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OF A FAMILY OF SUBALGEBRAS OF THE WEYL
ALGEBRA
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ABSTRACT. For each nonzero h € F[z], where F is a field, let Ay be
the unital associative algebra generated by elements x,y, satisfying the
relation yxr — xy = h. This gives a parametric family of subalgebras of
the Weyl algebra A;, containing many well-known algebras which have
previously been studied independently. In this paper, we give a full
description the Hochschild cohomology HH® (A},) over a field of arbitrary
characteristic. In case F has positive characteristic, the center Z(Ay) of
A}, is nontrivial and we describe HH®(A},) as a module over Z(Ay). The
most interesting results occur when F has characteristic 0. In this case,
we describe HH® (A,) as a module over the Lie algebra HH'(A,) and find
that this action is closely related to the intermediate series modules over
the Virasoro algebra. We also determine when HH®(A) is a semisimple
HH'(A.,)-module.

1. INTRODUCTION

Given a field F and a nonzero polynomial h(z) € Flx], let Aj, be the unital
associative F-algebra with two generators x and ¢, subject to the relation
gx — 2y = h. The aim of this article is to describe the structure—given by
the Gerstenhaber bracket—of the Hochschild cohomology spaces HH®(Ay)
as Lie modules over HH(A},).

The family A, parametrizes many well-known algebras, which we study
simultaneously. For h = 1, we retrieve the first Weyl algebra A;. Other
particular cases have attracted attention, such as A,, which is the universal
enveloping algebra of the two-dimensional non-abelian Lie algebra and A2,
known as the Jordan plane, which is a Nichols algebra of non diagonal type.
More generally, taking h = 2™ with n > 3 and setting x in degree 1 and g
in degree n — 1 then, as observed by Stephenson [11], Az» is Artin-Schelter
regular of global dimension two, although it does not admit any regrading
so that it becomes generated in degree one.
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It is well known that the Weyl algebra is the algebra of differential oper-
ators over the one dimensional affine space, where x acts by multiplication

and y corresponds to the usual derivative a%' Of course, replacing this last

action by h - 8% for any fixed polynomial h(x) € F[z] also corresponds to a
derivation. If h = 0, the derivation would annihilate everywhere, so we will
not consider this case.

There is an embedding of Ay in A; given by = — z, § — yh, as in [2,
Lem. 3.1]. We will thus henceforth take § = yh and consider A, as the
unital subalgebra of the Weyl algebra A; generated by x and ¢ = yh, where
[y, z] =1 and [y, 2] = h.

The paper is organized as follows. In Section 2 we prove a few technical
lemmas about commutators, while in Section 3 we construct the minimal
resolution of Ay as an Ap-bimodule. In particular, this allows us to give an
explicit description of HH?(Ay) in positive characteristic. The aim of Section
4 is to complete the construction of a contracting homotopy for the minimal
resolution, and in Section 5 we recall the method developed by Sudrez-
Alvarez [12] to compute the brackets [HH(A), HH"(A)] for any associative
unital algebra A. This allows us to obtain in Section 6 the main results of
this article: the description, in characteristic zero, of the Lie structure of
HH®(A;) as an HH!(A,)-Lie module.

Below we summarize, in simplified from, the main results of the paper.

Theorem A (Theorem 3.22). Assume char(F) = p > 0 and let Z(Ap)
denote the center of Ay. Then HH?(A) is a free Z(Ay)-module if and only
if ged(h,h') = 1. In this case, HH*(Ay) has rank one over Z(Ay) and,
moreover, HH®*(Ay) is a free Z(Ap)-module.

In positive characteristic, an explicit description of HH?(A},) is given in
Theorem 3.19, although this is a bit involved. On the other hand, in char-
acteristic zero, HHQ(Ah) can be presented as a space of polynomials.

Theorem B (Corollary 3.11). Assume char(F) = 0. There are isomor-
phisms

HH?(Ap) 2 Ay /ged(h, ')A, 2 D3],
where D = (F[z]/ged(h, V)F[z]). In particular, HH*(A) = 0 if and only if

h is a separable polynomial; otherwise, HH2(Ah) is infinite dimensional.

The Hochschild cohomology HH®*(Ag,) = @,,5o HH"(Ay) can be made into

a Lie module for the Lie algebra HH!(A},) of outer derivations of A, under
the Gerstenhaber bracket. By the Hochschild-Kostant-Rosenberg Theorem,
under suitable assumptions, this bracket is the generalization to higher de-
grees of the Schouten-Nijenhuis bracket. In our setting this is especially
interesting in case char(F) = 0 and gcd(h, k') # 1 as then the description of
HHL(A}) is related to the Witt algebra and, as we shall see, the HH! (A,)-Lie
module structure of HH?(A},) can be described in terms of the representation
theory of the Witt algebra.
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Theorem C (c¢f. Theorem 6.19). Assume that char(F) = 0 and ged(h, h') #
1. Let my + 1 be the largest exponent occurring in the decomposition of h
in F[x] into irreducible factors. The structure of HH?(Ay) as a Lie module,
under the Gerstenhaber bracket, for the Lie algebra HHY(Ay) is as follows:

(a) There is a filtration of length my, by HHY(Ap)-submodules

such that each factor P;/Pii1 is semisimple.

(b) The irreducible summands of each P;/P;11 can be naturally seen as
obtained from intermediate series modules for the Witt algebra, un-
der a suitable finite field extension of F.

(c) HH?(A}) has finite composition length, equal to the number of irre-
ducible factors of ged(h, h'), counted with multiplicity.

(d) HH?(A}) is a semisimple HHY(Ay)-module if and only if h is not

divisible by the cube of any non-constant polynomial.

It is noteworthy that, in case F is of characteristic 0 and algebraically
closed (so that each irreducible factor of h is linear and the corresponding
factor algebra of F[z] is isomorphic to F), then from this theorem and previ-
ous results obtained in [1] we can recover the number of irreducible factors
appearing in h and the corresponding multiplicities. More specifically, let
A(h) denote the partition encoding the multiplicities of the irreducible fac-
tors of h. We can conclude that if A(h) and \(g) are different partitions,
then Ay, is not derived equivalent to A,.

We now fix some definitions and notation. Given an associative algebra
A and elements a,b € A, we use the commutator notation [a,b] = ab — ba.
The center of A and the centralizer of an element a € A will be denoted
by Z(A) and C4(a), respectively. An element ¢ € A is normal if cA = Ac
(an ideal of A). We remark that the set of normal elements of A forms a
multiplicative monoid.

Given a two-sided ideal I of A, we will write a = b (mod I) to mean that
a — b € I. This yields an equivalence relation on A with the usual stability
properties under addition and multiplication. If J is another ideal such that
J C I, then obviously a = b (mod J) implies a = b (mod I). In case I = cA
for some normal element ¢ € A, we also use the notation a = b (modc).

Unadorned ® will always mean ®p. For any set E, 1p will denote the
identity map on E. Given f € F[z], f*) stands for the k-th derivative of
f with respect to x, which we also denote by f’ and f” in case k = 1,2,
respectively. If f, g € F[x] are not both zero, then we tacitly assume that
ged(f,g) is monic.

An infinite-dimensional Lie algebra which plays an important role in the
description of HHY(A) is the Witt algebra. A confusion with terminology
may arise here, since the term Witt algebra has been used in the literature
to mean two different things: the complex Witt algebra is the Lie algebra of
derivations of the ring C[z*1], with basis elements w,, = Zan%7 for n € Z;
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while over a field K of characteristic p > 0, the Witt algebra is defined to
be the Lie algebra of derivations of the ring K[z]/(2P), spanned by w,, for
—1 < n < p— 2. Here we are considering a subalgebra of the first one
(defined over the field F):

(1.1) W = spang{w; | i > —1},

equipped with the Lie bracket [wy,,w,] = (n — m)wy4n, for myn > —1. It
is easy to check that if char(F) = 0, then W is a simple Lie algebra (cf. [1,
Lem. 5.19]). For the sake of simplicity and in accordance with the usage in
[1], we will abuse terminology and refer to the algebra W defined above as
the Witt algebra. To make the distinction clear, we’ll call the Lie algebra of
derivations of F[z*!], with basis {w;}iez, the full Witt algebra.

A related Lie algebra of utmost importance in theoretical physics is the
Virasoro algebra, denoted by Vir. It has basis {w; | i € Z} U{c} over F, with
bracket

m3—m

12

for all m,n € Z. We will see in (6.21) that the composition factors of
HH2(A,) can be naturally embedded into irreducible modules for the Vi-
rasoro algebra. These are the so-called intermediate series modules and it
is a result of Mathieu [8] that a Harish-Chandra module for Vir is either
a highest weight module, a lowest weight module or an intermediate series
module.

[c,Virl =0 and [wp,w,] = (0 — M)Wmin + Imtn,0 ¢,

Acknowledgments: We thank Ken Brown for asking us questions moti-
vating the topic of this paper. We would also like to express our gratitude to
Quanshui Wu for kindly providing an argument confirming our conjecture
on the description of the Nakayama automorphism of Ay,.

2. SOME TECHNICAL RESULTS ON COMMUTATORS

In this short section, we gather some technical lemmas about commu-
tators in Ap. We will need several additional results on centralizers and
commutators in Ay, from [2], which for convenience we combine below.

Proposition 2.1 (¢f. [2, Lem. 3.4, 5.2, 6.1, 6.3; Prop. 5.5, 6.2; Thm. 5.3]).
Let 6 : Flx| — F[z] be the derivation defined by 6(f) = f'h for all f € Flz].
(a) We have the following formula for computing in Ap:

(2.2) §"f = ;0 (j) o (f)g"

(b) Ay, is a free left F[x]-module with basis {hiyi}po.

(c) If char(F) = 0, then Z(A) = F; if char(F) = p > 0, then Z(Ay,) is
the polynomial algebra in the variables xP and hPyP.

(d) The centralizer Ca, (z) is generated by Flx] and Z(Ap).
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(e) Ay is free over Z(Ay) and over Ca, (z). If char(F) = p > 0, then
p—1

p—1 —
A= P Z(An)z'hy = D Ca, (x)h7y’
i,j=0 =0

(£) [An,Ap] € hAy. If char(F) = 0, then [z, Ap] = [§,An] = [An, Ap] =
hA),.

Lemma 2.3. For any 0 # h € Flz], [Flz], Ap] = [z, As).

Proof. If char(F) = 0, then the claim follows from [z,Ap] = [An, Ap], by
Proposition 2.1.

So assume char(F) = p > 0. By [2, Lem. 6.3] and Proposition 2.1, we
know that

p—1

[z, Ap] = @hcA )Wy and Ay = €D Ca, (z)h7y’
7=0

Given f € Flz], c € CAh(:L') and 0 < j < p— 1 we have, using (2.2):

J . J .
ey, f] = chily, f) = ey (‘2) 1O =n3, @ PO

k=1 =1
So, [chiy?, f] € @5 hCh, (2)hiy) = [z, Ap]. O
Now we can characterize the subspace [z, Ap] + [¢, Ap] in case char(F) =
p > 0.

Lemma 2.4. Assume char(F) =p > 0. The following hold:
(a) forall z € Z(Ay), f € Flz] and 0 < j < p—2, we have

[9,2fh7y7] € [x,Ap]  and [§, 2fhP" yPl = zhf AP TyP L

p—
(b) [x, An] + [§, An] = EB Z(An)ha'hiyl
O P

(c) hAL = ([z, An] + [, An]) @ hZ(Ag)z?~ ThP~1yP~t,

Proof. For the first part of (a), if suffices to show that [7, fh/y’] € [z, As]
for all 0 < j < p—2, as the latter is clearly a Z(Ay)-module. Since § —hy =
B’ € Flz] and [F[z],Ay] = [z, Ap], we need to prove that [hy, fh/y7] € [z, Ap].
Moreover,

[hy, fhly’] = [hy, fIW'y + flhy, Wy} = hf'By’ + flhy, B7y]
and hf'hiyl € [z, An], so we are left with showing that [hy, h/y’] € [z, An).
This is clear for j = 0,1, and for 2 < j < p — 2 we have, using (2.2):

[hy, hWy?] = [hy, K]y’ + W [hy, y] = Ry + B [h, ']y
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i, i,
— i pdad  pi I\ k), j—k+1 _ 33 I\ g k), j—k+1
R Wiy hz<k>h y hz<k>h y
k=1 =2

j—1

_ J 01 (1) 041, ¢
= — h hY h .
; (f— 1) !

This proves that [§, zfh/y’] € [z, Ay] for all z € Z(A,), f € F[z] and 0 <
J<p-—2.
Now notice that, since h?, y? € Z(A;), then

(2.5) P LyP=Lg = WP~ LyPh = WPyP = yhPyP~t = grP1yP
so [§, P~ 1yP~1] = 0. Thus, for z € Z(A) and f € Flx] we have

[9, 2 fRP TP = 2[g, SIRP TN yP T = 2hf R P,
which finishes the proof of (a).

d = :
Since Z(Ap)h - im <d> P lyp=t = @Z(Ah)hxlhpflypfl, (b) is also
x
=0
established and (c) follows from (b), by Proposition 2.1. O

3. MINIMAL FREE BIMODULE RESOLUTION OF Ay

For simplicity, throughout the remainder of this paper, we denote Ap
simply by A, reserving the notation Ay for situations in which we want to
emphasize h or make particular choices for h, e.g. when referring to the Weyl
algebra A;.

In this section, we construct a free resolution of A as an A-bimodule or,
equivalently, as a left A®-module, where A* = A ® A°? is the enveloping
algebra of A and A° is the opposite algebra of A.

We will follow the approach in [4]. Let V = Fz&Fy be the vector subspace
of A spanned by = and ¢ and let R = Fr be a vector space of dimension 1.
Consider the following sequence of right A-module maps:

(31 0— ARR®A 25 ARVeA *> A®A*> A — 0.
-z - - Xeoo

-
St So S—1

The maps i, dg and dy are in fact A-bimodule maps, whereas the mapss_1,sg
and s; are just right A-module maps. We describe them all below, except
for sy, which we discuss only in Section 4:

1 is the multiplication map;

e h(l1®v®l)=v®l-1®vforalveV;

) S_l( ) =1 ® 1

o so(zFgf®1) = Ef Olw Rr@rk1-! f—i—zj 0 7F) @g@y 17, with
the usual convention that an empty summation is null; in part1cular
so(l®1) =0;

e di(1®r®])=10Y02r+7R201-1R207-—2R7JR1—sy(h®1).
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It is easy to check that
(32) /LOdQZO:dOOdl,

so (3.1) is a complex of A-bimodules. In fact, we already know that (3.1) is
exact, and hence a free resolution of A, since its associated graded complex
is exact (see [4]), but it will be useful for further computations to have an
explicit contracting homotopy.

We claim that the right A-module maps s_1,sg and s; form the desired
contracting homotopy for (3.1), i.e., that the following hold:

Hpos_1= 1A7
s—10p+doosy = laga,

3.3
( ) SoOd0+d1 oSy = 1A®V®Aa

S1 © dl = 1A®R®A'
The first two equalities are easy to prove and are left as an exercise. So as not
to stray from the main ideas of this section, we will defer the construction
of the map s; and the proof of the last two relations in (3.3) until Section 4
(see Theorem 4.8).
Applying the functor Homae (—, A) to the resolution associated with (3.1),
we get the commutative diagram

0 5 Homa:(A® A, A) 8 Homac (A V ® A, A) 5 Homa(A©R® A, A) 5 0

- ! :

0 y A é1 A®A $2 y A 0.

where d is right composition with d;, for ¢ = 0,1, and the vector space
isomorphisms p; are defined as usual by:

po(f) = fA&1), p(f) = (fA0zel), f(1ogel)), pf)=f1erel).
The maps ¢1 and ¢2 are given by:

(3.4) ¢1(a) = ([z,0],[9,a]) and

(35) ¢2(Oé,ﬁ) = [ﬁax]—l_[gaa] _Fa(h)a

for all «, 5 € A, where F, : F[z] — A is the linear map defined by
s—1

(3.6) F,(2%) = Zweax‘s*g*l, for s > 0,
£=0

with the convention that F, (1) = 0.

Since F,o = zF,, for z € Z(A), the maps p; and ¢; are actually Z(A)-
module maps. It follows that, as a Z(A)-module, the Hochschild cohomology
of A can be determined from the maps ¢;:

o HHY(A) = Z(A) = kery;
o HH(A) = Derp(A)/Inderg(A) = kergy /imer;
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e HH?(A) = A/im¢y is the space of equivalence classes of infinitesimal
deformations of A (see [6]);
e HH'(A) =0 for all 7+ > 3.

The degree zero cohomology HH?(A) has been computed in [2, Section 5],
while the derivations and the Lie algebra structure of HH!(A) were deter-
mined in [1], both over arbitrary fields.

Examples 3.7. Assume char(F) = 0.

o Ifh =1, then Ay is the Weyl algebra and it is well known (see [10])
that HH(A1) = F and HH'(Ay) = 0 for all i > 0. In this case, Ay is
graded, setting deg(x) =1 and deg(y) = —1.

o If h = x, then A, is the universal enveloping algebra of the two-
dimensional non-abelian Lie algebra. In this case, HH'(A,) = F =
HHY(A,), by [1, Thm. 5.29]. We will see shortly that HH?*(A,) = 0.

o If h = 22, then A,z is the Jordan plane. In this case, A,z is graded,
setting deg(z) = deg() = 1. Note that HH(A,2) = F and by [1,
Thm. 5.29], as a Lie algebra, HH'(A,2) = Fc ® W, where ¢ is cen-
tral and W is the Witt algebra given in (1.1). We will see that
HH2(A,2) = F[j] is naturally a simple module for W and that this
module can be embedded into a simple module for the Virasoro alge-
bra.

Our main goal in this section will be to determine the image of ¢9 and
the quotient Z(A)-module A/im¢2. Later we will determine the Lie action of
HH!(A) on HH?(A) given by the Gerstenhaber bracket. Towards that goal,
we start out by studying the map F, given in (3.6). It will be convenient to
introduce a mild generalization, so that F,, can be defined for all o in the
Weyl algebra A; 2 A. With this extension, the range of F,, becomes A1, but
we will still use F, to denote this map.

Lemma 3.8. For a € Ay, let F,, : Flx] — A1 be the linear map defined by
(3.6). The following hold for all f,g € Flx]:

(a) Fuo(fg) = fFa(9) + Ful(f)g, i.e., Fy is a derivation.

(b) If a € Ca,(z) then Fo(f) = af’.

(¢) Moreover, if a € A, then Fo(f) € fla+ [z,A].

Proof. To show (a), it suffices to consider f = ¥ and g = z*, with k,s > 0.
Then:

k+s—1
Fa(fg) _ Fa<$k+s) _ Z xk-i—s—é—laxﬁ
(=0
s—1 k—1
— $k Z msffflaxf + (Z xkélamj) 8
£=0 £=0
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This proves (a); (b) is clear and we proceed to prove (c). Again, we need
only consider o € A and f = z*, as above. We have:

k—1 k—1 k-1
Fa((L'k) = Z Pt = Z o+ Z xkié*l[a, we]
£=0 /=0 /=0
k-1
= k¥ 1o+ Z[mk_f_la, IZ]
=0

€ kx"ta + [Flz], Al = fla+ [z, Al
(]

In case char(F) = 0, the following result completely describes the image
of the map ¢o.

Proposition 3.9. The following hold:
(a) impy C ged(h, h))A.
(b) If char(F) = 0 then im¢o = ged(h, h')A.

Proof. Tt is convenient to write ¢g = ¢ © ¢3, where

¢%:A—>A (ﬁ%

(3.10) o [§a] - Fa(h) and

Since, by Lemma 3.8 (¢),
p3(—a) € Wa+ [z, Al + [§,A] € WA+ hA = ged(h, h)A,
for all a € A, it follows that
impy = im@d + im¢2 C ged(h, K )A + [z, Al
C ged(h, W')A + hA = ged(h, h)A.
Now assume char(F) = 0. By Proposition 2.1, we know that [z,A] =
[§,A] = hA and thus im¢3 = [r,A] = hA, which implies that hA C imes.

Hence, we proceed to show that also h’A C im¢s. For a € A, we have seen
that

¢y (—a) — h'a € [o, §] + [2, A] € hA C imé.

Also, ¢pi(—a) € im¢a, so it follows that h'a € im¢y. Hence, ged(h, h')A =
WA+ hA C im¢9 and the equality holds, by (a). O

Corollary 3.11. Assume char(F) = 0. There are isomorphisms
HH?(A) = A/gcd(h, I')A = D[g],

where D = (F[z]/ged(h, W)F[z]). In particular, HH*(A) = 0 if and only if
ged(h,h') = 1, i.e., if and only if h is a separable polynomial; otherwise,
HH2(A) is infinite dimensional.
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Let us now consider the case char(F) = p > 0. Suppose first that h €
F[zP], a central polynomial. This is a particularly interesting case, not only
because it includes the Weyl algebra A1, but also since A is Calabi-Yau if
and only if h is central. Indeed, more generally, Ay is twisted Calabi-Yau
with Nakayama automorphism satisfying = — x, § — 9 + h/, a fact which
can be derived from [7, Rmk. 3.4, (2.10)].

Although we can retrieve the following result from Theorem 3.19 below,
we think this particular case helps set the stage for our general result and
offers a more concrete example.

Proposition 3.12. Assume char(F) = p > 0 and 0 # h € F[zP]. Then
imo = [z, A] + [, A]. Thus:

p—1
HH*(A) = P (Z(AW)/hZ(An) ' hiy) @ Z(A)aP~ hP Pt
i,j=0
(1,9)#(p—1.,p—1)
as Z(A)-modules.
In particular, in case h = 1 we obtain HH*(Ay) = Z(A1)zP~yP~1, a rank-
one module over Z(Ay) = FzP, yP].

Proof. We continue to use the maps ¢3 and ¢2 defined in (3.10). For a € A
we have

(3.13) ¢3(a) = [§,0] — Fo(h) = [§,0] — W' — O4 = [}, 0] — O,

for some ©, € [r,A] = im@3. Thus, im¢s C [z,A] + [J,A] and there are
inclusions [z,A] C imgy = im@d + im¢p3 C [z,A] + [§,A]. Conversely, by
(3.13) we also have that [§,a] = #(a) + O, € im@l + im¢3 = imgs, so
[0, A] C im¢a, yielding the equality imgo = [z, A] + [y, A].

The expression for A/im¢s then comes from Lemma 2.4 (b) and Proposi-
tion 2.1. (]

We now tackle the general case for 0 # h € Flz], which is a bit more
intricate than the particular case studied above. Consider the decomposition
A =7&J, where

p—2
(3.14) J=Ca(x)h?"ly?™! and =P Cala)hly’.
=0

Thus, im@i = imgl|;+imel|s. Also, by [2, Lem. 6.3 (b)], im¢3 = [z, A] = hd.
We wish to show that

(3.15) imos|y 4 img3 = hd + g = ged(h, h')d.

Let a« € J. Then [§,a] € [z,A] = hd, by Lemma 2.4 (a). As in (3.13),

3(a) = [§,a] — K'a — O, for some O, € [r,A] = hJ. Thus, im¢il; C

hd + h'd; moreover, h'a = —@i(a) + [, a] — O4 € im@l|s +im@3, and (3.15)
is established.
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So it remains to determine the image of ¢i|5. Let a € J. Without loss of
generality, we can assume that o = zfhP~1yP~1 with 2 € Z(A) and f € F[z].
Then, using Lemma 2.4 (a), we have

d3(a) = [, 2f WPy~ — Fo(h)
(3.16) — 2 f RRP 1Pl _op fpp Pl @,
— Z(f/h _ h/f)hp—lyp—l _ 90“
with ©,, € [z,A] = hd.
Define the map
(3'17) =y F[SL‘] — IF'[Q}], %(g) = g'h — h’g'

By [1, Lem. 4.28 (d)], we know that kersc = F[zP] (h/op), where gy, is the
unique monic polynomial in F[zP] of maximal degree dividing h (see [1,
Definition 2.14] for a detailed description of gp). Since s is clearly F[zP]-
linear and F[z] is free of rank p over the hereditary algebra F[zP], we conclude
that X := ims¢ is a free F[zP]-submodule of F[x] of rank p — 1.

From the above and (3.16) we can conclude that imei|; + im¢3 = hd @
Z(A)XhP~1yP~! and finally that

(3.18) impg = ged(h, K')J @ Z(A)KhP~1yP~1,
Thence, we obtain a description of HH?(A) in positive characteristic.

Theorem 3.19. Assume char(F) = p > 0. Then the image of the map ¢
defined in (3.5) is im¢g = gcd(h, K')J © Z(A)KhP~1yP~1 where J and s are
given in (3.14) and (3.17), respectively, and X is the image of ». Thus:

HH2(A) = §/ged(h, 1) @ (Ca(a)/Z(A)K) hP~1yP !,
as Z(A)-modules. In particular, HH*(A) is nonzero for all 0 # h € F[z].

Remark 3.20. Suppose that in Theorem 3.19 we take 0 # h € F[zP]. Then
ged(h, /') = h and K = himL = @V FlaP]ha', so that

p—2
imes = hd & D Z(Aha' WP~y = [z, A] + [§, A,
=0

by Lemma 2.4 (b), in agreement with the statements in Proposition 3.12.

Examples 3.21. Let char(F) =p > 0.

(a) In case h = 1, then Ay is the Weyl algebra and, as observed in Propo-
sition 3.12, HH%(A1) = Z(A1)zP~'yP~! is a rank-one free module
over Z(Ay) = F[aP, yP]. It was shown in [1, Thm. 3.8] that HH'(A;)
is a rank-two free module over Z(Ay).

(b) In case h = z, then A, is the universal enveloping algebra of the
two-dimensional non-abelian Lie algebra. We have ged(h,h') = 1
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so that J/gcd(h, )3 = 0. By computing the image under » of the
FlxP]-basis {x* | 0 <i < p— 1} of F[z] we easily see that
p—1
Z(A)X =Z(A,) @ D Z(AL)a".
=2
Hence, Theorem 3.19 yields
HH?(A;) = Z(Ag )2y,

again a free rank-one module over Z(A,) = FlaP, xPyP].
(c) Assume h = 2%. Then A2 is the Jordan plane. We distinguish
between two cases:
e Case 1: p=2.
In this case x2 is central and we use Proposition 3.12 to obtain

the isomorphism
HH2(A,2) = D @ Dz @ Dz?y @ Z(A,2)z3y,

where Z(A,2) = Fla?, 2%y?] and D = Z(A,2)/2?Z(A,2).

e Case 2: p > 2.
In this case x° is not central and we use Theorem 3.19. Since
ged(h,h') = = and Cp ,(2)/2Cp ,(7) = Z(Ay2)/2PZ(A,2), we
can conclude that J/gecd(h, h')J = @?;g (Z(A,2)/ZPZ(A,2)) Wiyl .

Finally, as in the case h = x, it is easy to see that

2 p
Z(A2)K = P Z(A2)a’ & @D Z(A2)a,
=1 =4

where the last summand is zero in case p = 3. Hence Theo-
rem 3.19 gives

HH%(A,2) = D @ Day @ Z(A,2)xy?,  in case p =3, and

[\

bS]

12

HH?(A,2) Dx%y! @ Da?P~Hyp~l @ Z(A )22 Hyp!

RS
[
- o

Da¥yd @ Z(A,2)z?PHyP~t,

.
Il
o

for all primes p > 3, where Z(A,2) = F[zP, 2?PyP] and D =
Z(A,2)/xPZ(A,z2).
Notice that in all cases, HH*(A,2) is not a free module over Z(A,2),
although it is composed of a torsion summand and a free summand
of rank one.

We have seen in the examples that, in general, H HZ(A) is not a free module
over Z(A). The next theorem provides a necessary and sufficient condition
for HH?(A) to be free.
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Theorem 3.22. Assume char(F) = p > 0. Then HH?*(A) is a free Z(A)-
module if and only if ged(h, h') = 1. In this case, HH2(A) has rank one over
Z(A) and, moreover, HH®*(A) is a free Z(A)-module.

Proof. The last statement follows from the first by [1, Thm. 6.29], so we
need only focus on HH2(A).

The condition ged(h, ') = 1 is necessary, as otherwise J/gecd(h, h')J would
be nonzero and annihilated by the central element (gcd(h,h'))?. Next we
prove that it is sufficient.

Suppose ged(h, h') = 1. Then HH?*(A) = (Ca(x)/Z(A)K) h?~'yP~! and,
since Ca(x) = Z(A)F[z], it suffices to prove that K is a direct summand of
Flz|, as F[zP]-modules. The latter is equivalent to showing that F[z]/X is
torsion free, for then the canonical epimorphism F[x] — F[z]/X will yield the
decomposition F[z] = K @ F[zP]¢, for some rank-one free F[zP]-submodule
FlzP]€. Tt will follow that HH2(A) = Z(A)¢RP~1yP~1 | a free Z(A)-module of

rank one.

Claim: The F[zP]-module F[x]/X is torsion free.

Proof of the claim: Let 0 # w € F[zP] and f € F[z] be such that wf € X,
say wf = »#(g). It needs to be shown that f € K. For such, it is enough to
show that there exist ¢ € Flz] and r € F[zP] so that ¢ = wq + rh. Indeed,
if this is the case then wf = w(q) + rx(h) = wx(q) and it follows that

f=5(q) eX.

Subclaim 1: g € wF[z] + hF[z].

Proof of subclaim 1: Let t = gcd(w, h). Then wF[z] 4+ hF[z] = tF[z] and
the equality wf = g’h — h'g implies that h'g € tF[x]. But ¢ is a divisor of h
and ged(h, h') = 1 so it follows that g € tIF[z], as required. [ |

Take q,r € F[x] with ¢ = wq + rh. Applying s to this equality we obtain
»#(g) = wr(q) + »(rh) and thus w divides s(rh). So if suffices to prove that
if w divides »(rh) then rh € wF[z]+ hF[zP]. In other words, we may assume
without loss of generality that g = rh.

Write r = rg + r1, with 79 € F[zP] and r; € @f:_ll F[zP]z’. As s(rh) =
#(r1h), we may assume that ro = 0. So, without loss of generality, we
assume that r € @F~] Fla?]z'.

Subclaim 2: w divides rh.

Proof of subclaim 2: Note that s(rh) = 7'h?, so we need to show that
if w divides r’h2, then w divides rh. From this point on, our proof follows
that of [1, Lem. 6.28 (iv)], although the details are a bit more intricate and
some modifications are needed. Thus, we suspend the proof of the subclaim
here and refer the interested reader to the proof of [1, Lem. 6.28 (iv)]. W

By the above arguments, the claim is also established, thus proving the

Theorem.
O
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4. THE CONTRACTING HOMOTOPIES s_1,Sg AND s

Recall the definition of the right A-module maps s_1 and sg, given at the
beginning of Section 3. In this section we prove the two final relations in
(3.3), together with a few other useful identities.

Lemma 4.1. Let f € F[z], a,b € A and o € AQV ®A. The following hold:

(a) so(fa®b) = fsola ®@b) + so(f @ ab).

(b) so(fdo(a)) = fso(do(ax)).
Proof. To prove (a), notice that, by the definition of sy, we have so(z* ®
1) = Zk 01513’ ® x ® xF717 and similarly for so(¢° ® 1). Thus, we have
so(zFgf ® 1) = 2Fso(9' @ 1) +so( k@ g%). Tt also follows easily that so(2/1* @
1) = 27sg(xF @ 1) + sp(27 @ zF).

Since sq is a right A-module map, we can take b = 1 and by linearity we

can further assume that f = 27 and a = 2F¢’. Then:

fso(a @ b) + so(f ® ab) = /s (z*3)* ®1)+so(:cj®a: 9
:xj<x so( ® 1) +so(z >+sox3®x
= 2/t Fsy (P @ 1) + (a:]so( 1) +so(z/ @x )) gt
= 27 sy (9t @ 1) + sp(a7TF @ 1)

= so(27 T @ 1) = so(fa @ b).
As above, it suffices to prove (b) for « = a ® v ® 1. Using (a), we have:
so(fdpla®@v®1)) =sp(fa(v®1l—-1®v)) =so(fav® 1 — fa®@v))
= fso(av ® 1) + so(f ® av) — fso(a ® v) — sp(f ® av)
= fsoplav® 1 —a®v) = fsp(dp(a®@v®1)).
U

Recall that we have fixed r as the basis element of the one-dimensional
vector space R. Consider the linear map G : F[z] — A ® R® A defined by

(4.2) G(z*) = Zx’ @r® a7 for all £ > 0,

with G(1) = 0. Also, recall that § denotes the derivation of F[z] defined by
5(f) = f'h, so that [g, f] = d(f), for all f € F[z].

Lemma 4.3. The map G is a derivation and, for any f € Flz],
dioG(f) =190 f-f@J®@1—s(f®F) —so(0(f) ®1) +gso(f ®1).

Proof. Notice that G(f) =Toso(f®1), where T: AQVRA — ARR®A
is the A-bimodule map which sends both 1® 2z ®1 and 1®7®1to 1R r® 1.
Thus, by Lemma 4.1 (a), G is a derivation.
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We deduce that dj o G is also a derivation. Define D : F[z] — AQV ® A
by D(f)=1@9® f—fR@7§®1—so(f ®F) —s0(d(f) ®1) +so(f ®1). To
prove the claimed identiy, it suffices to show that D is also a derivation and
that dy o G(x) = D(x). The latter is easy to verify, so we turn to proving
that D is a derivation, which is also straightforward, using the properties of
So-

D(fg)=129® fg—fg@)®1—so(fg®@7) —s0(6(fg) ® 1)+ Jso(fg ® 1)
=1R9J®fg—fg@)®1 = fsolg @) —so(f ®gij) —so(6(f)g® 1)
—so(fo(g) ® 1) +9fso(g ® 1) + gso(f ® g)
=1R7)® fg—fg@7®1 = fsolg® i) —so(f ® Jg) + solf=-5(g))
— 0(Psofg®T] —s0(6(f) ® g) — fs0(d(g) ® 1) — solf=-5(7))
+ fgs0(g @ 1) + 8(Hsotg@T) + gso(f @ g)
= fD(g) + D(f)g.
O
We are finally ready to define the homotopy s; : AQVR®A — AQR®A.

This is the right A-module map defined inductively as follows, for f € F[x],
a,be Aand ¢ > 0:

si(a®@y®b) =0;

si(fif @z ®a) = fs1(9' @z ®1)a;

silez®l)=0;

s(iM @r@1) = s (i 0@ 1)+ L) (§) (God(2)) 5, where
d(f) = f'h and G is the linear map given by (4.2).

Lemma 4.4. The map s; satisfies ssodg+dy os) = lagvea-

Proof. We start by showing that the claimed equality holds for elements of
the form §* ®  ® 1, by induction on £ > 0. In case ¢ = 0 we have

(spodp+dios))(I1®z®]l)=s(z®1-1®z)=10z® 1.

Next, assume that the result holds for elements of the form ¥ ® z ® 1,
with k£ < ¢. Using (2.2) we have

so(do(gjpr1 Rrel)) = so(gjulx ®1— QZH ® x)
V4

(+1 , :
= ( " )sow (@) e - fFejeg Tt
j=0 J k=0
41 41
= (Z * 1) F(@)so(d T @ 1)+ (5 * 1) so(07 (z) @ 1)1
=0~ 7 =0~ 7
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j=0 J j=0
(+1 ) Y/
i AN Ak o s o =k
23 ([ )n@@en -t et
j=1 k=0
41 l
/41 . 14
_ ( * )w(a:)so@f“-ﬂ@lwz Vo8 (2) @ 1)+
- J : J
7=0 7=0
l Y/
L Ve . e
+Z(j)so<<v+1<x>®1> SN regeit
7=0 k=0

Also, by the inductive deﬁnitlon of s; and the fact that d; is a bimodule map,
di(s1(f M @r1) = jdi(si(f @r@1)+ 35 () (doG)(8 ()5 7. By
the induction hypothesis we have

Jhi(s1() @z 1) =g @z ©1—gso(do(§' @z @ 1))

~

=g @l —jsoz @ 1)+ gso(if ® )

¢ .
=y”1®a:®1—yz<]> (8 (2)§"7 @ 1) + gso(§* ® x)
7=0

=y€+1®x®1—y2 (j) (@)so(9" 7 © 1)

7=0

yz<> ®§') z—: Ry

L

= erel-) (f) & (z)gso (3" @ 1)

7=0

E (i ron- £ (ot

=0 Jj=
-1

NQ

+) P eieg .

0

i
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Finally, using Lemma 4.3, it follows that

jzg; <j> (dioG)F(@)) 7T =1®79 ®§; <j> 5 (2) g
- Ji% <f> P ooy - ]z; (j) so(0 (z) @ §)5*

- Z < )So (67 (z) @ g7 - é (g) so(07 ! (2) © 1)
¢

+Z< >y50 (67 (x) @ 1)gt7.

{+1

+1

The term Z < —; >5J( )s0(4°7 177 ®1) in the expression for so(dg (971 ®
7=0

x ® 1)) can be further expanded as follows:

> () wemron =3 (oo

=0 J j=0

+§< ) (@)so(3 " ® 1)
(oo 5 (Joeser-

+Z( )51“ )so(9°77 @ 1).

Combining all of these expressions, we see easily that all terms cancel out
except for the term ¢! ®x®1 in the expansion of §d; (s (9 @z ®1)) above,
so we have the desired identity (spodg+d;os) (7' ®@2z®1) = @r®1,
establishing the inductive step.

By the equality so(fdo(a)) = fso(do()), for f € F[z] and « € AQV®A,
proved in Lemma 4.1, and the definition of s;, we conclude that (sp o dp +
dios)(fif ®x®a) = fif ®x@a, forall £ >0, f € Flz] and a € A. So
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next we focus on elements of the form f§’ ® § ® a. We will make use of the

identity so(97'®1 -3 ®9) = §* ®9®1 to perform the required calculation.

Then,

(soodo+dios)(f§' ® 3 ®a)=so(do(f ® 3 ®a)) =so(fdo(§’ ®F®1))a
=fso(@ M @l-9®@ja=fif @j®a.

Combining all of the above, we have proved the claim. O

Now we aim to prove the last relation in (3.3), namely s; o di = IagRreA-
We start with a technical identity which just depends on the fact that G
and § are derivations.

Lemma 4.5. Given k> 1 and r > 0,

l:zéjro :o <]) ( ;j> O (&) G(8" ()" ! (&) = G (8" (o)),

Proof. First, fix 0 < ¢ < k — 1. Using the change of variables m = j + t,
the combinatorial identity <r> <r B j,) = <r) (m)) and the derivation
J J

m—j m
property of G, we have

Yy () (527 )P st

m=0 j=0 J
S 5(0) (e ey

m=0 j=0

Now recall that for any derivation D, the generalized Leibniz rule says that
D¥(ab) = Zi:o (f})Dk(a)De*k(b). So the right-hand side of the running
equality is

m=)

RN 0 (7" > G (6™ (1)) or—m (zh =1y — Z (;) G5 ()6 (%77

J=0
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- Z <m> (G (@ 1)F (@) — G (@) (@R ).
m=0

Summing over all 0 < ¢ < k — 1, we obtain

r r k—1
2 (m> > (G @)@k - G @h)e @)
m=0 i=0

— Z (;) (G(am(:c’f))af—m(l) - G(ém(D)é’"‘m(wk)) :
m=0

Since G(6™(1)) =0 for all m > 0 and 0"~ (1) = 0 for all m < r, the latter
expression is just G(87(z¥)), as desired. O

Our next results concern the computation of s;.

Proposition 4.6. For all { > 0 and all f € Flz|, the following identity
holds:

s1(7 1 so(f @ 1)) = gs1(so(f @ 1) +Z ( > NG

Proof. By linearity, it is enough to show the 1dent1ty

s1(§F'so(z" ® 1)) = gs1("so(x ) + Z ( ) g,

for all £ > 0. This holds trivially if £ = 0, so we assume that k > 1.
Firstly, let us observe that by the relation §f = fg + d(f) and the recur-
rence relation for sq, it follows that

si(§fif e ®l)=gsi(fff @z el +Z(>fG5t )5,

for all f € F[z] and ¢ > 0. Thus, using (2.2), we have, for 0 <i < k — 1:
¢

/ o .
si(f et erel) = Z (]) 510 () T wr®1)

7=0

:gfj(f)suéf( i @)
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Hence
k—1
Sl(g£+1 O(wk ® 1)) _ Zsl(yf+l i ®(L‘®£Ck i 1)
i=0
= gs1(§'so(z" ® 1))
k—1 ¢ {—j / ; .
o J t Gl—i—t k=i 1
LYY () (77 peneaon
1=0 j=0 t=0
N N
and it remains to prove that Z (])( tj)(gﬂ( )G(dt(x))gjg j—t, k—i—1
i=0 j7=0 t=0
N
is equal to Z <> G(6%(x ))AE J
J

> Z_Z]ZJ (f) (6 ' j) (ﬁ o t) o (2)G (6" ())a™ (F gt I,

m. Notice that 0 < a < ¢ and that the sum above can be

+
¢
written as Z o(i,§,1)9° 7, where

oii0=5 55 (V(177) (L7 pweemne ey,

J a—7)—1

Therefore, we just need to prove that ¢(%, j, ) ﬁ)G(éa( k)). Since
EN(L—=G\(t—7—t\ a— j
i)\t J\a—j—t) j

by Lemma 4.5 we deduce that

¢<i,j,t>:(£)k§§ » ()( ) oiat) 06 )0

0 t=0

= (ﬁ) G(0%(x")).

Hence, the result is established. [l

We are now able to determine closed formulas for s (§*so(f ® 1)) and
sl(yj”l ®Rr®l).

Proposition 4.7. For all ¢ > 0 and f € F[z], we have:

Az+1 L J Gt=i—k
Sl(y E ( > 5 (f))
7=0 k=0
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In particular, taking f = x, we obtain the following explicit formula for sq:

L L—j

atersn =Y 3 (1) rew e
0

=0 k=0

.

Proof. 1f £ = 0, Proposition 4.6 yields s;(gso(f ® 1)) = G(f), which agrees
with the formula we are proving. We proceed inductively, using Proposi-
tion 4.6:

s1(9'so(f @ 1)) = gs1(9'so(f @ 1) +Z<>Goéﬂ N

(ﬁ A LAl

+ > (j)c:oaﬂ(f)% J

—1 £—j

-S> (@t

+ ( )GOMN it @Go#m

k)
O

Finally, we can prove the main result of this section.

Theorem 4.8. The right A-module maps s_1,so and s1 form a contracting
homotopy for (3.1).

Proof. It remains to prove the identity s; o dj = lagrga from (3.3), and it
clearly suffices to check this identity on elements of the form ' @r®1, as s;
is also a left F[z]-module homomorphism. The case ¢ = 0 is straightforward,
so assume that ¢ > 1. Then

si(di(if @ r®1) =s(Pdiler®l))
—s1(M'@rel) s @ @re)j—si (o) @ 1),
and by Proposition 4.7, we have

¢ 0—j
s eron =3 (1)o@ wi
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Using adequate combinatorial identities, we obtain

(—10—j—1
S1(Q£+1®JJ®1):Z Z (ﬁ—k‘—1> kG((SJ( ))Aé j—k
J=1 k=0 J
0 l—j
+X 3 (e
7j=1k=0
/—1
l— ~k 0 —k
+ G(0°(x))9"
(o)
+9

ZG(@«)
1(5 ) ita i

l 1

Ex go ( )AkG(Wl(w»@Mm

+5rxel
=si(§ @z )j+s1(§fs0(0(x) @) +§ @rol,
which proves the desired identity. ([l

('\

Il
Mb

—14—

<

Il
o
Nw
(e

|_I

N
~ |

5. THE GERSTENHABER BRACKET: GENERAL REMARKS

The Hochschild cohomology HH®*(A) = @),,~, HH" (A) has a rich structure,
including an associative, graded-commutative product (relative to homolog-
ical degree), given by the cup product, and also a graded Lie bracket [,] of
(homological) degree —1; these are related by the graded Poisson identity.
In particular, the graded anti-symmetric property of [,] means

[, 8] = —(—=1)" DO 13 o] for all @ € HH™(A) and 8 € HH"(A),

and there is a corresponding graded version of the Jacobi identity (see [5]).
Under this construction, HH®*(A) becomes a Gerstenhaber algebra. In par-
ticular, the Jacobi identity implies that HH®(A) is a Lie module for the Lie
algebra HH!(A), extending the usual Lie bracket of derivations on HH!(A).
In case A is a smooth finitely-generated FF-algebra and F is perfect, the
Hochschild-Kostant-Rosenberg Theorem gives an isomorphism of Gersten-
haber algebras, telling that, in this situation, the Gerstenhaber bracket is
the generalization to higher degrees of the Schouten-Nijenhuis bracket.

The Gerstenhaber structure of Hochschild cohomology is particularly in-
teresting for us since in case char(F) = 0 and gcd(h, h') # 1, the description
of HH(A) involves the Witt algebra W. In prime characteristic, most of
the computations of the Gerstenhaber structure in Hochschild cohomology
concern group algebras and tame blocks, see for example [3, 9].
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Although the Gerstenhaber bracket does not depend on the chosen bi-
module projective resolution of A, it is in general difficult to compute it
on an arbitrary resolution other than the bar resolution. In spite of this,
we always have [D,z] = D(z) and [D,D’] = [D,D'] for D, D’ € Derg(A)
and z € Z(A), so it remains to compute [HH'(A), HHQ(A)], which is what
we undertake in this section. Notice that, in our case, we already have the
contracting homotopy of the minimal resolution, from which the comparison
maps can be obtained. Nevertheless, we will use an easier method that, for
the family of algebras we consider, also needs the contracting homotopy.

To avoid cumbersome notation, we identify D € Dery(A) with its canoni-
cal image D € HH!(A). We will often refer to the map [D, —] : HH(A) —
HH(A) as the (Lie) action of D € HH!(A) on HH!(A).

5.1. The method of Sudrez-Alvarez for computing [HH'(A),—]. In

this subsection, we will describe a method devised by Sudrez-Alvarez in [12]
to compute the Gerstenhaber bracket [HHI(A), —] in terms of an arbitrary
projective resolution of A as a bimodule. The reader is advised to consult
[12] for further details and all the proofs.

Fix an F-algebra B and a derivation ¢) : B — B. Given a left B-module
M, we say that a linear map f : M — M satistying f(bm) = bf(m)+¢(b)m
for all b € B and m € M is a v-operator on M. Given a projective resolution

dg dl

Py

Py Py < M 0

of M, a 1-lifting of the i-operator f to P, is a sequence fo = (fi);~q of
W-operators f; : P; — P; such that the following diagram commutes:

da dy

Py P Py € M 0
J/f 2 Jf 1 Jf 0 Jf

ds di €
Py Py Py M 0.

It was shown in [12, Lem. 1.4] that every i-operator f admits a unique (up
to B-module homotopy) -lifting.
Given a y-operator f and a ¢-lifting fo of f to P,, define a sequence

ff = (fiﬁ)po of linear maps ff : Homg(P;, M) — Homg(P;, M) by

FA@) () = F(6(p) — d(fi(p)),

for ¢ € Homg(P;, M) and p € P;. In fact, ff is an endomorphism of the
complex of vector spaces Homg(P,, M) and the induced map on cohomology

V}’p. : H(Homg(P,, M)) — H(Homg(P,, M))

depends only on f and not on the choice of ¥-lifting f,. What’s more,
noticing that H(Homg(P,, M)) is canonically isomorphic to Extg (M, M), we
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obtain a canonical morphism of graded vector spaces
V$: Extg(M, M) — Extg(M, M)

which depends only on f and not on the chosen projective resolution of M
(see [12, Thm. A]).

Returning to the problem at hand, which is the computation of the bracket
[HHl(A), —] in terms of a chosen bimodule projective resolution u: P, — A
of A, set B = A¢ and M = A, so that u : P — A can be identified with a
projective resolution of A as a left B-module. Given a derivation D of A,
construct a new derivation D¢ = D®1a+1ao® D of B. It can be readily seen
that D is a D®operator on A. Since Extg(A,A) is naturally identified with
the Hochschild cohomology HH®(A), the above construction yields a map
V% HH*(A) — HH®(A), which by [12, Sec. 2.2] turns out to be [D, —]
and which can be computed using any bimodule projective resolution of A,
provided that a D¢-lifting De of D to the given resolution is found.

Going back to the case under study, with A = Ay, € = p (the multipli-
cation map), P = AR A, PP =A®V®Aand P, = A®@R®A, it can be
checked that D oy = po D® and D¢ is trivially a D®-operator on A ® A, so
we can choose Dy = D°. Taking ¢ = 2 and using the map py from Section 3
to identify HH?(A) with a homomorphic image of A, we obtain the formula
describing the Lie action of HH'(A) on HH?(A):

(5.1) [D,a] = D(a) = xa(D2(1®@r® 1)),

for a € A and D € Derg(A), where x, € Homae(A ® R® A, A) is defined by
Xa(1®r®1) =a.

5.2. The D¢-lifting of D to (3.1). In order to make use of (5.1), it remains
to determine the D°¢-lifting Ds of D, which we do in this subsection. We
begin with a few general observations aimed at simplifying computations,
then we determine the D¢-liftings D1 and Ds.

The proof of the lemma that follows is standard and is thus omitted.

Lemma 5.2. Let B be an algebra, v : B — B a derivation, M and N left
B-modules, X C M a generating set for M as a B-module and Y C B a
generating set for B as a vector space.
(a) If X is a free B-basis for M, then for any function f': X — M
there is a unique Y-operator f : M — M such that f|y = f'.
(b) Let ¢ : M — N be a morphism of B-modules and let f : M — M
and g : N — N be -operators. If go¢ly = ¢o fly, then the
following square commutes:

M—r

N
1 |
M—_—2 N
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(c) If f : M — M is a linear map such that f(bm) = bf(m) + ¥ (b)m
forallbeY CB and allm € X C M, then f is a y-operator.

Throughout the rest of this subsection, fix D € Derp(A) and let Dy =
D¢ . A° — A¢. Next we define a Dy-lifting D; : AQVR®A — ARVRA
in terms of the homotopy sg.

Lemma 5.3. Let D1 (a®v®b) = aso(D(v)®b)+D(a)@v@b+a®vD(b), for
all a,b € A and allv eV =Fx®Fy. Then, extending linearly to AQV Q A,
this rule defines a Dg-operator such that Dy ody = dgo Dy.

Proof. Define first D1(1 ® v ® 1) = so(D(v) ® 1) for v € {z,9}. Since
{1®zx®1,10y®1} is a free basis for AQV®A as an A°-module, Lemma 5.2(a)
guarantees the existence of a unique Dg-operator, which we still denote by
Dy, defined on A ® V ® A and extending the above rule.

First, notice that by linearity of D and sy, one has Di(l1®@v ® 1) =
so(D(v) ® 1) for all v € V. Given a,b € A, the definition of a Dy-operator
implies that

Di(a®v®b) =Di((ea®b)(1®v®1))
=@®b)Di(1®v®1)+ Do(a®b)(l1®v®1)
=asg(D(v)®@1)b+ D(a) ®v @b+ a®v® D(b).

As sp is a right A-module map, this expression matches the one in the
statement.

Now, by Lemma 5.2 (b), it suffices to check the equality Dyody = dyo D
on elements of the form 1 ® v ® 1. Thus, using the second identity in (3.3),
we establish the final claim:

doo Di(1®@v@1) =do(so(D(v) ©1)) = D(v) @1 —s_10u(D(v) ©1)
=Dw)®1—-s_1(D(v)=Dw)®1 -1 D(v)
=Do(v®1l—-1®v)=Dyody(l®v®1l).

O

Before we proceed to define the Dy-lifting Ds, we prove some auxiliary
relations which will simplify several expressions, including one for Dy(1 ®
rel).

Lemma 5.4. Let g € Flz], a € AQV®A, b€ A and k,£ > 0. The following
hold:
a) s1(ga) = gsi(@);
(b) S1 0Sg = 0,‘
) s1(s0(g99° ®@ b)) = G(g)9'b, where G is given in (4.2);
(d) syoDyosy(zF @ 1) = Zi-:ll s1(D(2") ® z @ 271, where this sum
is understood to be 0 in case k € {0, 1}.
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Proof. Both (a) and (b) follow trivially from the definitions, so we proceed
to prove (c). As before, we can assume that b = 1. Furthermore, using (a),
(b), Lemma 4.1(a), the definition of s; and Proposition 4.6, we get:

s1(gs0(g8’ ® 1)) = s1(9(gs0(§° @ 1) + so(g @ §")))
= s1(ggs0(9° ® 1)) + g'hs1(s0(§° @ 1)) + s1(ds0(g © 1))3*
= gs1(9s0(5° ® 1)) + s1(gso(g ® 1))3"
= G(9)i".

Finally, for the proof of (d) we have, using the definition of Dy, parts (a)
and (b) and the definition of s;:

k—1
s;oDjo so(azk ®1)= 251 o D1(xi Qr® xk”'*l)
i=0

k—1
= Z si(D(z") @ 2 @ 2F 1)
i=0
k—1 . ‘
= si(D(a) @z @),
=1
O
Motivated by Lemma 5.4(c), we extend the map G linearly to A, by setting
(5.5) G(fiY) = G(f)i*,  forall f € Flz] and all £ > 0.
Thus, we can rewrite Lemma 5.4(c) as
(5.6) s1(gso(a ® b)) = G(a)b, for all a,b € A.

We are now ready to define the Dg-operator Dy in terms of D and the
homotopy s;.

Lemma 5.7. There is a unique Dg-operator Do : AQ R®A — AQR®A
such that Da(1®@r®1) =sjo0Djodi(1®r®1). Then Dyod; =djoDsy and
(56.8) D(1®@r®1)=G(D(x))+s1(D@)®@x®@1) —s;o0Djosg(h®1).

Proof. By Lemma 5.2 (a), there exists a unique Dg-operator Dy defined on
A®R® A and such that De(1®@r®1) =s;0D;odi(1®r®1). The exact

expression for Dy(a ® r® b) can be computed as in the proof of Lemma 5.3.
Now, using Lemma 5.4 and (5.6), we have

Dy(1@r®l)=s1(D1(1®@9®2))+s1(D1(J@2x® 1)) —si(Di(l®z® 7))
—s1(Di(z® g ® 1)) —s1(Di(so(h ®1)))
=51(s0(D(9) ® 7)) +s1(1 @ g @ D(x)) + s1(Jso(D(x) @ 1))
+51(D(H) @z ®1) —si(so(D(2) ® 7)) —s1(l @ 2z ® D(9))
—si(zso(D(9) ®1)) —s1(D(z) @ g ® 1) —s1(Di(so(h ®1)))
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=s1(gso(D(z) ® 1)) +s1(D(f) @ @ 1) — s1(D1(so(h @ 1)))
=G(D(z)) +s1(D(g) ®x @ 1) —s1(D1(so(h ® 1))).

Finally, by Lemma 5.2 (b), it is enough to show that Djod;(1®r®1) =
dioDy(1®r®1), so we compute, using Lemma 4.4 and Lemma 5.3:

dioDy(1®r®1)=diosjoDjodi(1®@r®1)
:D10d1(1®r®1)—SOOd00D10d1(1®r®1)
:D10d1(1®r®1)—SOOD00d00d1(1®r®1)
=Diodi(1®r®1),
as dpod; =0. U

5.3. Technical lemmas. We need to prove yet some more technical results
which will allow us to simplify the computation of the Gerstenhaber bracket
given in (5.1). Although these will be particularly useful in case char(F) = 0,
most statements hold over an arbitrary field, so we include them here.
Following [1, Lem. 2.13], it will be useful to define, for 0 # f € F|x], the
element 7; such that:
(1) m € Flz] is monic,

(2) mp = — -~ up to a nonzero scalar.

ged(f,f7)°
In this subsection we will mostly work over some homomorphic image of
A and we will extensively use the notations a = b (mod I) and a = b (mod ¢),
defined in the introduction to mean that a —b € I and a — b € cA = Ac, for
a two-sided ideal I and a normal element ¢, respectively. We remark that
the monoid of normal elements of A was described in [2, Thm. 7.2] and, in
particular, any product of factors of A is normal in A.

Lemma 5.9. Let D € Derg(A), a € A and k > 0. The following hold:
(a) D(h) € hA and D(z) € TpA;
(b) D(a*) = ka*'D(a) (mod h);
(¢) D(ged(h,h")) € ged(h, h)A.

Proof. The defining relation for A implies that

So D(hA) C hA and D induces a derivation D : A/hA — A/hA with
D(a+ hA) = D(a) + hA. Since A/hA is commutative, we have

D) +hA=D ((a v hA)’“) = ka*~1D(a) + hA,

which proves (b).

In particular, 0 = D(h) = h'D(x) (mod h), and it follows that h'D(x) €
hA. Since for any f € F[z] we have h divides h'f if and only if 7, divides
f, we conclude that D(z) € m,A, finishing the proof of (a).
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Let g = ged(h, h'). Up to a nonzero scalar, h = m,g. Write D(z) = mpb
for some b € A. By (b),

D(g) € g'mpb+ hA C g'mpA + hA.

As W = mpg' + w9 and g divides B/, we deduce that g divides mpg’, so
D(g) € gA + hA = gA. O

Lemma 5.10. Let v be a divisor of h, D € Derp(A), x € Homae(AQR®A, A)
and f € Flx]. The following hold:

(a) ssiARVRA+ARVRVA) CVARR®A+ARR®VA.
(b) x(tA®R®A+A®R®VA) CVA.
(c) xoG(f) = f'xA®r®1) (modh); in particular, x o G(hA) C
ged(h, KA.
(d) Ifchar(F) # 2, then xosyoDjosy(f®1) € m f"A+hA; in particular,
xosioDjo So(h ® 1) € ng(h, h/)A
(e) xosi(P*@z®1) =x(1@r®1)§*~ (modgcd(h, 1)), for all £ > 0.
Proof. The claim in (a) is clear because v is normal, s;(vA ®@V ® A) =
vsi(AV®A) CrvA®R®A, by Lemma 5.4, and s1 is a right A-module

map. Claim (b) is proved similarly.
Take f = 2¥, with k£ > 0. Then

k-1

x o G(zF) = Z rix(1@re1)zh !
i=0
k—1

= Zxkilx(l ®rel)
=0

= k" Ix(1®r®1) (modh),
establishing the first claim in (c). Thus, for all £ > 0,
X0 G(hfi") = X(G(hf)i" € (W f+hf)x(A@r©1)j" +hA C ged(h, i)A,

proving that y o G(hA) C ged(h, h')A.

For (d), consider f = zF, with & > 0. By Lemma 5.9, there is a € A
such that D(z) = mpa and D(2%) —iz*"tD(z) € hA, for all i > 0. Set
0; = D(z') —ix* "1 D(x). By Lemma 5.4 we have:

xosioDjosy(zF ®1) = Zxosl(p(ggi) ® 271

= Z X o Sl((il‘i_lD(LE) +0,)Rzr® xk_i_l).
=1

By (a) and (b), Zi-:ll xos1(0;®@x®z*~"~1) € hA. Thus, working modulo hA
and using the commutativity of A/hA and the hypothesis that char(F) # 2,
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we obtain

x osy0Djosy(z Zxosl e @z @t iil)

k—1
= Z izt x(si(a @z @ 1))kt
i=1
_ (F\ k2
= (et 2mr@mo o)
!
= (x ) mhsx(s1(a® 2 1)) (modh),
so indeed y os; 0 Dy oso(f ®1) € f"mpA+ hA. In particular,
xosioDjosg(h®1) e h”mpA+ hA C ged(h, ')A,

because ged(h, h') divides h''my,.
Lastly, we prove (e) by induction on £ > 0. As yos;(l1®z® 1) =0, the
base step is established and we assume that
xosi(f@z®1)=x(1@r® 1) (modged(h, 1))

holds for some ¢ > 0. Then, by the definition of si, the commutativity of
A/gcd(h, ')A and part (c) above, as ¢7(x) € hA for all positive j,

vosi (Il @ 1) = gx(si (' @ e 1) Z()xoaaﬂ () 9~

=Ix(1@r®1)§" + x o G(x))"
=ix1@ro )i +x1oro1)§° (modged(h, h')).
O

Lemma 5.11. Let x € Homac(A® R® A,A), f € Flz] and k> 0. Then:

(a) mphi=L [y R] = (k+1)mph/ RF 1Yk + (k;rl)ﬂhh”hkflykfl (mod h).
(Notice that in case k = 0 the above expression still makes sense, as

mh!
}h gcd(h h') € F[ ] )

(b) 4% = h*y* (mod ged(h, 1)).
(¢) xoG( fhkyk) = f'x(1eral)i*— (31 A" x(1ere1)§5 ! (mod ged(h, h')).

Proof. Working modulo hA, we deduce (a):

an
o hFl [yk+1’h] :Z< . > oy B =1y et
j=1

k+1
= (k + D)mh/hF 1k 4 ( ; )ﬂhh”hklykl (mod h).
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In particular, multiplying both sides of (a) by ged(h,h') = h/m, we obtain
k+1

h* [yk“,h] = (k+ 1h'n y* + < ; >h”hkyk1

= (k4 1)W'h*y* (mod h),

(5.12)

and it follows that h* [y**1 h] € ged(h, ')A,
We are now ready to prove (b) by induction on k& > 0, the base case being
trivial. Supposing that (b) holds for a certain k£ > 0, we get

Gl = phyhtlp = phtl ket gk [ka?h} = REHLyF L (mod ged(h, 1')).

We also prove (c) by induction on k > 0. The case k = 0 is immediate
from Lemma 5.10(c). For the inductive step, assume the congruence holds
for kK > 0. By (5.12) we have

PRl Rl — kL gk [yk—i-l,h} = BFyg — (k + DR RFYE (mod h).
By Lemma 5.10 (c),
X 0GR = x o G(fR*yF)g — (k + 1)x o G(fI'hFyP)

E+1
zf’x(l@r@l)@’““—( s )fh”x(1®r®1)z)’“

—(k+1D)(fR)xQ1oreo1)jk

1
+(k+1) (k ; )fh’h”x(l Qre 1)kt
= flx(l Rr® 1)@’”’1 — (k ;_ 1
—(k+1Dfr"xQ@ro 1)k

. k42
= fxQere1)jt! —( )

)fh”x(l ©rol)gh

)fh”x(l ®re1)gF

(mod ged(h, h')).

6. THE GERSTENHABER BRACKET

In this section we determine the structure of HH?*(A) as a module over
the Lie algebra HH!(A) under the Gerstenhaber bracket, always under the
assumption that char(F) = 0. We will prove some of the main results of
this article. In the first subsection we will describe two different subspaces
of the space of linear derivations of our algebra, that will act on HH?(A)
in a very different way. Next we will describe the action of the classes
of these derivations on HH?*(A). Then we achieve our goal of giving an
explicit description of HH?(A) as HH!(A)-Lie module. We finish the section
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by relating this action of HH*(A) on HH?(A) with the representation theory
of the Virasoro algebra, and then by discussing several special cases.

6.1. The Lie algebra structure of HH!(A). The Lie algebra structure
of HHY(A) in case char(F) = 0 is described explicitly in [1, Sec. 5] and we
briefly collect the results we need below.

There are two types of derivations of A, which together describe Derp(A)
and HH!(A):

e For any g € F[z], let D,y be the derivation of A such that Dy(z) =0
and Dy(9) = g. Then, {Dy | g € Flz]} is an abelian Lie subalgebra
of Derp(A) and D, € Inderr(A) if and only if g € hF|x].

e Viewing, as usual, A = A, C A; with § = yh, define the elements
an = mph"1y™ € {u € Ay | [u,A] C A} (the normalizer of A in A;),
for all n > 1. It will also be convenient to consider the element ag =
mh/h = m in the localization of A; at the Ore set formed by the
powers of h. Then, adg,, € Derg(A) for all for all n > 0 and g € F[z].
Moreover, adg,, € Inderg(A) if and only if g € ged(h, ')F[z].

Next, we recall the definition in [1, Sec. 4.3] of the linear endomorphism
0o : Flx] — F[z] given by

(6.1) do(9) = 6(gao) = (gmph™")'h = (gm) — g

By [1, Lem. 4.14], adgq, = — Dy (g)-

For notational simplicity, by [2, Thm. 8.2], we can assume that h is monic,
say h = u{"'---u", where uy,...,u; are the distinct monic prime factors of
h, with multiplicities a1,...,a;. Up to changing the order of the factors,
we can further assume that there is 0 < k <t such that aq,...,ar > 2 and
agy1 = -+ = ap = 1. Moreover, if k = 0 then gcd(h,h') = 1 and in this case
HH2(A) = 0, so there is nothing to prove.

We have the following result (see also [1, Thm. 5.1, Prop. 5.9]).

b
h

Theorem 6.2. Assume char(F) = 0. Then there is a decomposition HH' (A) =
Z(HHY(A)) @ [HHY(A),HHY(A)]. Moreover, using the above notations, there
are isomorphisms of Lie algebras:
(a) N = spang{adgq, | g € ur---upFlz], n > 0} is the unique mazimal
nilpotent ideal of [HH'(A), HHL(A)].
(b) Z(HH'(A)) 2 {D, | g € gcd(h, )F[z], degg < degh}.
(c) [HHY(A),HH'(A)] = spanp{ady,, | g € F[z], degg < deggcd(h, h'),n >
0}.
(d) [HHY(A),HHY(A)]/N =2 W @ - - & W, where W; = (Flz]/u;F[z]) @ W
is a field extension of the Witt algebra.

6.2. Formulas for the Gerstenhaber bracket [HHl(A),HHQ(A)]. Re-

call that by Corollary 3.11, HH?*(A) = A/gcd(h, h')A can be identified with
the polynomial ring D[g], where D = (F[z]/gcd(h, ' )F[z]). We will use
(5.1) and also the identification introduced there between A/ged(h, h’')A and
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Homac(A ® R ® A, A)/imdj, which associates the element a € A with the
map X, € Homaec(A® R® A, A) defined by x4(1 ® r® 1) = a, and similarly
for the corresponding homomorphic images.

Now, Lemma 5.10(d) implies that for all a € A, the image of x,0s10Dj0
so(h ® 1) in HH?(A) is zero. Thus we have, using Lemma, 5.7,
(6.3) [D,a] = D(a) = xa(G(D(2))) = Xa(s1(D(9) ® z © 1)),
for all a € A and D € Derp(A). Moreover, by Lemma 5.9(c), the image
of D(a) in HH%(A) depends only on the class a + gcd(h, ')A and similarly,
Xa(G(D(x))) and xq(s1(D(y) ®x®1)) depend only on the classes D(z)+hA
and D(9) + ged(h, h')A, respectively, by Lemma 5.10.

We will first consider the derivations of the form Dy, for g € Flz]. Fix
g and let D = D,. Take a = p(x)j* for some p(z) € Flz] and k >
Then D( ) =0 =s1(Dy) ®z® ) and by Lemma 5.9, D(p (m)g)k)
p@)D(") = kp(e)i*'g = kgp(x)i*"! (modh). Thus, [Dy,p(x)i*]
kgp(x)y*=1 (mod ged(h, h')). So,

d

6.4 Dy, —=9—
(6.4 Dy =95
In particular, [Z(HH'(A)), HH?(A)] = 0, by Theorem 6.2(b).

Now we can turn our attention to the derivations of the form ady,, , with
g € F[z] and n > 0.

1l .O

on D[7].

Lemma 6.5. Let D = ady,, and a = p(x)§* € A, as above. Then:

(a) D(z) = nmpg nrrgy™ ! (mod ged(h, h')).

(b) D(g) = —do(9)5" (mod ged(h, 1))

(c) D(a) = (nmagp'(x) — kp(x)do(g)) "+~ (mod ged(h, 1))
Proof. We have

D(z) = [Whghnfly",x] = nmpgh™ ty" ! = nop gyt (mod ged(h, b)),
where the last congruence comes from Lemma 5.11(b). Also,
D(9) = [magh"~'y", 9] = magh™ 'y h — ymughy"
= mpgh"y" ! magh™ Tt [y R = magh™y" T — [y, mghy"

hnlnl_

_ +1 1 e
(n 4 1)mph/gh™ ty™ + (n 5 >7rhgh"h" Lyn=t — (mpgh™) y™ (mod h)

= (n+ Dmph/ gh™ 1y — (mpgh™) y™ (mod ged(h, b))
(n + Db/ gh™ 1y — nmpgh’ W 1y" — (m,9)" h"y™ (mod ged(h, 1))
= mph'gh"'y" — (mng) "y (mod ged(h, 1))

= —d0(9)y" (mod ged(h, 1)),

using Lemma 5.11(a) and (b), the fact that gcd(h, ') divides h’7, and (6.1).
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Finally, using Lemma 5.9 (b),
D(a) D(p(x))§" + p(z)D(5")
P (x)D(@)§" + kp(2)D(§)5" "
= (nﬂhgp'(fv) — kp(x)do(g)) 5"+ (mod ged(h, 1))
U

Hence, for D = adg,, and a = p(z)j* € A, we can now compute [D, a] as
an element of D[g], using (6.3), Lemma 5.10(e), Lemma 5.11(c) and recalling
that ged(h, ') divides h/mp:

D(a) = (nmagp'(z) — kp(2)do(g)) §"*~ (modged(h, 1))
Xa(G(D(2))) = Xa(G (nmngh™~1y" ™))
n(mng)'p(a)g" o — n<;) mhghp(z) g2
n(mrg) p(x)g" 1 (mod ged(h, b))
Xa(s1(D(9) @ @ 1)) = —do(9)xa(s1(§" @z ® 1))
= —ndo(¢)p(=)§" =" (mod ged(h, 1)).
It thus follows that, working in HH?*(A) = A/gcd(h, ')A and recalling (6.1):

[D,a] = n (g (@) — (mng)'p(2)) 9771+ (n — k)p(a)do(g)g" T+

= (nmgp’(ﬂﬂ) - ngmlfbh/p(@ - k5o(g)p(ﬂf)> §" ! (mod ged(h, 1)).

Therefore, we have proved the main result of this subsection.

Theorem 6.6. Assume that char(F) = 0. The Lie action of HH'(A) on
HHQ(A) under the Gerstenhaber bracket is given by the following formulas:

(6.7) [Z(HH'(A)), HH*(A)] =0,
g d o d mh'
(6.8) [adga,., =] = nmagy" ! = — do(9)3 " };L 7" Mpp),

for all g € F[z] and n > 0, where a, = m,h" 'y".

6.3. The structure of HH?(A) as a Lie module over HH!(A). Recall
that h = uf?---uf*, where uj,...,u; are the prime factors of h, ordered
so that a1,...,ar > 2 and a1 = - = = 1 for 0 < k < t, as in
Theorem 6.2. If k = 0, then ged(h, k') = 1 and in this case HH?(A) = 0.
Thus, we suppose throughout this subsection that k£ > 1. Then,

mp = up---ug,  ged(h, h,) =h/mp, = a1 ! "Uzk_l, T(h/m,) = U1 " Ug-

Let us fix mp, = max{a; —1|1<j <k} >1
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We make the identification HH?(A) = D[g], where D = F[x]/gcd (h, h')F[z].

Since the u?ifl, 1 <14 < k, are pairwise coprime,
D = Flz]/uf ' Flz] @ - - - @ Fla] /u* ' Fla]

and there exist nonzero pairwise orthogonal idempotents ej,...,ex € D
with e; +---+ e, =1, D = De; & --- @ Dey and De; = F[m]/uf“_llﬁ'[x]
(these isomorphisms are both as algebras and as left F[z]-modules). Define
D; = De;. Then HH(A) = D1[j] @ - - - @ Dy[g].

Let D = Flz]/uy - - uiFlz] & Flz]/uiF[z] @ - - - @ F[z]/ugF[z]. Then, by
Theorem 6.2(d), we have

[HH'(A),HH' (A)]/N=D@W = W; @ - - - & W,

with W; = (Flz]/u;Flz]) @ W. As the notation suggests, the algebra D is
a quotient of D by the ideal uy---uiD. Let e1,...,€x € D be the images
of the idempotents eq,...,ex € D under the canonical epimorphism. It
is straightforward to see that these are still nonzero pairwise orthogonal
idempotents in D with ey + et e =1, 9 = Dey @ --- @ Deg, and De; =
Flz]/u;F[x]. Denote this field De; = D; by D;. Then,

(6.9) [HH'(A),HH'(A)]/N = (D1 @ W) & -+ & (Dy @ W) .

For i > 0, set

Thus, ©g = 1, ©1 = uy - - Uy = T(p/x,) and for any i > my,, ©; = ged(h, h').
Finally, define
P; = ©;D[g] C HH*(A).
We record a few useful facts below.

Lemma 6.10. For i > 0,we have:
(a) Oiy1 =6 (Hajgi_s-g UJ')'
(b) ﬂh@; = Z@Zﬂ';l (mod @ZHF[@*])
(¢c) P = ©,D[g] is a Lie HH'(A)-submodule of HH*(A) and there is a
strictly decreasing filtration
(6.11) HH*(A) =Py 2P, 2---2 Py, 12P,, =0.

Proof. (a) is clear from the definition. The identity in (b) holds trivially
for i = 0 and we prove it by induction on ¢ > 0. So assume that 7,0, =

101, + Oi41 f, for some f € Flz]. As O, <Haj2i+2 uj) € 0,.2F[z], by

(a), we have
/ /

041 =T | O; H uj | =m6; H uj | + 7m0 H K

o >i+2 o >i+2 a;>i+2
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/

= (10 + O f) | T wi| +m®: | J] w
a;>i+2 a;>i+2
/

= 0,7}, H uj | + m,0; H uj (mod O,42F[z])
a;>i+2 aj>i+2
/
- /
= Z@i+177h + 041 H uj H u;
1<a;<i+1 a;>i+2
!/

. ’ / I | I |
= Z@i—Hﬂ'h + @H—l Ty — uj u;
1<a; <i+1 a;>i+2
. / /
= Z@i+17'l’h + @7;+17rh (mod @prg]F[l‘]).

The fact that (6.11) is a decreasing filtration of vector spaces is clear
because ©; divides ©;11. Since the quotient || oy >it2 Uj of these polynomials
is not a unit, for 0 < ¢ < my, — 1, by the definition of my,, the filtration is
strict. Thus, it remains to show that [adg,,,, P;] C P, for all g € Flz] and
n,i > 0. By (6.8), given f € F[z] and ¢ > 0:

[adgan, @if@q = nmpg©i f1 " + g g@) f !
ol T/ e
— f(S()(g)@ifyn"_Z L nghT@ifyn-i-Z 1’
which is in P; because 1,0 € ©,F[z]. 0

Set S; = P;/Pit1, for 0 <i < mj, — 1. We have seen that S; is a nonzero
HH!(A)-module under the action induced from the Gerstenhaber bracket.
Noting that dp(g) = gdo(1) + ¢'mp, (see [1, Lem. 4.14]) and 7,0; € ©;1F|x],
we see that this action is completely described by the following computation
in Sz

/
[adgam @ifz)q = fyg <n7rh®; — 060(1)0; — nmhh@Z) g,

!/
(6.12) = fg6; (img — 060(1) — nm’hh> g™t (mod Piyq).

In particular, [adgq,,S;] = 0 if g € uy---upF[z] = ©1F[z] because ©,0; €
©;+1F[z]. So, [N,S;] = 0 for all i« > 0, where N is the unique maximal
nilpotent ideal of [HH!(A), HH!(A)], as in Theorem 6.2. Tt follows that S; is
naturally a [HH(A), HH(A)]/N-module.

Note that S; = (©;D/0;41D)[g]. Then, the definitions of D, ©; and
mp — 1, along with Lemma 6.10(a) imply that there is a natural isomorphism
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of vector spaces induced by the natural map D — ©,;D/0,,1D:

D
(6.13) S; = = @ D |, forall0<i<my,-—1.

(Haj2i+2 “j> D oy 2it2

By the above isomorphisms, the element ©; f§* + ©,,1D[j] € S; is identified

with the element 3, ~; feit e Do, >it2 D;[g].
Our next step is to describe the Lle algebra isomorphism (6.9). We will
need the following.

Lemma 6.14. There is an element v € Flz|, determining a unique class
modulo ©1F|[x], such that vdp(1) = 1 (mod O1F[z]). For such an element,
the following hold:

(a) vm), — 1= ™" (mod ©,F[x));
(b) vy, = 1faj (mod u;F[z]), for all 1 < j <k.

¢ G " -
Proof. Wehave ), =/ jui-- -ugul and ”hh = 05Uy Ug- Ul

R
so in particular, do(1) = 7, — ”hTh/ = Upi1--- Uy Zizl(l —;)ug - Uj e ugUl
and gcd(dp(1),01) = 1. This shows the existence of v with vdp(1) =
1 (mod ©;F|z]) and also proves (a).

Fix 1 < j < k. Then 7, = uy---Uj---ut;

J
cul; = ajmy, (modu;F[z]). But, by (a), we also have v, —

Uj
V“’;Lh = 1 (modu;F[z]), so (1 — aj)vm, = 1 (modu;F[z]) and (b) follows
i > 2. ([

(mod u;F[z]) and ”hTh/ =
ajul

since

Based on the proof of [1, Lem. 5.19] and the definition of D, we can
deduce that under the isomorphism (6.9), the element ge, @ w,, € Dy@W is
mapped to —adge,va,., + N € [HH'(A),HH'(A)]/N, for 1 < ¢ < k, g € Fz]
and m > —1, where v is as in Lemma 6.14. Using these identifications and
those in (6.13), we have:

(ges @ wnm). | Y 150" | = = [adgeqvansi O3
a;>i+2

= 0;fgeq (—i(m + 1)wmh + twdo(1) + (m + 1w 7Thh > 7"+ (mod Piy1)
= 0;fgeq (1 —i)(m + L)vm), + £ — (m+1)) ™ (mod P;i1)
= 3 feegeg (E— (m+1) (1 (1 —iwmy)) g™t

aj2i+2
Fgea (€= (m+1) (1= (1 — ) 5™ it ag >i+2
0 if ag <i+1,
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by (6.12) and Lemma 6.14, as @ljl divides ©10,;. Moreover, we can use
Lemma 6.14(b) since uge; = 0 in Dy, yielding:

(g @wn). | Y. fgi'| =

{fgeq (6= m+1)83) gm+t ifay > i+2;
(XjZ’F’—Q

if oy <i+ 1.

The above shows that D, ® W acts trivially on D;[§] C S; except if j = ¢
and oy > i+ 2. In the latter case, the action of D, ® W on D,[§] is given by

619 (gme ). (fei’) = forg (¢ (m )21 ) g

q
In particular, each D;[§] C S; in the decomposition (6.13) is an HH'(A)-
submodule of S;.

Notice that in (6.15), the elements fe; and ge; are scalars in the field
extension Dy = F[z]/u F[z] of F and the action (6.15) is D,-linear. This
motivates the following definition. Fix a scalar p € F and let V, = F[y].
Define an action of the Witt algebra W on V), by

(6.16)  wp.i = (£ — (m+ D)g™"*,  forallm>—1and £>0.

It can be verified that this indeed defines an action of W on V,,, for any

g:i with o > 7 4 2 this statement is implied by

u € F (for p of the form
(6.15)).

The module V), is related to the intermediate series modules for the Witt
and Virasoro algebras (compare (6.21), ahead). Next, we record irreducibil-
ity and isomorphism criteria for these modules.

Lemma 6.17. For F an arbitrary field of characteristic 0 and p € F, let V),
be the W-module defined in (6.16). Then:

(a) V,, is irreducible if and only if pu # 0;
(b) V, =V if and only if p = 1.

Proof. The proof is straightforward, so we just sketch it. First, if 4 = 0 then
Fg" is a submodule of Vp, so V; is reducible. Suppose now that p # 0. Let X
be a nonzero submodule of V. Since w’ .9 = 0190, it follows by the usual
argument that §° € X. Taking into account that wy,.j° = —(m+1)ug™ € X
for all m > 0 and p # 0, we deduce that X = V,,. Thus V), is irreducible
and (a) is proved.

The action of wy on V), is diagonalizable with eigenvalues {£— i }¢>0, with
—u being the unique eigenvalue such that —p — 1 is no longer an eigenvalue.
Thus the action of W on V), determines p, which proves (b). O

It follows from the above that for all 0 < i < my — 1 and all j such

that o; > i + 2, the D; ® W-module D;[g] C S; is irreducible and it is
291 0. As the action depends on i,

aj

isomorphic to 5]- @ Vy,;» where p;; =
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it is convenient to introduce ¢ into the notation for this module. Thus, we
henceforth denote this module by V;;:

Vij=D;[§] €S and V;;2D;®V,,

a5 7

for all 0 < i < my — 1 and j such that a; > i + 2. Moreover, 5 QR W
acts trivially on V;; for q = 7, so it follows by Theorem 6.2 and (6 9) that
V,j is an irreducible HH! (A)-submodule of S; on which both Z(HH!(A)) and
the nilpotent radical N of [HH'(A), HH!(A)] act trivially. As a result of this
analysis, we conclude that S; is a completely reducible HH! (A)-module with
semisimple decomposition (cf. (6.13)):

(6.18) Si= P Vi
a;>i+2
We summarize these results in the following, which constitutes the main
result of this paper.

Theorem 6.19. Assume that char(F) = 0 and A = Ay, for 0 # h € Flz].
Let h = uf" ---uy" be the decomposition of h into irreducible factors with
0 < k <t such that aq, ..., > 2 and agrq1 = - = o4 = 1. Since
HH2(A) # 0 if and only if k > 1, we assume that k > 1 and set m), =
max{a; —1[1<j <k}

The structure of HH*(A) as Lie module over the Lie algebra HHY(A) under
the Gerstenhaber bracket is as follows:

(a) There is a filtration of length my, by HHY(A)-submodules
HH*(A) = Py 2 P12+ 2 P12 Py, = 0.

(b) For each 0 < i < mp—1 the factor module S; = P;/P;11 is completely
reducible with semisimple decomposition S; = @%Zi_ﬂ Vij, where:
(i) The nilpotent radical Z(HHY(A)) ®N of HHY(A) acts trivially on
SZ, so S; becomes a (51 ® W) G- D (5k ® W) -module, where
D; = Flz]/u;F[z] and W = spanp{w; | i > —1} is the Witt
algebra. .
(i) Vij 2 D;®V,,,, where pi; = % and the irreducible W-module
V. ts described in (6.16).
(iil) Dy ® W acts trivially on Vj for ¢ # j and D; @ W acts on V;;
via (6 16), under scalar extension.
(iv) Vij =2 Vi as HHY(A)-modules if and only if (i,j) = (i',5').
(c) HH?(A) has finite composition length equal to E?Zl(aj — 1), the
number of irreducible factors of gcd(h,h') counted with multiplicity;
the compositions factors are {V;; | 0 < i < my, — 1,a; > i+ 2},
representing distinct isomorphism classes.
(d) HH?(A) is a semisimple HHY(A)-module if and only if my, < 1, i.e.,
if and only if h is not divisible by the cube of any non-constant
polynomial.
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Remark 6.20. It turns out that under the same conditions that ensure
that HH?(A) is semisimple, both HHO(A) and HHY(A) are also semisimple
HHL (A)-modules: since char(F) = 0, HHY(A) = F is always simple and by
[1, Cor. 5.22 (ii)], HHY(Ay) is a direct sum of its center—a sum of trivial
modules—and simple Lie ideals.

Proof. All of the above statements have been proved, except for (iv) and
(d). We start with (iv). If V;; = Vs then D; ® W acts non-trivially on
Vi, so j =4, by (iii). Thus, by Lemma 6.17(b), ;j = pirj, which in turn
implies 7 = 7.

For the proof of (d), if & is not divisible by the cube of any non-constant
polynomial then mj; = 1 and HH?*(A) = Sy, which we have seen in (b) is
semisimple. Conversely, if mj; > 2 then there is some ¢ such that «; > 3,

say i = 1. By (6.8),
¢
[adu; - upar, 87 = —u1 - ug Zaiul ce Uy ugug & ged(h, BF[a],
i=1

because u? divides ged(h, i) but it does not divide [ady,..upa;,9°]. But
ady,..upa, € N and N annihilates all the composition factors of HH?(A), by
(i), so HH?(A) cannot be semisimple in this case. O

Before we proceed to illustrate our result with some special cases, we
first want to establish a connection between the representations V;; and
the Virasoro algebra. Recall that the Virasoro algebra is the unique (up
to isomorphism) central extension of the full Witt algebra of derivations of
F[z*1]. This Lie algebra is defined as Vir = @,;, F.w; ® F.c, where
m3 —m

12
Define, for p € F, the Vir-module U, = F[§*!] with action

[c,Virf =0 and  [wp, w,] = (0 — M) Whmtn + Imin0 c VYm,n € Z.

6.21)  wu gt =l —(m+Dp)y™t and cgt=0, VI,meZ

The module U, is an intermediate series module (see [8] for details).
The following can be readily checked by the reader:

(a) W is a Lie subalgebra of Vir.
(b) The formula (6.21) gives a well-defined action of Vir on U,.

(c) V, CU, as W-modules.

(d) U, is irreducible as a Vir-module if and only if p # 0 and p # 1.

(e) U, = Uy as Vir-modules if and only if = p/.

6.4. Special cases. We end this section with a discussion of some examples
of special interest. To avoid trivial cases, in all examples the polynomial A
is assumed to be divisible by the square of some non-constant polynomial.
We continue to assume that char(F) = 0.
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Example 6.22 (h = z™). Let’s consider the case where h has a unique
irreducible factor. For the sake of simplicity, we will assume that this factor
is x, that is, h = x™ with n > 2; the more general case of an irreducible
factor of higher degree is entirely analogous. In this case:

Z(HHY (Aun)) =FDyn-1, where Dyn-1(2) =0 and Dyn—1 () = 2™ 1,
N = spang{ad,i, |1 <i<n—2, m>0},
[HHY(Azn), HHY (An)] /N =2 W (the Witt algebra),
HH?(Azn) = D[], where D = (F[m]/x"_IIF[as])
For 0 <i<n-—1, let P, = 2'D[§], so that we get the following filtration
of HHY(An)-submodules of HH? (An)
HH?*(Apn) =Pp2 P12 -2 P, 22 P, 1 =0.

Set S; = P;/Piy1 2 F[j], fori < n —2. Then Dyn-1.HH*(Apn) = 0 and
N.P; C Piyq, so S; is naturally a module for the Witt algebra W, with action

n—1

Wi Gt = (£ — (m +1) )y, for allm > —1 and £ > 0.

n—1

Thus, S; = Vi is simple and the composition factors {Si}y<j<,_o Of

n—1
HH2(Azn) are pairwise non isomorphic. In particular, HH?(Azn) has length
n—1 as a HHY(Azn)-module, with distinct composition factors.

The next example, a particular case of the previous one, focuses on the
Jordan plane.

Example 6.23 (The Jordan plane). Taking h = 2, we obtain the algebra
A2, known as the Jordan plane, with homogeneous defining relation yr =
xj + 22, The description here is:

HH!(A,2) =FD, W and HH*(A.2) = F[j],

where Dy(x) =0, Dy(9) = x and W is the Witt algebra.

It follows that HH?(A,2) is a simple HH'(A,2)-module annihilated by D,
and such that, as a W-module, HH?(A,2) = V5.

The Lie subalgebra Fw_1 & Fwo®Fwy; C W is isomorphic to sla(F), under
the identification e = w_1, h = —2wq, f = —w1, where e = F1s, f = Fo
and h = [e, f] are the canonical generators of sla(F). The restriction of the
HHY(A,2)-module structure of HH*(A,2) = F[g] to sly(F) is determined by
the relations

et =09 hgt=4-209 fit=@-05"t, wve>o.

Whence, it is easy to see that L(4) := Fi° @Fj' ©Fj? oFy @Fg* is a simple
sly(F)-submodule of HH?(A,2). In fact, L(4) is the simple sly(F)-module of
highest weight 4 and the quotient module HH?*(A,2)/L(4) = M(—6) is the
irreducible Verma module of highest weight —6.
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Our last example deals with the case where HH?(A) is a semisimple Lie
module.

Example 6.24 (h is cube free). By Theorems 6.2 and 6.19(d), the following
conditions are equivalent:

HH2(A) is a semisimple HH(A)-module;

e N=0;

e HHY(A) is a reductive Lie algebra;

e h is cube free.

Here we study the case in which these conditions hold, so the decomposition
of h into irreducible factors is of the form h = u? - - uiukH -+ U, for some
1<k<t. We have

dimg Z(HH'(A)) = deguy - - - uy,
HH'(A) = Z(HH'(A)) & (D1 @ W) @ - @ (D @ W),
HH?(A) = Di[j] @ - - @ Dy[g),

where D; = Flz]/u;F[z] and W is the Witt algebra.

Then, Z(HHY(A)) acts trivially on HH%(A) and D; ® W acts trivially on
D;l9], if i # j. As a Dj @ W-module, D;[§] = D; ® Va. Thus the irreducible
summands of HH*(A) are {D; [g]}léjgk, they are pairwise non-isomorphic
as HHY(A)-modules and the composition length of HH*(A) is k.

REFERENCES

[1] Georgia Benkart, Samuel A. Lopes, and Matthew Ondrus. Derivations of a parametric
family of subalgebras of the Weyl algebra. J. Algebra, 424:46-97, 2015.

[2] Georgia Benkart, Samuel A. Lopes, and Matthew Ondrus. A parametric family of
subalgebras of the Weyl algebra I. Structure and automorphisms. Trans. Amer. Math.
Soc., 367(3):1993-2021, 2015.

[3] Dave J. Benson, Radha Kessar, and Markus Linckelmann. On blocks of defect two
and one simple module, and Lie algebra structure of HH'. J. Pure Appl. Algebra,
221:2953-2973, 2017.

[4] Sergio Chouhy and Andrea Solotar. Projective resolutions of associative algebras and
ambiguities. J. Algebra, 432:22—61, 2015.

[5] Murray Gerstenhaber. The cohomology structure of an associative ring. Ann. of Math.
(2), 78:267-288, 1963.

[6] Murray Gerstenhaber. On the deformation of rings and algebras. Ann. of Math. (2),
79:59-103, 1964.

[7] Liyu Liu, Shenggiang Wang, and Quanshui Wu. Twisted Calabi-Yau property of Ore
extensions. J. Noncommut. Geom., 8(2):587-609, 2014.

[8] Olivier Mathieu. Classification of Harish-Chandra modules over the Virasoro Lie alge-
bra. Invent. Math., 107(2):225-234, 1992.

[9] Selene Sanchez-Flores. The Lie structure on the Hochschild cohomology of a modular
group algebra. J. Pure Appl. Algebra, 216:718-733, 2012.

[10] R. Sridharan. Filtered algebras and representations of Lie algebras. Trans. Amer.
Math. Soc., 100:530-550, 1961.

[11] D. R. Stephenson. Artin-Schelter regular algebras of global dimension three. J. Alge-
bra, 183(1):55-73, 1996.



42 SAMUEL A. LOPES* AND ANDREA SOLOTAR

[12] Mariano Susrez-Alvarez. A little bit of extra functoriality for Ext and the computation
of the Gerstenhaber bracket. J. Pure Appl. Algebra, 221(8):1981-1998, 2017.

CMUP, FACULDADE DE CIENCIAS, UNIVERSIDADE DO PORTO, RUA DO CAMPO ALE-
GRE 687, 4169-007 POrRTO, PORTUGAL
E-mail address: slopes@fc.up.pt

IMAS AND DTO. DE MATEMATICA, FACULTAD DE CIENCIAS EXACTAS Y NATURALES,
UNIVERSIDAD DE BUENOS AIRES, CTUDAD UNIVERSITARIA, PABELLON 1, (1428) BUENOS
AIRES, ARGENTINA

E-mail address: asolotar@dm.uba.ar



