€935,(a) eiel = ez ege3 = aey esez = (o + Leq
€©§3 ejel = eg esel = eq e2e2 = e4 e3ze3 = e4
@33%4 ele;] = ey egex = ey ezes3 = ey
@9%5 eje; = ez egea = €4 ese] = eyq ezes3 = eyq
@’D%da) ejer = es esea = ey esea = ey eze3 = aey
€©§7 eje] = eg ejes = ey ese] = ey eses3 = eyq
@9%8 ele] = eg eges3 = ey eszez = eq
1
D39 ele] =e3 +e4 elez = zeq ele3 = ey eze1 = geq
egea = e3 egesz = —2iey ezel = 2eyq ezea = —ieyq
Q:@i() erjer =e3 +eq elex = %E4 ele3 = 7%64 ese1 — %64
i 1
ezez = e3 ege3 = —zeq ese1 = 5eq ezez = ey
D5, ele1 =e3 + ey elez = —geq eres = eq eze1 = —geq
esenx = e3 esez = —2iey ese] = 2e4 esex = —ieq
T T
CD7%s eje;1 =e3+eyq ejeq = 7%64 ejez = T§e4 egel = f%e4
esea = e3 ege3 = —seq eze1l = 5e4 ezea = seq
T
e9?13(04) eler =e3 +eq ejex = aey e1e3 = —5e4
ese] = aey esey = e3 ezel = 5e4q
T
€03, (e, B,7) ejer =e3 + aey ejea = ey eze1 = (B+v)es
€2€2 = €3 €3€1 = €4 €3€3 = €4
6935 ere1 = e3 + 2ieq elex = ey eze1 = eq €2e2 = €3
ese] = eyq esex = 1eq ese3 = eq
C”Dﬁ(i(a) eje1 = e3 — 2iqey ejex = aey ese1l = aey eges = e3
a#0 eze; = eq ezey = iea eze3 = eq
T
D5, (o, B) eje] = e3 +eq e1e3 = aeyq eses = e3
B#0 eze3 = fey eser = (a+ 1)es ezep = fey
@918(04) ere1 =e3 +aeq ege] = itaeyq eze2 = e3
a#0 ese] = ey ezex = iey eses = ey
C”Dﬁg(a) eje1 = e3 + ey ege1] = —iqeq esen = e3
a#0 ese] = eyq esex = ey eses = eyq
e:©§O(a) eje;] = e3 + aeq €2€1 = €4 €eg€eg = €3 eze3 = eq
G’}Dgl (a) ejer = e3 + aey egea = e3 eze1l = ey
ezez = iey ezes = eq
€©§2 eje; = ez +eyq egez = €3 €3€3 = €4
1 T T
CD55 ele] = e3 elex = —5eq eles = eq egel = 5eq
eze2 = €3 eges = iey ezel = eq ezeq = iey
€©§4(a) eje] = ez ejex = eyq ejes = aey ese] = ey
eges = e3 ezez = —i(a+ 1)eq ese1r = (a+ 1)ey ezex = —ioey
€©§5 (Ot) €1€1 = €3 €1€2 = e4q eles = aeyq
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€261 = €4 egex = e3 ese1r = (a+ 1)ey
€©§6 eje] = e3 ejeg = ey ese] = —eq eses = e3
ese] = e4 esex = ieq ese3 = eyq
€©§7(a,ﬂ) eje] = ez ejex = aeyq ese1 = (a+ B)ea eseo = e3
B & {0, —20} €3e1 = €4 egez = ieq eze3z = ey
69318 €1€1 = €3 ejes eq ege] = eq eses = e3
eze3 = ieq eze] = eyq ezes = iey
€©§9(a718) €1e1 = €3 ejes ey eses = e3
B#0 eses = fey ese1r = (a+ 1)es esex = feq
Do e1e1 = €3 ejez =ieq ezez = €3
eze3 = eyq esel (’L +1)es egzeg = (’L +1)eq
@@%1 (o) eiel =e3 elez = —taey eses = e3
€2e3 = aeq ezer = (1 —ia)es esez = (a+1i)eq
QQéQ ejelp = e3 ejes eq eses = e3
egeg = —2iey ezel = 2ey4 ezex = —ieyq
633%3 elel =e3 ele3 = —%e4 eser = €3
€263 = —%e4 e3el %64 ezey = %(34
@9?54(04) €1e1 = €3 e1es = aeq eges = e3 ese1 = (a+ 1)64
@9%5 (04) ele; = ey ele3 = aeyq eses = e3
a#0 ezer = (a+ 1)ey ezea = ieq
€©g6 ejelp = €3 eseq eq eses = e3
€2€3 = €4 esze2 eq
€©é7 €1e1 = €3 €2€9 es3 ezes = ey
@’Dég ejer =e3 +eq ejes ieq egeg = €3
€2€3 = €4 ezel = ieq eze2 = eyq
E@ég ele;] =e3 ele3 = ieq egea = e3
€2€3 = €4 eseq ieq ezea = ey
QQ%O €1€1 = €3 elres eq egey = eg ese] = ey
Qt@%l €1€1 = €4 ejez es eles = eq
ege] = —e3 eze] = —ey
¢©$2 €1€1 = €4 ejez = €3 eles = ey
€2€1 = —€3 €2€2 €4 €3€1 = —€4
633%3 e1e2 = e3 +eq e1es eq ege] = —es e3e] = —ey
@@?4(60 €1e2 = €3 eres = (a+ 1)ey ese] = —e3 e3e] = —aey
@}3%5 (o) ejez = e3 eres = (a+ 1)ey ese] = —e3
ege2 = eq ese] = —aeyq
@3%6 €i1ez2 = €3 eles = eq ege] = —es
€2€2 = €4 esel —eq
69%7 €1€2 = €3 ejes eq ege] = —es
eses = eq ezey = —ey
€D eles = e3 ele3 = eq eze1 = —e3
€2€2 = €4 €2€3 = €4 €3€2 = —€4
€"D%Q(O‘) ejeg = e3 + aeyq e1e3 = ey4 ese] = —e3
€2€3 = €4 e3e3 = eq
@@go elex =e3 +eyq eles = eq ege] = —es e3es = eyq
L’:’Dgl erjex = e3 +eyq ege] = —es eses = eyq
€©§2 e1e2 = €3 ejes eq ese1 = —e3
€2€2 = €4 e3e3 = eq
633;13(04) €1e2 = €3 ezeq —e3 eges = aeyq
a#0 e2e3 = €4 ezesz = ey
D3, ere2 = e3 ege; = —e3 ezes = eq eze3 = €4
69%5 €1€2 = €3 egel —es3 ezes = eq
€©§6 €ie2 = €3 €2€1 —e3 ege3 = ey ezex = —eyq
D57 (V) erer = Aez + (20 — 1)es erez = eq ele3 =e4 ezer = ez — (1 —0)2x"1ey
A #0, i €2€2 = €3 ezes @)\_164 eze3z = eq
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CDgs(N) erer = Aez + (1 — 20)eq elez = eq ere3 = eq ese] = e3 — O2X Leg
A 7£ 07 % €2€2 = €3 €2€3 e>\_164 €3€3 = €4
€D5(N) ere1 = ez + (20 — 1)ey e1e2 = eq ere3 =eq eser = ez — (1 — ©)2A"Tey
A#0, % €2€2 = €3 ege3 = (1 — @)/\_164 esze3 = eq
D50 (N) erer = Aes + (1 — 20)eq e1ex = ey eres = eq eze1 — es — O\ Leg
A #0, % exex = e3 ezez = (1 —O)A"ley ezes =eq
€05, (A, a) erer = Xez + (20 — 1)ey elez = eq eles = aey
A #0, i €2€1 = €3 — (1 — 9)2/\7164 eg2€eo es eses3 = eq
€D5,(X, @) ere;1 = dez + (1 —20)ey elex =ey4 elez = aey
A#D0, i ege; = ez — 022" ley egex = e3 ezes3 = ey
@333(&) €1e] = eq eje2 = e4 ejes = aeq ege] = e3 +eq
€2€2 = €3 ez€e3 aeyq €e3e3 = eq
6934(047@ €1€e1 = €4 elrez = eq ele3 = aeq
a#0 exel = e3 + fey egegy = e3 ezes = ey
6935 (o) €1€1 = €4 €1e2 = e4 elesz = aeq ese] = ez
eses = e3 eses = aey eses = ey
D56 (a) ejel = ey e1er = ey ese1 = e3 + aeq
€2€2 = €3 ezes3 eq e3es eq
6937()‘) eie1r = Aeg e1ez €4 ejes = Oey egel es3 —eq
€2€2 = €3 €2€3 €4 €3€3 = €4
D55 () erer = Aes elez = e4q ejez = (1 —O)ey eze] = e3 — ey
A# 3 egex = e3 ege3 = ey4 eses = ea
@939(04) €1e2 = €4 eles = eq ege] =e3 —ey
a#1 ezes = €3 e2e3 = aey ese3 = eyq
69‘1100(04) €ire; = ie?) elez = eq eles = aeq ege] = e3 —ey
ad {07 %} €2€2 = €3 ege3z = 2aeq eses3 = eq
€5)11101(045) €1€2 = €4 el1e3z = oeq ese1] = e3
ezex =e3 ezez = Pey eze3 = es
€D7p2 (A, @) erer = Aeg e1ex = eq ese1 = e3 —eq
A#0 egeg = e3 eges3 = aey eses = ey
6941103 €ie2 = €4 €2€] = €3 — €4 esez = e3 eses3 = ey4
QQ%M €1€3 = €4 eze] = e3 +eq ege2 = e3
ege3 = eq eses eq
€DTp5(\, @, B) ere1 = Xes eles = eq €261 = €3 + aey
A#0,a#0 ezes = €3 eges = ey ese3 = eyq
CD7g6(e) elez = eq ese1 = eg + aeq eses = e3 eses = ea
€07y, (N) ere1 = Aes eres = Oey ese] = e3
€2€2 = €3 €2€3 = €4 €3€3 = €4
D705 (V) ere1r = Aes eres = (1 — O)eq eze1 = e3
A {O: %} €2€2 = €3 €2€e3 = e4q esesz = eyq
Qt911109(>‘7 O‘) €1er = >\€3 egel e3 +esq
eses = e3 eses = aey eses = ey
€D7,,(N) erer = Aeg eze1 = e3 egex = e3
€2€3 = €4 e3es eq
D1, (V) eie1 = Aeg esel = e3 eseo = e3 e3ze3 = ey
D75\, B,7) ere1 = ez +eq ere3 = aey ese1 = e3 + Bea
€2€2 = €3 €2€3 = 7Y€4 €3€3 = €4
Nél (o) eler = ez el1ex = aeq erjes = ey
€2€] = €4 egeg = e3
NéQ(a, B:7,90) €1€1 = €2 eje2 = aeq elesz = yeq ege1 = ey
exe2 = e3 eze3 = dey esex = ey ese3 = ey
Né3(a) ele1 = es e1es = aey eje3z = ey4
egeg = e3 eses = ey
N34(047/3,’Y) eie; = e2 €1ez = Qeq ejes = yeq ese1 = ey
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€2€2 = €3 ege3 = eq ezesz = eq
Né5(a’ B) €1él €2 ejez = ey el1es = ey
eze1 = PBes egex =e3 ezes = ey
Née(a) ele] = eg eles = aeyq ese] = ey
€262 €3 eze3 = eq
Né7 ele] = e2 ejex = ey ejes = ey egen = e3
Nig(a, B) €11 = €2 elez = e4 ere3 = Pey
ege1] = aey esea = e3 esel = eq
Nég(av B) €1er = €2 €e1€eg = oeyq elez = 664
€2€2 €3 €2€3 = €4 €3€1 = €4
N‘ll0 eler = ez er1ex = ey eoeo = €3 ege3 = €4
N1, €1€1 = €2 €1€2 = €4 €€z = €3 ese3 = eq
N%Z(a) €1€1 = €2 eljes = aeq ege] = eq
egex = e3 esel = ey
N%B(a» B:7) €1e] = €2 ejes = ey ese] = aey eses = €3
eses yeq ezel = e4 €3€2 = €4
N4114(a7 B) €1€1 = €2 eljesz = ey ese1 = ey
egep = eg eze3 = feq eze2 =eq
N‘115(0‘) ele] = e ege] = eq eses = e3
€2€3 = Q€4 ezez = ey
Nzllﬁ(a) €1el €2 ejes = aeq egeg = €3 eze] = ey
N7, eje1 = e2 ejez = eq ezeg = e3
N‘118 €1€e1 = €2 egeg = e3 ege3 = ey
N%g(a) €ie1 = €2 exe = e3 eses = aey ezes = ey
N%O €1€el €2 egeg = €3 ezes = ey
N3, (a, B) ei1el = ez ejez = aeq eles = ey
eze1 = e3 + PBey egez = eg
Ng2(av 577) €1€1 €2 e1es = aeq ejesz = yeq
exe1 = e3 + Beyq ezez = e3 ezel = ey
N%3(a7677) €re] = e2 elez = aeyq ejesz = fBeq ese] = e3
€2€2 = €3 ege3z = eq esel = yeq
Ny (a, B,7,0) €1€1 = €2 erez = ey eze] = e3 + aeq ezex = €3
ezes = deq eze1 = veq e3en = ey
N5 (o 8,7,6,¢) €ie1 = €2 €1e2 = aeq eze; = e3 + Pes ezez = e3
eses = dey ese] = yeq eseq = gey eses = ey
N%G(a) €1e1 = e2 eljex = ey ejez = —aey
exe] = €3 e2e2 = aey ese1 = (14 2a)eq
N§7(a» B) €1él €2 ejez = aeq ese] = e3
egey = PBes ege3 = ey ezel = es
N%s(a, /877) ejel €2 ejez = aeq eze] = e3 esea = ey
€2€3 = €4 €3€1 = 7e4q €3€3 = €4
N%Q(av B) €1€é1 = €2 elrez = aeyq egen = ey
€2€1 = €3 €3€1 = €4 €3€3 = €4
Néo(a) €€l €2 ejez = ey ege1] = e3
€2€2 = €4 €ege3 = eq
N§1 (a) €1€1 €2 e1e2 = ey ege] = e3
€2€2 €4 e3e3 = eq
N§2 ele] = eg ejex = ey ege] = e3 ege3 = ey
N§3 ele] = eg elez = eq egel = e3 eze3 = eyq
N§4(a7 /B) €1€1 €2 ejes = ey ege] = e3
ege2 = ey eser = (1 —2P)es
N§5(0‘) ei1er = e2 ejes = ey esel = e3
€2€2 = €4 esze] = —2aeq esex = ey
Née(a’ﬁ) eie; = ez ege; = e3 esey = aey
B#0 egez = PBes ezel = eq ezex = ey
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esey = eq
= ege; =e3 2€2
N§7(a) e1e1 = es e e
a#0 eses3 = aey e —
ele] = eo
Ngs ; eszes = eq
p— el =e3 eges = eq
e —
e - ese3 = aey eses 4
Ngg . €2€1 €3 2
() o ese] = e3 eses = eq

f — e3 = (a(A—2)+ 1)es
Nil eiel e —— - o
N1, (A ) eje;] = ez ()\_‘_1)(()\2_1)&_”\4_2)64 erer —

22N, egen = T ; T
A#1 ese] = ez + eq — _7(164 —

e es -
I B8) ele] = es ere L el oo 641
N43(047 _ €2€3 = —5€4 S e
P— €1€2 €3 €1e3 = —5 €4
: e =2 esey = eq
¢ e aeq
Ny () ege3 = —%64 esel T
cscn — B 1—2X) —2)es
Nl eaer — A Bea ezer = (o =

45N @ esel = Aes egen e A

ele es =)

I A ) eje;r = e 1€2 716 ese1 = a(l 72)\)64 eses 41
N46( , QU =ey ezes 564 — e = Te
)\76 7% e eles = e3 eles = —3

el = ez “
N37 eirel 1 e3e1 = 2e4 esen R
ezez = —5eq e e ;
_ - =— esey =
Nis(A a,B) e e eses = Aes esel = —2ey4
Lo e erez =e3 ejes = feq
N4 (OZ’B) e 2 €9€9 = e4 €2€3 = €4
0 e1 = —e3 + aes oo
ci Py — e ese] = Aes + aey
P _2664 €1€2 €3 €1€3 = €4
N5,(A\ a, B) ele1 = e - e = e
= cac2 — s e1es = e3 ege] = Aes + aey

: cvn —on e esex = eq
N51()\’10é) eses = ey eges Aeq T —
e ; ejez =e3 2€e1

H «a ele] = eo - a1 7
N52()" 7187’7) eres = ea P . 2= )\63 +ae4

1 2€3 Lt

- = eles = e3 =)

N (A o, B) ele] = ez cae e a1 =
e er1eax = ez ese1 = Ae3 + aey
€1€1 = €2

N2 O\« e e

54(7 ) egeg = €4 3e3 eel:)\63+64
A ; e ejez =e3 2

eje; = ez

N (V) e = s _

2 : s e ege1 = Ae3 + ey eses 4
5} Ey = e = ege1 = e
N46()\) ele] = eg e e

5 _ = —2e

eacn — o €3€1 = 4

N§7()\’ . = P — = ese; = Aes

— e es eles = eq
e =)

5 ) eler = ez 1€2 e e = X

N58(A7a7ﬁ B . /864 -
1A eges = aey wh - 2

ﬁg{fgy — pp—— =

N (e, ) e1e1 = ez - cres =

a#l esel = —e3 o S ;

ese] = —
e — ejez2 =e3 eje3 = eq 2€e1

Néo(a) eler = ez e oo

L e ejes = ez eze] = Aes

Ngl()\) eje; = ez e
— er1ex = e3 ese1 = Aeg

Ng(h, @) ele] = ez cee=cs e =

L egey = eq e

i 262_62 ejez =e3 2€e1
ere] =

Ns e eq _

. P 6363 es eze] = Aes eses3 = ey

e1eg
o ege1 = e

Ng4()\) el = e2 eles = e3
ele] =

N (A, @) 1
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eges = aeyq ezex = ey

NgG()\) : eile] =eo ejes = e3 ese1 = Mes eze3 = ey

All of these algebras are pairwise non-isomorphic, except for the following:

D¢, (X, 0,8) 2 D3,(A,0,8) 2D, (X, 8), D&\ a,0)ax_1 2D\ a,0) = D3 () a), 01(,\ —1,0) 2 D%, (), 0),
D33(x\, 0) = Dég(/\v 0), D33 ()\, (1- 9)71))\;50 = D35()‘7 0)A¢07D33 ()‘v 971) = Déa@‘vo)v D04(>\70) = Dil (A,0),
D35(1/47 a) = D36(1/4’ a), D87(1/4) = Dé8(1/4)’ D85(0u a) = Dé7(0) = D%s(o) D%zs( = DZL (0),
DAILQ(A’ 0) = DAILS(A’ 0)7 D4112(1/47 a) = D%3(1/470‘)7 D%?(Ova)cwé*l = D4114(07 a)7 D12(0 _1) D 7(0)7
DZIIS()“ 0) = DZIIQ()‘u 0)’ D4114()‘1 0) = D%O()‘v 0)1 D%4(1/4’ a) e D%5(1/47 a)7 15(>‘ 0) D%l ()‘ 0)
D%8(1/470‘) EDLILQ(]'/Z’LO‘): D%S(Oro) %D%Q(O) %D%4(O), D%8(1/4771) = D%9(1/4771) %D%O(l/4) E]:)41’1’1(]'/4)7
D%o(l/‘l: a) = D§1(1/47 a), D%o(l/‘l’ -1)= D§1(1/4, -1 = D§2(1/4) = D§3(1/4)7
D3, (1/4) = D3;(1/4) = D5, (1/4) = D35(1/4) = D56 (1/4) = D3, (1/4) = D3g(1/4) = D3g(1/4),

D;(1/4) = Di(1/4), Dy(1/4) = Dy (1/4).

0
4
1

D5 (a) =2 D5 (—a) €D (a, B,7) 2 €D (o, =B, —7)  €DE7(a, B) = D7 (ar, —B)
€53%0(0‘) = C:Déo(_o‘) CC94514(0‘) =D 54(_04 - 1) @3%7(0‘7 B) = C©é7(04 +8,-8)
€'D§9(a,ﬁ) = @@‘ég(a, -B) €©31(>‘7 a) = @3910‘ —a) ({@‘9‘2()\, a) = QQ%Q()V —a)
@333(0‘) = CC033(_04) CC934( ,B) = @394( @ /3) @335(0‘) = C@éS(—a)
€D7gp(a) = €DYpg(—a) @3101(0‘ B) = €©101( -B) D9 (A, @) 22 €D (A, —r)

D15\ a,8,7) = €D\, —a, ,—7)
@3411120\:0475’ ),@@‘1112( (v aﬂ)\/ﬁ,; —5,(*—% B7) ﬁ),if}\#&ﬂiﬂ%&\
NéQ(av B»'Yv 5) NéQ( (a B 7)76) 04(a7ﬁ77) = N34( (a7ﬁ77)) N35(Oz,ﬁ) = Ngs(%(aug))

N%g(avﬂ) = N%g(_avﬂ) N§1(O¢) = N§1(_0‘) Néo(%m B) = N‘éo(% —a, f)
N3, (A a) 2 N3 (A, —a)

3. APPLICATIONS

3.1. The algebraic classification of 4-dimensional nilpotent Lie-admissible algebras. The variety
of Lie-admissible algebras is defined by the following identity

[[I,y], Z] + Hy7 Z],J}] + HZ7 I]a y] =0,
where [z, y] = zy — yx. Lie-admissible algebras satisfy the following fundamental property: under

the commutator multiplication each Lie-admissible algebra is a Lie algebra.

Corollary 3. Let A be a complex A-dimensional nilpotent Lie-admissible algebra. Then A is isomor-
phic to an algebra from the list given in Theorem 2}

Proof. Thanks to [15] each 4-dimensional nilpotent anticommutative algebra is Lie. Hence, each
4-dimensional nilpotent algebra is a Lie-admissible algebra.

O

3.2. The algebraic classification of 4-dimensional nilpotent Alia type algebras. Let A be an al-
gebra with a certain bilinear multiplication (z,y) — xy, which we call standard. Let us define

T(z,y,2,P) = P(lz,4],2) + P(ly, 2], ) + P([z, 2], y)

where [z, y] = xy —yx and P is a bilinear multiplication on the same vector space. Now we are ready
to introduce Alia type algebras, which appeared in [9,|10]:
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(1) the variety of 0-Alia (also known as O-anti-Lie-admissible) algebras is defined by the identity
T(z,y,2,P) =0, where P is the standard multiplication;

(2) the variety of 1-Alia (also known as 1-anti-Lie-admissible) algebras is defined by the identity
T(x,y, z,P) = 0, where P is the Jordan commutator multiplication P(x,y) = xy + yx;

(3) the variety of two-sided Alia (also known as anti-Lie-admissible) algebras is defined by the
identities T(x,y, z,P1) = 0 and T(x,y, 2z, P3) = 0, where P; is the standard multiplication
and P, is the opposite multiplication.

Corollary 4. Let A be a complex 4-dimensional nilpotent 0-Alia (1-Alia, or two sided Alia) algebra.
Then A is isomorphic to an algebra from the list given in Theorem|2| except

Q:QZ%Q - Q:QZSLEN Q:QEL? - 9:9211127 N%En N§87 N%97 Ngl? N§3> lell? Ni9> NéOO‘ 7£ 1)7
N§2(/\ 7é 1)7 Néii()‘ 7& 1)7 N§4(A 7& 1)7 N§6()\ 7£ 1)7N§97N30?Ng37Ng6(/\ 7é 1)

Proof. After verification, we have that all 3-dimensional nilpotent algebras are 0-Alia, 1-Alia, and
two-sided Alia. Analyzing the cocycles on 3-dimensional algebras we see that the subspaces of 0-
Alia cocycles, 1-Alia cocycles, and two-sided Alia cocycles coincide and are listed below.

Algebra Cocycles
€051, €054 (1), €051, €0 (Aiji<ij<s
QXDSQ? ¢©837 CCD84()‘ #1), Qt@g;n QYDSZ <Aij>1§i,j§3;(i,j)7é(3,3)

It remains to choose the algebras from Theorem [2] that are determined by Alia cocycles.
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