[BPORTO

F FACULDADE DE CIENCIAS
C UNIVERSIDADE DO PORTO

Homotopy Groups of the Moduli Space
of Higgs Bundles

Ronald Alberto
ZUNIGA-ROJAS

Departamento de Matemadtica

Faculdade de Ciéncias da Universidade do Porto
Porto, Portugal

February 27, 2015







Ronald Alberto ZUNIGA-ROJAS

HOMOTOPY GROUPS OF THE MODULI SPACE
OF HIGGS BUNDLES

Thesis submitted for the degree of Ph.D.
in the University of Porto, 2014.

Departamento de Matematica

Faculdade de Ciéncias da Universidade do Porto
Porto, Portugal

[BAPORTO

F FACULDADE DE CIENCIAS
C UNIVERSIDADE DO PORTO






to Miguel Angel,
to Santiago,
to Wendy.






Acknowledgments

First of all, I want to thank to my supervisor, Professor Peter B. Gothen, for teaching me
so much during the last four years, for introducing me to the fascinating subject of the
Higgs bundles and Hitchin pairs, for all his constant enthusiasm, patience and kindness
when attending my silly questions. For all his virtues, this work has been a real pleasure.
Mange tak!

I am very grateful to Professor Steven Bradlow and Professor Oscar Garcia-Prada,
for teaching me a lot in this subject, during the Spring of 2012 attending the “Third In-
ternational School on Geometry and Physics”, held in Barcelona, during the Spring of
2013 attending the “IST Courses in Algebraic Geometry”, held here in Porto, and during
the Spring of 2014, attending the “IV International School on Geometry and Physics”,
and attending also the “Workshop on the Geometry and Physics of the Moduli Spaces”,
both held in Madrid. Their talks, ideas and discussions have been truly illuminating for

me. Thank you very much! Muchas gracias!

I am also very grateful to Professor Richard A. Wentworth, for his talks and his
minicourse during the “Third School on Geometry and Physics”, and also for his notes
on “Higgs Bundles and Local Systems on Riemann Surfaces”, which have been a very

useful tool to better understand this amazing topic. Thank you!

I want to thank to those people who shared their time with me, listening to my
work. Of course, is impossible for me to mention all of them here, but I am truly grate-
ful to André G. Oliveira, Carlos Florentino, Vicente Muioz, Ana Pedn-Nieto, Alfonso
Zamora, Brian Collier, Graeme Wilkin, and Indranil Biswas, who kindly listened to

my particular subject and gave me very useful hints and suggestions. Muito obrigado!

7



iMuchas gracias! Thank you so much!

I am very grateful to my whole family. I want to thank to my wife Wendy, to our
little kids Santiago and Miguel Angel, for all their love, patience, and support during
these years. Every single moment shared with my family has been invaluable for me. I
want to thank to my parents, Francisco and Ruth, for all their best wishes, love, and faith
putted on me and my brothers. jSon los mejores papéds del Mundo! Espero ser la mitad
de bueno que ustedes en la labor de padre. Of course, I want to thank to my brothers
Manuel Andrés and Sebastidn who, together with my parents, always have been there
for me. I also want to thank to my aunts, Rosario and Estela, my uncle Carlos, for
all the moral support that they send me during these years. I am deeply grateful with
my grandparents Rodrigo (R.I.P.) and Flora, Alcides (R.I.P.) and Doris, with special ac-
knowledge to Abuelita Doris, every one of you taught me that the most important thing
here on Earth is family. I want to thank also my parents in law, Don Miguel y Dofia
Berny, who have been like a second dad and mom for me. ;A todos los mencionados en

este parrafo los amo y los extrafio de corazon! jGracias por su apoyo incondicional!

I am so grateful to those people in Universidad de Costa Rica, who have always
trusted on me. Special thanks to Professor William Alvarado, for all the things he taught
me when I was an undergraduate student, and also for showing me that poster, between
second and third floor, with the announcement of the PhD Program here in Portugal.
I am truly grateful to Professor José A. Ramirez, Professor Santiago Cambronero, and
Professor Pedro Méndez for all those interesting topics that they taught me, and for have
trusted on me from the very beginning. I also want to thank to Professor Joe Varilly and
Professor Michael Josephy for their recommendation letters and all the support that
gave me four years ago. I want to thank to one of my very close best friends, ()lger
Pérez, {Chinito! Mi hermano de San Carlos, for his unconditional support, and all his
best wishes for me and my family. I want to thank to Greivin Herndndez, another one
in the circle of best friends, jPetu! Mi hermano de Nicoya, for all those favors that I
needed. I am deeply grateful to Oficina de Asuntos Internacionales y Cooperacion Ex-
terna, OAICE, specially grateful to Vivian Madrigal, for following and joining my case
from the very beginning. I would like to thank to every single person there in UCR that

put part of his energy for me to be here, but is impossible for me to mention all of them



here. Without all of them, I would not be here. A todos, muchas gracias. jPura Vida!

Last, but no least, I thank to all those people who made my time here in Porto so in-
valuable. Special thanks to Thomas Baier and Irene Carvalho, for so enjoyable dinners
and those good football matches no Dragdo! Danke! Muito obrigado! I want to thank
also to Chris Young, Alberto Herndndez, and Gaston Pancrazio, for sharing all those
beers here at home, or there in Casa Agricola. Thank you so much! jPura vida! Seria

grato poder reunirnos los cuatro alguna vez. {Un gran abrazo! jGracias, totales!

Finally, I gratefully acknowledge the financial support from Fundac¢ao para a Ciéncia
e a Tecnologia, FCT, here in Portugal with the reference SFRH/BD/51174/2010. Muito
obrigado!



10



Abstract

Let X be a closed and connected Riemann surface of genus g > 2. The main object of
study in this thesis is the moduli space M¥ of k-Higgs bundles. These are a generaliza-
tion of the usual Higgs bundles, where the Higgs field is twisted by O(k - p), for p € X.

There are natural inclusions M* — M+,

Here, we study the stabilization with respect to k of the homotopy groups of M*
using the natural C*-action on the moduli space. We prove results on freeness and
stabilization of homology groups in rank two and three. This conjecturely implies sta-
bilization for homotopy groups. However, we do not obtain precise numerical estimates
for the range of the stabilization of the homology and homotopy indices. This work

partially generalizes the result by Hausel in rank two.

Moreover, we study the inclusion of the fixed loci of the C*-action, where the most
important case is the one that corresponds to holomorphic triples. The moduli spaces of
triples depend on a stability parameter o, and we investigate the relation of the various
stability conditions, finding in particular natural inclusions of triples moduli spaces cor-
responding to the inclusions M* — MP**1 An essential ingredient is the study of the

flips relating moduli spaces of triples for different values of the parameter o.

The moduli space M is stratified by the Harder-Narasimhan type of the underlying
vector bundle of a Higgs bundle. This stratification is called the Shatz stratification. We
study the relationship between the Shatz stratification and the Bialynicki-Birula strati-
fication on M, coming from the limit 2 — 0 of the C*-action, for rank two and three.
Our results should produce a more refined stratification for rank three, which we expect

to be useful in generalizing Hausel’s results for rank two to rank three. We present a
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different proof for the rank two case stratifications equivalence obtained by Hausel, and
we give a description, for the rank three case, of how the Shatz stratification relates to

the Bialynicki-Birula stratification and also the other way around.

The Nilpotent Cone in M is the pre-image of zero under the Hitchin map. It has
another Bialynicki-Birula stratification, using the limit z — oo for z € C*. Finally, we
study this stratification of the Nilpotent Cone of M. These results complement those of
the relationship between the Shatz stratification and the Bialynicki-Birula stratification

mentioned above.

Key Words

Algebraic Geometry, Algebraic Topology, Differential Geometry, Moduli Spaces, Gauge
Theory, Morse Theory, Higgs Bundles, Hitchin Pairs, Homotopy, Homology, Cohomol-

ogy, Connections, Holomorphic Structures, Vector Bundles.



Resumo

Seja X uma superficie de Riemann fechada e conexa de género g > 2. O principal
objeto de estudo desta tese é o espaco méduli M* de k-fibrados de Higgs. Estes sdo
uma generalizacdo dos fibrados de Higgs habituais, onde o campo de Higgs € torcido
por O(k - p), para p € X. Existem mergulhos naturais M* — M**1,

Aqui estuda-se a estabilizacdo com respeito a k dos grupos de homotopia de M* uti-
lizando a ac¢do natural de C* sobre o espago de méduli. Provamos resultados de tor¢ao
livre e de estabilizacdo de grupos de homologia em posto dois e trés. Isto implica, como
uma conjectura, a estabilizacdo para grupos de homotopia. Contudo, ndo é possivel
obter estimativas numéricas precisas para a estabilizacdo dos indices de homologia e de

homotopia. Este trabalho generaliza parcialmente o resultado de Hausel para posto dois.

Além disso, € estudado o mergulho dos lugares geométricos de pontos fixos da accao
de C*, onde o caso mais importante é aquele que corresponde a triplos holomorfos. Os
espacos moduli de triplos dependem dum parametro de estabilidade o, e investiga-se
a relacdo das distintas condicdes de estabilidade, encontrando em particular mergulhos
naturais de espacos méduli de triplos correspondentes as inclusdes M* — M*+1 Um
ingrediente essencial é o estudo dos lugares geométricos de salto relacionando espacgos

moéduli de triplos para diferentes valores do parametro o.

O espagco méduli M € estratificado pelo tipo Harder-Narasimhan do fibrado vecto-
rial subjacente dum fibrado de Higgs. Esta estratificacio chama-se a estratificacdo de
Shatz. Estuda-se a relagdo entre a estratificagdo de Shatz e a estratificagdo de Bialynicki-
Birula em M, associada ao limite de z — 0 da ac¢@o de C*, para posto dois e trés. Os

nossos resultados devem produzir uma estratificacdo mais refinada para posto trés, que
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esperamos seja util na generalizagdo dos resultados de Hausel de posto dois para posto
trés. Apresentamos uma prova diferente para a equivaléncia dessas duas estratificagdes
no caso de posto dois, obtida por Hausel, e damos uma descri¢do, para o caso de posto
tr€s, de como se relaciona a estratificacdo de Shatz com a estratificagdo de Bialynicki-

Birula e também reciprocamente.

O Cone Nilpotente em M € a imagem inversa de zero sob o mapeo de Hitchin.
O Cone Nilpotente, tem outra estratificacdo de Bialynicki-Birula, usando o limite de
2z — oo para z € C*. Finalmente, estudamos esta estratificacdo do Cone Nilpotente de
M. Estes resultados complementam aqueles da relacio entre a estratificacao de Shatz e

a de Bialynicki-Birula mencionados anteriormente.

Palavras-Chave

Geometria Algébrica, Topologia Algébrica, Geometria Diferencial, Espagos Moduli,
Teoria de Gauge, Teoria de Morse, Fibrados de Higgs, Pares de Hitchin, Homotopia,

Homologia, Cohomologia, Conexdes, Estructuras Holomorfas, Fibrados Vectoriais.



Resumen

Sea X una superficie de Riemann cerrada y conexa de género g > 2. El principal objeto
de estudio de esta tesis es el espacio méduli M* de k-fibrados de Higgs. Estos son una
generalizacion de los fibrados de Higgs habituales, donde el campo de Higgs es torcido

por O(k - p), para p € X. Existen inclusiones naturales M* — AMF*+1,

Aqui, se estudia la estabilizacion con respecto a k de los grupos de homotopia de
MP utilizando la accién natural de C* sobre el espacio de méduli. Demostramos resul-
tados de torsion libre y de estabilizacion de grupos de homologia en rango dos y tres.
Esto implica, a modo de conjetura, la estabilizacion para grupos de homotopia. Sin
embargo, no obtenemos estimaciones numéricas precisas para la estabilizacion de los
indices de homologia y de homotopia. Este trabajo generaliza parcialmente el resultado

de Hausel para rango dos.

Por otra parte, se estudia la inclusion de los lugares geométricos de puntos fijos de
la accién de C*, donde el caso mds importante es el que corresponde con triples holo-
morfos. Los espacios méduli de triples dependen de un parametro de estabilidad o, y se
investiga la relacion de las distintas condiciones de estabilidad, encontrando en particu-
lar inclusiones naturales de espacios moduli de triples correspondientes a las inclusiones
MF — M*L Un ingrediente esencial es el estudio de los lugares geométricos de salto

relacionando espacios méduli de triples para diferentes valores del pardmetro o.

El espacio moduli M es estratificado por el tipo Harder-Narasimhan del fibrado vec-
torial subyacente de un fibrado de Higgs. Esta estratificacion se llama la estratificacion
de Shatz. Se estudia la relacion entre la estratificacion de Shatz y la estratificacion de

Bialynicki-Birula en M, procedente del limite de z — 0 de la accién de C*, para rango
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dos y tres. Nuestros resultados deben producir una estratificacion mas refinada para
rango tres, que esperamos sea util en la generalizacion de los resultados de Hausel de
rango dos para rango tres. Presentamos una prueba diferente para la equivalencia de
estas dos estratificaciones en el caso de rango dos, obtenida por Hausel, y damos una
descripcion, para el caso de rango tres, de cdmo la estratificacion de Shatz se relaciona

con la estratificacion de Bialynicki-Birula y también a la inversa.

El Cono Nilpotente en M es la imagen inversa de cero bajo el mapeo de Hitchin.
El Cono Nilpotente, tiene otra estratificaciéon de Bialynicki-Birula, usando el limite de
2z — oo para z € C*. Finalmente, estudiamos esta estratificacién del Cono Nilpotente
de M. Estos resultados complementan los de la relacion entre la estratificacién de Shatz

y la de Bialynicki-Birula mencionados anteriormente.

Palabras Clave

Geometria Algebraica, Topologia Algebraica, Geometria Diferencial, Espacios Moduli,
Teoria de Gauge, Teoria de Morse, Fibrados de Higgs, Pares de Hitchin, Homotopia,

Homologia, Cohomologia, Conexiones, Estructuras Holomorfas, Fibrados Vectoriales.
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Introduction

Higgs bundles appeared in the work of Hitchin [24] and they are of interest for a lot of
reasons in a lot of mathematical fields like: Algebraic Geometry, Algebraic Topology,
Differential Geometry, Mathematical Physics, Quantum Field Theory, among others.
Even so, this thesis is concerned only with Mathematics, especifically with Algebraic
Geometry, Algebraic Topology and Differential Geometry, but is not concerned directly

with Physics.

Let X be a closed and connected Riemann surface of genus g > 2. Let K = Kx =
(T'X)* be the canonical line bundle over X.

From the point of view of Algebraic Geometry, a Higgs bundle is a pair (E, D)
where E — X is a holomorphic vector bundle over X and ® € H(X,End(F) ® K)
is a holomorphic section of End(E), the endomorphism bundle of F, called as a Higgs
field.

On the other hand, if we fix a Hermitian metric on X, compatible with its Riemann

surface structure, since dimc X = 1, this metric will be Kihler, and so, there is a Kdhler

/ w = 2, (1)
X

and so, from the gauge theory point of view, a Higgs bundle is defined as a pair (d, D)

form w that we can choose such that:

where d4 is a unitary connection on a smooth complex vector bundle £ — X and

19



20 INTRODUCTION
¢ € O'O(X, End(E)), satisfying Hitchin’s equations:

Fy4+[0,9] = —i-p-Ip-w
(2)
Oa® = 0

a set of non-linear differential equations for d4 and &, related through the curvature
F4, where ®* is the adjoint of & with respect to a hermitian metric on £ (see Theorem
[1.3.7), where I € End(FE) is the identity and ¢ = p(E) is the slope of E, and one
consequence is that @ is holomorphic with respect to the holomorphic structure of £
induced by d 4:

ie. Op® =0

where 0p = 04 comes from the Chern-correspondence:
da=d+A=d+ A% dz — A"0dz — 0+ A%'dz = 0,.

A solution to Hitchin’s equations gives us a holomorphic Higgs bundle (E, ®) by
giving E' the holomorphic structure induced by the unitary connection d 4, and this Higgs
bundle will be polystable. Stability can be introduced as follows:

A holomorphic vector bundle £ — X, is called semistable if u(F') < p(FE) for any
F such that 0 € F° C E. Similarly, a holomorphic vector bundle £ — X is called
stable if 1(F') < p(E) for any non-zero proper subbundle 0 C F' C E. Finally, E is

called polystable if it is the direct sum of stable subbundles, all of the same slope.

We can then generalize the notion of stability to Higgs bundles applying it only to
®$-invariant subbundles of E: for a Higgs bundle (£, ®), a subbundle F' C F is said to
be ®-invariant if &(F') C F ® K. A Higgs bundle is said to be semistable (respectively
stable) if p(F') < u(FE) (respectivelyu(F') < u(FE)) for any non-zero, ®-invariant sub-
bundle F' C FE (respectivelyF' C F). Similarly, (E, ®) is called polystable if E is the

direct sum of stable ®-invariant subbundles, all of the same slope.

The converse is quite hard to prove, but also true: any polystable Higgs bundle
(E, ®) admits a hermitian metric on it such that (d4, ®) solves the Hitchin’s equations

(2), where d 4 is the Chern connection (see Theorem [1.3.7)).
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A gauge transformation is an automorphism of £. Locally, a gauge transformation
g € Aut(E) is a C*°(E)-function with values in GL,(C). A gauge transformation g is
called unitary if g preserves the hermitian inner product. We will denote G as the group
of unitary gauge transformations. Atiyah and Bott [2] denote G as the quotient of G by
its constant central U (1)-subgroup. We will follow this notation too. Moreover, denote

BG and BG as the classifying spaces of G and G, respectively.

A Hitchin pair is a generalization of a Higgs bundle. Instead of consider K, the
canonical line bundle of X, if we consider a general line bundle L — X, we get a
Hitchin pair where now ® € H°(X,End(E) ® L). The stability condition for Hitchin

pairs is the obvious generalization of the one for Higgs bundles.

For k > 0, a k-Higgs bundle or Higgs bundle with poles of order k is the particular
case of a Hitchin pair where L = K ® L?k. More clearly, if we consider a fixed point
p € X as adivisor p € Sym'(X) = X, and L, the line bundle that corresponds to that

divisor p, we get a complex of the form
ok Rk
EFE——FRK®L,

where " € H(X,End(F) ® K ® L") is a Higgs field with poles of order k. So, we
call such a complex as a k-Higgs bundle and ®* as its k-Higgs field. A k-Higgs bundle
(E, ®*) is stable (respectively semistable) if the slope of any ®*-invariant subbundle of
E is strictly less (respectively less or equal) than the slope of £ : u(E). Finally, (E, ®F)
is called polystable if E is the direct sum of stable ®*-invariant subbundles, all of the
same slope.

The moduli space of stable Hitchin pairs M (r, d), can be constructed either ana-
lytically:
My (r,d) = My = B(r,d)/G"

with

B*(r,d) = {(0a,®) : 94(®) = 0and (E, ®) s stable} C (onl(r, d)xQO(X;End(E)®L>,
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and where, by abuse of notation, we denote the J-operator on End(E) ® L comming
from 04 on E and the fixed holomorphic structure on L; or using Geometric Invariant

Theory, considering ¢ as a 0-section:
® € H'(X; End(E) ® L).
This construction is carried out by Nitsure [34]]:

Theorem (Nitsure [34, Proposition 7.4.]). The space M (r,d) is a quasi-projective

smooth variety of complex dimension
dime(My(r,d)) = (r* — 1)deg(L).
In particular:
dime(M*(r,d)) = (r* — 1)deg(K ® LE") = (r* = 1)(2g — 2+ k).

An important feature of M (r,d) is that it carries an action of C*: z - (E,®) =
(E,z - ®). According to Hitchin [24], (M, I, §2) is a Kdhler manifold, where [ is its
complex structure and {? its corresponding Kihler form. Furthermore, C* acts on M bi-
holomorphically with respect to the complex structure I by the action mentioned above,
where the Kihler form (2 is invariant under the induced action ¢ - (£, ®) = (FE, ¢ - ®)
of the circle S* C C*. Besides, this circle action is Hamiltonian with proper momentum
map

f:M—R
defined by:
1 l
E,®) = —|®|7. = — PP*).
f(B.®) = —|o|} Qﬂ/xtm ) 3)

where ®* is again the adjoint of ® with respect to the hermitian metric on £ given by
Theorem|[1.3.7, and f has finitely many critical values.

There is another important fact mentioned by Hitchin [24](see the original version
in Frankel [10], and its application to Higgs bundles in Hitchin [24]): the critical points

of f are exactly the fixed points of the circle action on M.
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If (E,®) = (E,e®) then ® = 0 with critical value ¢, = 0. The corresponding
critical submanifold is Fy = f~'(cy) = f~1(0) = N, the moduli space of stable
bundles. On the other hand, when ® # 0, there is a type of algebraic structure for Higgs
bundles introduced by Simpson [36]: a Variation of Hodge Structure, or simply a VHS,
for a Higgs bundle (F, ®) is a decomposition:

E=@DE;suchthat®: E; — Ejpy @ Kfor 1 <j <n—1. 4)

J=1

Has been proved by Simpson [37]] that the fixed points of the circle action on M (r, d),
and so, the critical points of f, are these Variations of the Hodge Structure, VHS, where
the critical values ¢y, = f(£,®) will depend on the degrees d; of the components
E; C E. By Morse theory, we can stratify M in such a way that there is a non-zero
critical submanifold F) := f~!(c,) for each non-zero critical value 0 # cy\ = f(E, ®)
where (E, ®) represents a fixed point of the circle action, or equivalently, a VHS. We
said then that (E, ®) is a (rk(E}), ..., tk(E,))-VHS.

The calculation of the Betti numbers of the moduli space of stable Higgs bundles
has been done by Hitchin [24] for the rank two case, by Gothen [14] for the rank three
case, and by Garcia-Prada, Heinloth and Schmitt [[13] for the rank four case. Hitchin
[24] and Gothen [14] work using the proper momentum map (3|) mentioned above as a
Morse-Bott function. Gothen follows an approach quite similar to the one that Hitchin
does, but with the main difference that in the determination of the critical submanifolds,
Gothen uses the vortex pairs from the work of Bradlow [4]] and their generalization to
stable triples from the work of Bradlow and Garcia-Prada [5]]. These vortex pairs (V)
consist of a bundle together with a section, and there are stability conditions studied by
Bradlow [4] and the moduli space of vortex pairs has been widely studied by Thaddeus
[38]. On the other hand, triples of the form (V;, V3, ®) consisting of two vector bun-
dlesV;, - X, V5 — X and amap ¢ : V, — V; between them, were introduced by
Bradlow and Garcia-Prada as a generalization of the vortex pairs, and these structures
have been widely worked by Bradlow, Garcia-Prada, Gothen [6], by Mufioz, Ortega and
Viasquez-Gallo [32]], by Mufioz, Oliveira and Sanchez [31], among others. The work
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of Garcia-Prada, Heinloth and Schmitt [13] is a little bit different: their computation is
done in the dimensional completion of the Grothendieck ring of varieties and starts by

describing the classes of moduli stacks of chains rather than their coarse moduli space.

We are particularly interested in the homotopy groups of the moduli space of Higgs
bundles. The works of Bradlow, Garcia-Prada and Gothen [/]] give an estimate of some
of the homotopy groups of M (r, d), the moduli space of Higgs bundles of rank rk(E) =
r and degree deg(FE) = d:

Theorem (Bradlow, Garcia-Prada and Gothen [7, Theorem 4.4]). Let G be the unitary
gauge group. If r > 1, g > 3 and GCD(r,d) = 1, then:

(1) my(M(r,d)) = H(X,Z);
(2) W?(M(T’ d)) = Z;
(3) 7 (M) 2 m,1(G) for 2 < j < 2(g — 1)(r 1) — 2.

Let M := limy_,0o M* = [J;Z) M" be the direct limit of the spaces { M*(r, d)} "~ .
Hausel [19], while estimating the homotopy groups of M*(2, 1) the moduli space of k-
Higgs bundles of rank rk(FE) = 2, finds that the estimate of Bradlow, Garcia-Prada and
Gothen [7, Theorem 4.4] holds for a higher homotopy index:

Theorem (Hausel [19, Theorem 7.5.7.]). For k > 0 we have:

mi(MH(2,1)) =2 m;(M™(2,1)) = 7;(BG)
for 0<j<49g—8+k.

The work of the present thesis is motivated by the problem of generalizing this result
to higher rank. Nevertheless, Hausel uses two principal tools that can not be used in
general: first, the Morse stratification of M (2, 1) coincides with its Shatz stratification;

and second, the study of the higher connectedness properties of the inclusions

MF(2,1) = MFFL(2,1).
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Before describing the Morse stratification, we will describe the Bialynicki-Birula

strata: consider the set
U?ﬁ:«ﬂ@ﬂaMm%sz@)eﬂ}
z—>
This set UPP is the upward stratum of the Bialynicki-Birula stratification:

M= JuPs.
A

On the other hand, let UM be the set of points (E,®) € M such that its path of
steepest descent for the Morse function f and the Kéhler metric have limit points in F).

This set is called the upward Morse flow of F), and it gives another stratification of M:
m=Ju¥
A
Kirwan proves that these two stratifications are always equivalent:

Theorem (Kirwan [27, (6.16.)]). Bialynicki-Birula stratification and Morse stratifica-

tion are smooth and diffeomorphic. In other words, using the above notation, we get:
UgB =uY v

We will denote simply Uy := UPP = U,

As a consequence of Shatz [35, Proposition 10 and Proposition 11], there is a finite
stratification of M (r, d) by the Harder-Narasimhan type of the underlying vector bundle
E of a Higgs bundle (E, ®):

M(r,d) = U

where U/ C M(r,d) is the subspace of Higgs bundles (£, ®) which associated vector
bundle £ has HNT(FE) = ¢, and where we are taking this union over the existing types
in M(r, d). This stratification is known as the Shatz stratification.

Let Uy C M(2,d) be the locus of points (E,®) € M(2,d) such that E is stable,
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and let Uj; C M be the locus of points (&, ®) € M)(2,d) such that £ is unstable and
its destabilizing line bundle E is of degree dy > 0. This family {U;, g::lo gives us the
Shatz stratification of M (2, d):

Hausel proves that U CZ = Uc’l1 for rank two, Vd; such that 0 < d; < g — 1. The
general rank case inclusions M*(r,d) — MF**1(r d) are ‘well behaved’ some how,

but the Morse stratification and the Shatz stratification do not coincide in general.

This thesis is structured in five chapters. In Chapter |1 we introduce some general

facts and basic definitions useful along the whole thesis.

In Chapter [2| we prove the stabilization of the homotopy groups of M*(r,d) the
moduli spaces of k-Higgs bundles of general rank rk(F) = r and degree deg(FE) = d
using the results from the works of Hausel and Thadeus [21] and [22]], among other

tools. We do not obtain precise numerical estimates for stabilization in the general case:

Theorem (Corollary 2.2.17). If H" (./\/l’“(r, d), Z) is torsion free Vk € N and Vn € N,
and if m (MF) acts trivially on w,(M>, MF) for all n € N and for all k € N, then for

all n exists ko = ko(n) such that
7 (ME) —— (M)
forall k > ko and for all j < n — 1.

Note that H™(M*(2,d), Z) and H" (M*(3, d), Z) are torsion free Vk € Nand Vn €
N (see Theorem 2.2.7)), while the fact that ; (M*(2,1)) acts trivially on 7, (M>, M¥),
has been taken for granted in the work of Hausel [[19].

In Chapter 3} motivated by the result of Hausel [19] in rank two:

MF(2,1) = MFT(2,1),
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we study the inclusions of the fixed loci. The most important case is the one of fixed
loci corresponding to holomorphic triples.

A holomorphic triple on X is a triple T' = (F4, Es, ¢) consisting of two holomorphic
vector bundles £y — X and F; — X and a homomorphism ¢ : Fy; — FEj, i.e. an
element ¢ € H°(Hom(E,, E1)). A homomorphism from a triple 7" = (E}, EY, ¢') to
another triple T = (F1, E», ¢) is a commutative diagram of the form:

o

£

¢

E, Es

where the vertical arrows represent holomorphic maps. 7" C T is a subtriple if the sheaf
homomorphisms E| — E; and £, — E, are injective. As usual, a subtriple is called
properif 0 # 71" C T.

For any o € R the o-degree and the o-slope of T' = (E4, Es, ¢) are defined as:

deg,(T) := deg(E,) + deg(Es) + o - tk(E»)

and
deg,(T)

Ho(T) = 5B + vk(B)

deg(Eh) + deg(E>) + o - tk(E»)
rk(E) + rk(E»)

I‘k(EQ)
k(E1) + rk(E,)

= u(E, & Ey) + o

T is then called o-semistable (respectively o-stable) if 1, (T") < u,(T) (respectively
o (T") < po(T)) for any subtriple 77 C T' (proper subtriple 0 # 7" C T'). A triple is
called o-polystable if it is the direct sum of o-stable triples of the same o-slope.

We will use the following notation for Moduli Spaces of Triples:

i. Denote r = (r1,72) and d = (dy, d3), and then consider
Na’ = Na’(ra d) = Na’(rla T2, dl: d2>

as the moduli space of o-polystable triples 7" = (E}, Es, ¢) such that
I'k(E]) =T and deg(Ej) = d]’.
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ii. Denote N = N3(r,d) as the subspace of o-stable triples.
iii. Refer (r,d) = (11,79, dy,ds) as the type of the triple T = (E}, Es, ¢).

As mentioned by Bradlow, Garcia-Prada and Gothen [6], there are certain necessary
conditions in order for o-polystable triples to exist. Denote 1; = u(E;) = % and define
J
then:

Om = M1 — M2 (5)
and
1+ 7o
oy =14+ —= (1 — p2), when ry # 7. (6)
11— 72
Then:

Proposition (Bradlow, Garcia-Prada and Gothen [6, Proposition 2.2.]). The moduli
space N, (11,72, dy, ds) is a complex analytic variety, which is projective when o € Q.

A necessary condition for N, (r1,r4,dy, ds) # () is:
0< 0, <o <oy whenry # 1o,

or

0< o0, <owhenr; =rs.

If 0,, = 0 and ry # 7y then 0,,, = opy = 0 and N3(r1, 72, dy, ds) = () unless o = 0.

We denote by I C R the following interval:

[Om, o] ifry £ re,r £ 0,19 #0,
I = {O’m,OO[ if?”lz'f’g;éo, (7)
R ifry =0o0rry = 0.

Muiioz, Ortega and Véasquez-Gallo [32] present useful results that we will use later:

Proposition (Muiioz, Ortega and Vasquez-Gallo [32, Proposition 3.7]). Let oy € I and
let T = (Ey, Ey, ¢) € N, (r1,r9,d1,ds) be a strictly og-semistable triple. Then one of
the following conditions holds:
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(1) For all oy-destabilizing subtriples T' = (E}, EY, ¢'), we have

Th Ty

iy T4

Then T is strictly o-semistable for o € |og —€,0¢ + €|, for some € > 0 small

enough.
(2) There exists a oy-destabilizing subtriple T' = (E}, Eb, ¢') with

/
ri4rh T o4

Then:

e either .

™oy T o 4y

and so 'T' is o-unstable for any o > o,

® or ,

9
iy T4

and so 'T' is o-unstable for any o < 0.

Those values of o for which Case (2) in the last proposition occurs are called critical

values.

Lemma (Muiioz, Ortega and Vasquez-Gallo [32, Lemma 3.16]). (1) If di < ds then
NU(17 17 d17 d2> = @

(2) If dy > ds then:

° Na’m(l’ 1,d1,d2) = jdl X jdz and N;m(l, 1,d1,d2) = 0.
« N,(1,1,dy,dy) = N3(1,1,dy, dy) = T4 x Sym®~2(X) Vo > oy,
. Na(l,l,dl,dg) :Ns(l,l,dl,dg)zm for o< Om.

(e

Fixing the type (r,d) = (r1, 72, d1, d) for the moduli spaces of holomorphic triples,

Muiioz, Ortega and Vasquez-Gallo [32] describe the differences between two spaces
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N,, and N,, when o, and o, are separated by a critical value. For a critical value
o. € Isetol =0 +ecand o, = o — ¢, where £ > 0 is small enough so that o, is the
only critical value in the interval Jo,, o/ [.

c)”c

The flip loci are defined as:
Syt = {T € Nyt : Tiso, — unstable} C N+,

S, :={T' €N, : Tis o} —unstable} C N__,

and Sji =S5,+N N{fi for the stable part of the flip loci.
Note that for 0. = 0y, N~ = 0, hence N+ = S_.+. Also N7 = 0, by the last

On

part of the last proposition. Anologously, when ry # 7y, N+ =0, NV,- = S, and
NS =10,

oM

For the rank three case, using the isomorphisms between the (1,2)-VHS and the
moduli spaces of triples F! kl = Nowiy (2,1, dy, Jg), together with the restrictions Ffl —

Ffl“ of the inclusions, we find very nice and interesting results in terms of triples:
Nopiy (2,1, dy, dy) — Nopesn) (2,1, dy +2,ds) :

Lemma (Lemma3.1.1). A triple T is o-stable < i(T) is (o + 1)-stable.

Using this result we do even more: we extend the embedding to
ie: Nowy (2,1, d1, da) = N, osy (2,1, dy + 2, da)
and hence to

ik Ny (2, Ldy do) = No- 41y (2,1,dy + 2, dy)

c

and to
i N (2,1, dy, dy) = N1y (2,1,dy + 2, da)

for any critical value 0, < o.(k) < o)/, and so we extend the embedding to the space

Ngc(k) the blow-up of /\/'J; (k) along the flip locus SU; (k) and, at the same time, represents
the blow-up of Ngg( %) along the flip locus ngr( It
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Proposition (Proposition 3.2.1). There exists an embedding at the blow-up level
ir 1/\~/oe(k) — Ngc(k+1)

such that the following diagram commutes:

Nac(k—i-l)

Ncr;(k+1) /l Nai(k+1)

RN

Noz ) Not vy

where Ngc(k) is the blow-up OfNo;(k) = Na;(k) (2,1, d, d~2) along the flip locus .S, .,
and, at the same time, represents the blow-up of Naj(k;) = /\/'Uj(k,)(l 1,d,, Jg) along the
flip locus Saj(k).

We study then, the stabilization of the cohomology groups of the moduli space
No. k), leaving for future work the approach to the (1,2)-VHS:

Theorem (Corollary [3.3.7).
int H (Noy(esn), Z) —— H (Noua, ) V5 < (k).

Similar results can be obtained using the isomorphisms F ’2 = NUH(k)(l, 2, Jl, JQ)

between the (2, 1)-VHS and the moduli spaces of triples, and the dual isomorphisms
NO'H(k)(Q’ ]-7 Jh CZ2) = NUH(k)(la 27 _J% _CZ1>

between moduli spaces of triples. We leave the application of these results to the study
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of the topology of the moduli space M*(r, d) for future work.

In Chapter [, we study the relationship between the Shatz stratification and the
Bialynicki-Birula stratification on M(r, d) for rank » = 2 and rank » = 3. Our re-
sults should produce a more refined stratification for rank three, which we expect to be

useful in generalizing Hausel’results for rank two to rank three.

In this chapter, we present there a different proof for the rank two case stratifications
equivalence, obtained by Hausel [19]. Furthermore, we give a description, for the rank
three case, of how the Shatz stratification relates to the Morse stratification and also the
other way around.

Let [(E,®)] € M(3,d) and denote (E°,®°) := lim(E, z - ®). The stratum of
the Morse stratification where (E, ®) belongs is determined by (E°, ®°), and depends
on the Harder-Narasimhan Type of E, and on certain properties of ®. Our Principal

Theorem describes in detail that dependence.
To state the Theorem, is convenient to use the following notation: for a vector bun-

dle morphism ¢ : E — F, we write im(¢) C F for that subbundle obtained by the
saturation of the respective subsheaf.

Theorem (Theorem@d.2.1). (1.) Suppose that E is an unstable vector bundle of tk(E) =
3 with a Harder-Narasimhan Filtration of length 1:

HNF(E): 0=Ey,CE, CE,=E

where E is the maximal destabilizing line subbundle of E, and (Vi) > u(Vs)
where Vi = Ey, Vo = E/FE; are semi-stables. In other words, suppose that E —
X is a holomorphic bundle that has HNT(E) = (g, po, pt2) where p; = p(V;).
Consider ¢o1 : Vi — V5 ® K induced by

B ——E—"5Eok % (E/E) oK.

Define T := ¢o1(E1) @ K=t C V, which is a subbundle of V,, where tk(T) = 1,
and define also F :=Vy @ C V) @& Vo = E where tk(F') = 2. Then, we have two

possibilities:
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(1.1.) Suppose that i(F) < u(FE). Then, (E°, ®°) is a (1,2)-VHS of the form:

(E°,3%) — (%@%,(qjo 8))

21

(1.2.) On the other hand, if i(F) > p(E), then, (E°,®°) is a (1,1,1)-VHS of the

form:
0 0 0
(E°, V) = <L1 DLy L, | o 0 0 )
0 w32 0

where L, Lo, and L3 are line bundles.

(2.) Similarly, suppose that E is an unstable vector bundle of Tk(E) = 3 with a Harder-
Narasimhan Filtration of length 1:

HNF(E): 0=E,CE CE,=E

but this time E is the maximal destabilizing subbundle of E with tk(E,) = 2, and
uw(Vi) > u(Va) where Vi = Ey, Vo = E/E) are semi-stables. In other words,
suppose that E — X is a holomorphic bundle that has HNT(FE) = (pq, 1, f12)
where j1; = p(V;). Consider ¢o1 : Vi — Vo ® K induced by

! v EoK 2% (B/E) @ K.

Define N := ker(¢91) C Vi which is a subbundle. Then, we have two possibilities:

(2.1.) Suppose that i(N) < u(E). Then, (E°, ®°) is a (2, 1)-VHS of the form:

(E°, %) = (%@%,<¢21 8)).

(2.2.) On the other hand, if 1(N) > u(E), then: (E°, ®°) is a (1,1,1)-VHS of the
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form:
0 0 0
(E°, 00 = <L1 DL L, | o 0 0 )
0 w32 0

where Ly, Lo, and L3 are line bundles.

(3.) Finally, suppose that (E,®) is a Higgs Bundle where E is an unstable vector bun-
dle of tk(E) = 3 with a Harder-Narasimhan Filtration of length 2:

HNF(E) O:E()CElCEQCEg:E

where (Vi) > u(Va) > u(Va) and Vy = Ey, Vo = Ey/Ey, and V3 = E/E, are
semi-stables.

(3.1.) Suppose that j1(Ey/Ey) < u(E). Then we can define F as we did in (1}), and
then, we have two possibilities:
(3.1.1.) Suppose that u(F) < p(E). Then: (E°, ®°) is a (1,2)-VHS.
(3.1.2.) On the other hand, if 1(F) > u(E), then: (E°, ®°) isa (1,1,1)-VHS.
(3.2.) On the other hand, if u(Ey/Ey) > u(E), then define N as we did in ), and
then, we have two possibilities:
(3.2.1.) If u(N) < u(E). Then: (E°,®°) is a (2,1)-VHS.
(3.2.2.) If W(N) = p(E), then: (E°,®%) isa (1,1,1)-VHS.

Finally, in Chapter [5| we study the stratification of the Nilpotent Cone given by the
Downward Morse Flow. The results presented there complement those of Chapter [}
There, in Chapter [5| we find a filtration that describes the Nilpotent Cone in terms of
the Downward Morse Flow, for rank two and rank three cases. Hence, for rank two, we

have:

Theorem (Theorem [5.2.1). Let [(E,®)] € x~'(0) be a Hitchin pair with tk(E) = 2.
Then, there is a filtration

E=F DFEy;,DFEs=0

such that
@(E]) C Ej+1 ® L
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and

N . 0 0
(E*, &) = lim (E, » <I>)_<L1@L2,< 0)) )

Z—00 SO

is a (1,1)-VHS where
Lj = Ej/Ej—i-l and Q : Ly — Ly® L.

Similarly, for rank three, we have:

Theorem (Theorem [5.3.1). Let [(E, ®)] € x '(0) be a Hitchin pair with tk(E) = 3.
Then:

(a) either there is a filtration

E:E13E23E3DE4:O

such that
(I)(E]) C Ej+1 ®L
and
0 0 O
(B, 0%) = lim (E, 2 ®) = <L1 SLy® Ly | o 0 0 ) )
0 w32 0

isa (1,1,1)-VHS where
Lj = Ej/Ej+1 and Pj - Lj—l — Lj ® L

(b) or, there is a filtration
EIElDEQDE:g:O
such that
(b.1.) either

(%, d%) = 11m(E,z-q>)=<m@v2,< 0 8)) (10)

Z—>00 9021
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is a (1,2)-VHS where
V]ZE]/EJ+1 and QD‘/l—>‘/2®L,

and where ®(E;) C Ej11 ® L,
(b.2.) or

(E*, &) := lim (B, 2 - ) = (Wl@W2,< ! g)) (11)

Z—> 00 g021

is a (2,1)-VHS, depending on the rank of Fs, and depending also on some
properties of P.



Chapter 1
General Facts

Let X be a closed and connected Riemann surface of genus g > 2. Let K = Kx =
(T'X)* be the canonical line bundle over X. Note that, algebraically, X is also a non-

singular complex projective algebraic curve.

1.1 Basic Definitions

Definition 1.1.1. For a smooth vector bundle £ — X, we denote the rank of E by
rk(E) = r and the degree of E by deg(E) = d. Then, the slope of E is defined to be:

_ deg(E) _d (1.1)

HE): tk(E) 7

Definition 1.1.2. A connection d 4 on a smooth vector bundle £ — X is a differential

operator
da: QX E) — QYX, E)

such that
dA(fS) = df ® s+ fdAS

for any function f € C*°(X) and any section s € Q°(X, E) where Q"(X, E) is the set

of smooth n-forms of X with values in £. Locally:

dao=d+A=d+Cdz+ Bdz

37
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where A is a matrix of 1-forms: A;; € Q'(X, E), and B, C are matrix valued functions

depending on the hermitian metric on F.

Some authors call the matrix A as a connection and call dy = d + A as its corre-

spoding covariant derivative. We abuse notation and will not distinguish between them.
Suppose, from now on, that there is a hermitian metric on £. When a connection d 4

i1s compatible with the hermitian metric, i.e. when
d< s, t>=<dps,t >+ < s,dat >

for the hermitian inner product < -,- > and for s, ¢ any couple of sections of F, d 4 is
a unitary connection. Denote A(E), or sometimes just A, the space of unitary connec-
tions on F, for a smooth bundle £ — X.

Definition 1.1.3. The fundamental invariant of a connection is its curvature:
Fr=d=dyody: Q(X,E) — Q*(X,E)
where we are extending d 4 to n-forms in 2"(X, E') in the obvious way. Locally:
Fy=dA+ A%

F4is C*(X, E)-linear and can be considered as a 2-form on X with values in End(F£) :
Fy € Q*(X,End(FE)), or locally as a matrix-valued 2-form.

Definition 1.1.4. If the curvature vanishes, i.e F)y = 0, we say that the connection d 4
is flat. A flat connection gives a family of constant transition functions for £, which in

turn defines a representation of the fundamental group of X, 7 (X)) into GL,(C):
Wl(X) — GLT((C)

[a] — M,

Note that the image is in U(n) if A is unitary. Besides, from Chern-Weil theory, if
F4 =0, then deg(F) = 0.
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Definition 1.1.5. A gauge transformation is an automorphism of £. Locally, a gauge
transformation g € Aut(E) is a C*-function with values in GL,(C). A gauge transfor-
mation g is called unitary if g preserves the hermitian inner product.

We will denote by G the group of unitary gauge transformations. This gauge group

G acts on A by conjugation:
g-dy=g 'dag VYgeG andfordy € A.

Note that conjugation by a unitary gauge transformation takes a unitary connection to a

unitary connection.

Definition 1.1.6. A holomorphic structure on E is a differential operator:
o V(X E) — Q"X E)

such that
5A(f8) = 5f ® s+ féAS

where Of = %dz, and QP9(X, E) is the space of smooth (p, ¢)-forms with values in
E. Locally:
Oa =0+ A%dz

where A%! is a matrix valued function.

Definition 1.1.7. A holomorphic vector bundle £ — X, is called semistable if u(F') <
p(E) for any F such that 0 C F° C E. Similarly, a vector bundle £ — X is called
stable if (F) < p(FE) for any non-zero proper subbundle 0 C F° C E. Finally, E is

called polystable if it is the direct sum of stable subbundles, all of the same slope.

Denote A%!(E), or sometimes simply .A%!, as the space of holomorphic structures
on smooth bundles £ — X with rank rk(E) = r and degree deg(E) = d, and denote
AVY(E), A%N(E) and AJ;(E) as the subspaces of holomorphic strucutres on stable,

semistable and polystable smooth bundles respectively.

Remark 1.1.8. Since E has a hermitian metric on it, from a holomorphic structure 94 =
0+ A%'dz on E we can define a unique unitary connection d such that dy = d + A =

d — AYdz + A%'dz is compatible with the hermitian inner product. This is known as
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the Chern-correspondence between A and A% given by:

dy=d+ A=d+ A%dz — AYdz — 0+ A% dz = D4.

Recall that smooth vector bundles over X are classified by their ranks and degrees.
Let A% (€) be the complex affine space of holomorphic structures on €& — X a fixed
smooth complex vector bundle over X of rank rk(£) = r and degree deg(&) = d.
Consider the complexified gauge group G© = Aut(€) of complex automorphisms of &,
which acts naturally on A%!(£) by conjugation:

g-0a=g '0ag Vge€GE, VIseA™
and this action induces an equivalence relation between holomorphic structures:
Ox, ~ 04, < g€ GE suchthat ¢ '04,9 = 0a,.

An orbit of this action is the set of vector bundles isomorphic to a given one, then
the problem of classifying all the vector bundles over X, reduces to understand these
orbits. Nevertheless, because of the so-called jumping phenomenon, the quotient space
A%1/GC is not Hausdorff. However, we can get a Hausdorff space using the polystable
subspace A%, (€) C A”'(€), and defining the moduli space of stable bundles as

N(r,d) = Ay (€)/G,

which is a projective variety.

Remark 1.1.9. Since g € GC takes solutions s of 5,423 = 0 into solutions gs of 5A18 =0,
g is a holomorphic isomorphism. Besides, note that the gauge group action on holomor-

phic structures looks in local terms like:
971049 =0+ 97" (99) + (g1 A% g)dz.

Considering the open G®-invariant subset A%! C A%!, is possible to construct a

smooth quasi-projective algebraic variety for the parameter space of stable vector bun-
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dles

Ni(r,d) == ATN(E)/G" C N(r,d)
and get the following result:

Theorem 1.1.10. [f GCD(r,d) = 1 then A% = A%! and the moduli space N(r,d) is

a smooth projective algebraic variety of dimension dimc(N,) = r*(g — 1) + 1.

Actually, Narasimhan and Seshadri [33] explain that the moduli space N(r,d) is
compact when GC'D(r,d) = 1, and its topology is independent of the complex struc-
ture of X.

1.2 Harder-Narasimhan Filtrations

We shall introduce two concepts that are really relevant to our purposes and quite close
related to stability: the Harder-Narasimhan Filtration and the Harder-Narasimhan Type.
Furthermore, we also present the main result about the Harder-Narasimhan Filtration:
the Shatz Theorem.

Definition 1.2.1. Let £ — X be a holomorphic vector bundle. A Harder-Narasimhan

Filtration of F, is a filtration of the form
HNF(E): E=E;DFE,1D..DFE DEy=0

which satisfies the following two properties:
i w(EBj/E;) < w(E;/E;—1)forl <j<s—1.
ii. E;/E;_ is semistable for 1 < j < s.
Remark 1.2.2. i. For simplicity, we shall denote V; := F; / Ei yforl1<j<s.

ii. From the last definition, property i. ;(V;41) < p(V;) for1 < j < s—1is equivalent
to the condition p(Ej11) < p(E;) for 1 < j < s — 1, which could be intuitively

clear if we take a view to the Harder-Narasimhan Polygon (for more details, see
Shatz [35) Proposition 5]):
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Figure 1: On the left, the Harder-Narasimhan Polygon, where the black points
represent the pairs (;, d;) for F;, and the blue line segments represent segments
with slope 1(V;) = p(E;/E;_1). On the right, the red-dashed line segments
represent segments with slope p(E;).

Once we have defined the Harder-Narasimhan Filtration, we will present one of the
most important results related to this concept: Shatz [35] has an analogue result of the
Jordan-Holder Theorem for vector bundles, if we take semistable vector bundles as the

analogues of simple finite groups:

Theorem 1.2.3 (Shatz [35, Theorem 1]). Every vector bundle E — X has a unique

Harder-Narasimhan Filtration.

This has been proved in the case when X is a projective non-singular algebraic
curve, by Harder and Narasimhan [16]. In the following, we outline Shatz’proof of

Theorem[I.2.3] To prove that, Shatz [35] uses the following proposition:

Proposition 1.2.4 (Shatz [35, Proposition 6]). Let E be an unstable vector bundle.
Then, there is a unique V' C I semi-stable subbundle of E such that V' is the maximal
destabilizing subbundle of F,

i.e. u(V)) > u(E) with maximal rank rk(V').
The existence of the destabilizing subbundle has been proved first by Narasimhan

and Seshadri [33) Proposition 4.5.], and Shatz [35] adds uniqueness and maximality.

Proof. (Theorem 1.2.3))
For the existence, we will use induction on the rank of E. If rk(£) = 1 or £ is semi-
stable, the existence of the HNF is trivial. Suppose then, that rk(F) > 1 and that it is
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unstable. Let £/; C E be the maximal destabilizing subbundle of £ mentioned in|1.2.4
The quotient £/ E; has rank rk(F/E;) = n — 1 so, by hypothesis of induction, it has a
HNF of the form:

HNF(E/Ey): E/E1 =V, DV, 1D2..D0V DVy=0
where the subbundles of F/F satisfy the following two properties:
Lop(Vigr) <p(Vy)forl <j<t—1.
ii. V;/V;_; is semi-stable for 1 < j < .
This HN F(E/E)) lifts to
E=E.,DE>..OFE DE;=0

where V; = Ej1/E; for 1 < j < t. Follows that £, /E; = V;/V;_; are semi-stables
for 1 < j < ¢, and that

,LL(Ej+1/Ej) < ,U/(Ej/Ej,1> for 2 <J <t

Since E is semi-stable, all we need to prove is that u(FEs/FE;) < p(FE1). Both, Ey and
E, are subbundles of E. So, by maximality, shows that p(Es) < p(F4). Ey can-
not be semi-stable: if it were, we would have u(E;) < p(Es), contradicting[1.2.4] since
rk(F5) > rk(E;). As Fs is unstable, there is a unique maximal subbundle V' C F,
such that (V') > p(E»). Once again, by [1.2.4} pu(Ey) > p(V) > p(E»), as required to

prove existence.

For the uniqueness, we also proceed by induction on rk(F). If rk(F) = 1, unique-
ness is trivial. More generally, if £ is semi-stable, then ii. in yields uniqueness.
Then, assume F is unstable with rk(F) = n > 1. Suppose

EFE=E,D>FE,_1D..DOFE DFEy=0

FE=E.DFE, D>..DF DFEy=0
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are two HNF’s for E. Let V' be the maximal destabilizing subbundle of £ given by
[1.2.4] and let j be the smallest integer such that the inclusion V' — FE factors trough
E;. Then, there is a non-zero homomorphism V' — E; — E;/E;_; where E;/E;_; is
semi-stable. Then, u(V') < u(E;/F;_1). However, by we have:

w(V) 2 p(Er) > p(Ez) > ... > p(Ej) > p(E;/Ejq)

which is a contradiction unless j = 1. In such a case, V' C F4, where E is semi-stable.
Hence (V) = p(Ey). By |[1.2.4 rk(V) = rk(E}), and therefore: V' = Ej. In a very
similar way V' = FY. By considering £/ E, = F/F", we reduce the rank of the bundle

under consideration, and the induction hypothesis completes the proof. [ )

Definition 1.2.5. For a vector bundle £ — X of rank rk(F) = r, with a Harder-

Narasimhan Filtration of the form
HNF(E): E=FE;DFE;1D>..D0E DEy=0
the Harder-Narasimhan Type, abreviated as HNT, is defined as the vector

HNT(E) . /j = (/117 ceey 1y 2y ey 2y et e y s, --~7/J/s> € QT
where 1; = (V) = p(E;/E;_1) appears r;-times, where r; = rk(V;).

All the bundles of a given HNT /i define a subspace A%!(ji) of A%!(E). Since the
HNF is canonical, the subspaces A%!(ji) are preserved by the gauge group action, so

each subspace A%! (i) is a union of orbits. For further details, see Atiyah and Bott [2]].

1.3 The Moduli Space of Stable Higgs Bundles M (r, d)

Definition 1.3.1. A Higgs bundle over X is a pair (F,®) where £ — X is a holomor-
phic vector bundle and @ : £ — £ ® K is an endomorphism of E twisted by K, which
is called a Higgs field. Note that ® € H°(X;End(E) ® K).

Definition 1.3.2. A subbundle F' C E is said to be ®-invariant if ®(F) C F @ K. A
Higgs bundle is said to be semistable (respectively stable) if u(F') < u(E) (respectively
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w(F) < u(E)) for any non-zero, ®-invariant subbundle F' C FE (respectively’ C F).
Finally, (E, ®) is called polystable if it is the direct sum of stable ®-invariant subbun-

dles, all of the same slope.

Remark 1.3.3. Note that a Higgs bundle (E, ®) could be stable, while £ is unstable: if
no destabilizing subbundle of E is ®-invariant, then (£, ®) is stable. On the other hand,

if (E, ®) is unstable, it is because £ is also unstable.

There is a construction of the moduli space of polystable Higgs bundles due to Simp-
son [37]]:

Proposition 1.3.4 (Simpson [37, Proposition 1.4.]). There is a quasi-projective variety
M po whose points parametrize polystable Higgs bundles (E, ®) on X with vanishing
Chern classes. There is a map from M p,, to the space of polynomials with coefficients
in the symmetric powers of the cotangent bundle of X that takes a Higgs bundle (E, ®)

to the characteristic polynomial of ®. This map is proper.

The last proposition has been proved in the case when X is an algebraic curve, by
Nitsure [34], without conditions on Chern classes (see Theorem[I.4.2]below).

There is a similar moduli space M g for representations of the fundamental group:
let R be the affine variety of homomorphisms from 7, (.X') into GL,(C) obtained by
looking at generators and relators. Then, M g is the affine categorical quotient of R g by
the action of GL,(C), by conjugation. The points of M p parametrize semisimple rep-
resentations. The correspondence in Simpson [37, Theorem 1.] yields an isomorphism

of sets between M g and M p,;:

Proposition 1.3.5 (Simpson [37, Proposition 1.5.]). There is a homemorphism of topo-

logical spaces

Mp = Mpg.

On the other hand, recall that Hitchin [24] constructs the moduli space M(r,d)
using gauge theory:

Definition 1.3.6. Consider the space A*(E) x Q'°(X; End(E)). Define

B(r,d) := {(05,®) : 0p(®) =0} Cc A% (E) x Q"°(X;End(E))
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and consider the respective subspaces B**(r,d), B*(r,d) and BP*(r,d) of B(r,d) for
semi-stable, stable and polystable bundles respectively. Then, define M (r, d), the mod-
uli space of stable Higgs Bundles as the quotient of this latter subspace by the complex
gauge group action:

M(r,d) = B(r,d)/G".

Fixing a Hermitian metric on X, compatible with its Riemann surface structure,

since dim¢ X = 1, this metric will be Kéhler, and so, there is a Kdhler form w that we

/ w = 2m, (1.2)
X

and so, has been proved by Hitchin [24], that a stable Higgs bundle (04, ®) defined as

can choose such that:

above, comes from a pair (d 4, ) where d 4 is a unitary connection on a smooth complex
vector bundle £ — X and ® € Q0 (X , End(E)) satisfying Hitchin’s equations:

FA—F[@,(I)*] = —i-pu-Ig-w
(1.3)
D = 0

a set of non-linear differential equations for d4 and &, related through the curvature
F4, where ®* is the adjoint of ® with respect to a hermitian metric on £ (see Theorem
[1.3.7), where I € End(E) is the identity and ¢ = p(E) is the slope of E, and one
consequence is that @ is holomorphic with respect to the holomorphic structure of £
induced by d 4:

ie. Opd =0

where 0r = 04 comes from the Chern-correspondence:
da=d+A=d+ A% dz — AY0dz — 0+ A% dz = 04,

and where ®* is the adjoint of ® with respect to a hermitian metric on E (given by

Theorem below).

Furthermore, one can see that any solution to (1.3) produces a polystable Higgs

bundle. Nevertheless, the converse is quite hard to prove, but also true (see for instance
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Wentworth [39, Theorem 2.17]):

Theorem 1.3.7. If (E, ®) is polystable, then it admits a hermitian metric satisfying the

equations ([I.3).

This result comes indeed from the work of Hitchin [24] and more general from
Simpson [36]. This last result, together with the results from the works of Donaldson
[9] and also Corlette [8], generalizes the theorem presented by Narasimhan and Seshadri
[33]], known as the Non-Abelian Hodge Theorem and says that the character variety is

homeomorphic to the moduli space of Higgs bundles (see Proposition|1.3.5|above).

There is an alternative construction of M(r, d) presented by Nitsure [34] using Ge-
ometric Invariant Theory. To do that, Nitsure first defines Higgs bundles like we do at
the begining of this section: as pairs (F,®) where ¥ — X is a holomorphic vector
bundle, and ¢ : &' — F ® K is an endomorphism twisted by the canonical line bundle
K — X, where ® € H°(X; End(E)). We elaborate on this in the next section.

1.4 The Moduli Space of Stable k-Higgs Bundles M*(r, d)
Definition 1.4.1. Hitchin Pairs and k-Higgs Bundles

i. A Hitchin pair is a generalization of a Higgs bundle. Instead of consider K, the
canonical line bundle of X, if we consider a general line bundle L — X, we get a
Hitchin pair where now ® € H(X,End(E) ® L).

ii. For k > 0, a k-Higgs bundle or Higgs bundle with poles of order k is the particular
case of a Hitchin pair where L = K ® Lf?k. More clearly, if we consider a fixed
point p € X as a divisor p € Sym'(X) = X, and L, = Ox(p) the line bundle that

corresponds to that divisor p, we get a complex of the form
E—Y S EoKaL

where " : E — E ® K ® LY is a Higgs field with poles of order k. So, we call
such a complex as a k-Higgs bundle and ®* as its k-Higgs field.
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iii. A k-Higgs bundle (£, ®%) is stable (respectively semistable) if the slope of any ®*-
invariant subbundle of F is strictly less (respectively less or equal) than the slope
of £ : p(E). Finally, (E, ®) is called polystable if it is the direct sum of stable

d*-invariant subbundles, all of the same slope.

The moduli space of stable k-Higgs bundles M*(r, d), and more generally, the mod-

uli space of Hitchin pairs M, (r, d), can be constructed either using gauge theory:
MF(r,d) = M* .= B (r,d) /G"
where
B (r.d) = {(9p, ") : 9p(0*) =0} € (AL (r,d) x Q°(X; End(E) ),
or using Geometric Invariant Theory, considering ®* as a 0-section:
* € HO(X; End(E) ® LS").
The moduli space of k-Higgs bundles is constructed by Nitsure [34]:

Theorem 1.4.2 (Nitsure [34,, Proposition 7.4.]). The space M*(r, d) is a quasi-projective

variety of complex dimension
dime (M*(r,d)) = (r* — 1)deg(K ® Lff)k) = =1)(29 -2+ k).

From now on, we will suppose that GCD(r, d) = 1. This co-prime condition implies
that M*(r, d) is smooth.

1.5 The Hitchin Map

From Proposition [1.3.4] the characteristic polynomial of ®, the so-called Hitchin map
is defined by:

x:ME(rd) — HYX,L)®---@® HY(X,L") (1.4)
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where L = K ® Lf?k (see Nitsure [34, Theorem 6.1]). The Hitchin map is proper, and

it is also an algebraically completely integrable system.

Definition 1.5.1. The set
x 10) = {[(E,®)] € Mr(r,d): x(®)=0}

is called the Nilpotent Cone.

1.6 The Moduli Space of Stable Triples N, (r1, rs, d1, d2)

The reader may see the work of Bradlow and Garcia-Prada [S)], the work of Bradlow,
Garcia-Prada and Gothen [6] and the work of Muiioz, Ortega, Vazquez-Gallo [32] for

the details on the results sumarized here.
Definition 1.6.1. Holomorphic Triples

i. A holomorphic triple on X is a triple 7' = (E}, Es, ¢) consisting of two holomor-
phic vector bundles £y — X and E; — X and a homomorphism ¢ : Ey — E,
i.e. an element ¢ € H(Hom(Fs, Ey)).

ii. A homomorphism from a triple 7" = (E}, E}, ¢') to another triple T" = (E;, Es, ¢)

is a commutative diagram of the form:

B2

£

B —2

Ey
where the vertical arrows represent holomorphic maps.

iii. 77 C T is a subtriple if the sheaf homomorphisms F| — FE; and E), — E, are
injective. As usual, a subtriple is called proper if 0 #£ 7" C T.

Definition 1.6.2. o-Stability, o-Semistability and o-Polystability
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i. For any o € R the o-degree and the o-slope of T' = (E1, E», ¢) are defined as:
degy(T') := deg(E1) + deg(Es) + o - rk(E»)

and

o degy,(T) B

MG<T) o I'k(El) + I'k(EQ) B

deg(E) + deg(E>) + o - rk(E2)
I'k(El) + I'k(Ez)

rk(Eg)
k(El) + l"k(Eg) ’

ZM(El@E2)+Ur

ii. T is then called o-stable (respectively o-semistable) if 1, (7") < p,(T") (respec-
tively 11, (T") < po(T')) for any proper subtriple 0 # 77 C T'.

iii. A triple is called o-polystable if it is the direct sum of o-stable triples of the same

o-slope.
Now, we may use the following notation for Moduli Spaces of Triples:
i. Denote r = (11, 72) and d = (d;, dz), and then consider
N, =N, (r,d) = N, (11,79, d1,d>)

as the moduli space of o-polystable triples T' = (E}, Es, ¢) such that
l"k(Ej) =Ty and deg(EJ) = dj.

ii. Denote N2 = N3(r,d) as the subspace of o-stable triples.
iii. Refer (r,d) = (11,79, d;,ds) as the type of the triple T' = (E}, Es, ¢).

As mentioned by Bradlow, Garcia-Prada and Gothen [6]], there are certain necessary
conditions in order for o-polystable triples to exist. Denote y; = p(E;) = % and define
J

then:
Om i= 1 — fh2 (L.5)

and

+
on = (1 + &> (p1 — p2), when ry # 7. (1.6)

71— 72
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Then, there is a couple of nice results from Bradlow, Garcia-Prada and Gothen [6],
the first one in terms of these necessary conditions for the existence, and the second one

in terms of a duality isomorphism between moduli spaces:

Proposition 1.6.3 (Bradlow, Garcia-Prada and Gothen [6, Proposition 2.2.]). The mod-
uli space N, (r1,72,dy,ds) is a complex analytic variety, which is projective when o €
Q. A necessary condition for N, (ry,ro,dy, ds) # () is:

0< o <0 <oy whenry # 1,

or

0< o0, <owhenr; =rs.
Remark 1.6.4 (Bradlow, Garcia-Prada and Gothen [6, Remark 2.3.]). If ¢,,, = 0 and
r1 # 19 then o, = oy = 0 and N3 (ry, 19, dy, dy) = () unless o = 0.

We denote by I C R the following interval:

[0m70M] ifry # 1o, # 0,70 #0,
I = [Um,OO[ ifT1 = T9 7é 0, (17)
R ilezOOI'TQZO.

Given a triple T' = (E}, E, ¢), its dual triple is T* = (E3, E7, ¢*), where E7 is the
dual of F; and ¢* : ET — EJ is the transpose of ¢ : Fy — E5. So:

Theorem 1.6.5 (Bradlow and Garcia-Prada [5, Proposition 3.16]). T is o-stable (re-
spectively o-semistable) if and only if T™ is o-stable (respectively o-semistable). The

map T — T™ induces an isomorphism:
NO(Tla T2, d17 d2) = Na(r27 1, _d27 _dl)

Last theorem is an important tool since it can be used to restrict the study of triples
to the case r; > 1o and appeal to duality when dealing with r; < r5. For more triples

details, the reader may see [3]] or [6].

Here we present the main results of Bradlow, Garcia-Prada and Gothen [6], where

they describe the general moduli spaces of triples:
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Theorem 1.6.6 (Bradlow, Garcia-Prada and Gothen [6, Theorem A]). (1) A triple T =
(E1, By, ) is oy,-polystable if and only if ¢ = 0, and Ey and E5 are polystable. We
thus have

N, (r1,r9,dy,do) = M(r1,dy) X M(ry,ds)

where M (r,d) represents the moduli space of polystable bundles of rank r and

degree d. In particular, N, (r1, 19, dy1, ds) is non-empty and irreducible.

(2) If o > oy, is any value such that ¢ > 29 — 2 (and 0 < oy if 71 # 7132) then

NZ(ry,72,dy, dy) is smooth, non-empty and irreducible of dimension
dim(:(/\/;(Tl, T, dl, dg)) = (g - 1)(7’% + ’I“g - 7"17”2) - Tldg + ’I“le + 1.
Moreover:

e If r1 = ry = 1 then the moduli space N3(r,r,dy,ds) is birrationally equiva-
lent to a PN -fibration over N (r, dy) x Sym™ =% (X)) where the fiber dimension
is N = T(dl — d2) — L

o If r1 > 1y then the moduli space N?(ri,re,dy,ds) is birrationally equiva-
lent to a PN -fibration over N'(ry — ro,dy — do) X N(ra,dy) where the fiber
dimension is N = rody — r1dy + 1r9(r1 —79)(g — 1) — 1.

o If r1 < 1y then the moduli space N?(ri,re,dy,ds) is birrationally equiva-
lent to a PN -fibration over N'(roy — ry,dy — dy) X N(ry,dy) where the fiber
dimension is N = rody — ride +11(re —11)(g — 1) — L.

(3) If 11 # ro then NUA/[(Tl, 1o, dy, dy) is non-empty and irreducible. Moreover:
N, (r1,me,dy, dy) N (ro,do) X N(ry — 19, dy — dy) if 1y > 19
and
N, (1, me, dy, do) N (ry,dy) X N(ry — 11, dy — dy) if ry < 1o

Using the results above, Mufioz, Ortega and Vasquez-Gallo [32] conclude some

useful results that we will use later:
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Lemma 1.6.7 (Muioz, Ortega and Vasquez-Gallo [32, Lemma 3.5]). There are isomor-

phisms
N, (r,0,d,0) = M(r,d) and NZ(r,0,d,0) = N(r,d) Vo €R.
In particular
N, (1,0,d,0) = N5(1,0,d,0) = J%X) Vo €R.

Proposition 1.6.8 (Muiioz, Ortega and Vasquez-Gallo [32, Proposition 3.7]). Let og €
TILandlet T = (Ey, Ey, ¢) € Ny, (r1,79,dy1,ds) be a strictly oq-semistable triple. Then

one of the following conditions holds:

(1) For all oy-destabilizing subtriples T' = (E}, EY, ¢'), we have

/
7"/1—|'7°/2 7"1—|'T2

Then T is strictly o-semistable for o € |og —€,0¢ + €|, for some ¢ > 0 small

enough.
(2) There exists a og-destabilizing subtriple T" = (E1, EY, ¢') with

Th Ty

/ / :
T+ 715 ry+1ro

Then:

e either )

)
iy T or 4

and so T' is o-unstable for any o > oy,

¢ or ,

)
ri+rh Tt

and so T is o-unstable for any o < oy,.

Definition 1.6.9. Those values of o for which Case (2) in Proposition occurs are

called critical values.
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Lemma 1.6.10 (Mufioz, Ortega and Vasquez-Gallo [32, Lemma 3.16]). (1) If d; < ds
then Ng(l, 1, dl, dg) = @

(2) If dy > ds then:

M Ngm(l,l,dl,dg) gjdl deQ and Ngsm<1,1,d1,d2):@.
o No(1,1,dy,dy) = N3(1,1,dy, dy) =2 T4 x Sym® 2 (X) Vo > oy,
° Ng(l,l,dl,dg) :NS<1,1,d1,d2) =0 for o< Om.

g

Fixing the type (r,d) = (ry, 72, d1, dy) for the moduli spaces of holomorphic triples,
Muiioz, Ortega and Vasquez-Gallo [32]] describe the differences between two spaces
N,, and N,, when o, and o, are separated by a critical value. For a critical value
o. € Iseto] =o+eando, = o — e, where ¢ > 0 is small enough so that o, is the

only critical value in the interval Jo_, o [.

Definition 1.6.11. The flip loci are defined as:
S,y ={T € N,+: Tiso, —unstable} C N_+,

S,-:={T eN,-: Tiso} —unstable} C N,
and 5%, 1= 5,+ N /\/’;i for the stable part of the flip loci.

Remark 1.6.12. Note that for 0. = 0,,,, N,- = ), hence N+ = S_+. Also N = (), by

the last part of Propositionw Anologously, when 7 # 1o, No = 0, N = S -
and V¥ = (.

oM

1.7 Stratifications on the Moduli Space
of Higgs Bundles

Definition 1.7.1. As a consequence of Shatz [35 Proposition 10 and Proposition 11],
there is a finite stratification of M(r, d) by the Harder-Narasimhan type of the underly-
ing vector bundle F of a Higgs bundle (£, ®):

M(r,d) = U]
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where U; C M(r,d) is the subspace of Higgs bundles (F, ®) which associated vector
bundle F has HNT(E) = ¢, and where we are taking this union over the existing types

in M(r, d). This stratification is known as the Shatz stratification.

On the other hand, according to Hitchin [24]], (M, I, {2) is a Kdhler manifold, where
I is its complex structure and {2 its corresponding Kahler form. Furthermore, C* acts on
M biholomorphically with respect to the complex structure I by the action z - (F, ®) =
(E, z - ®), where the Kihler form (2 is invariant under the induced action ¢? - (E, ®) =
(E, e - ®) of the circle S! C C*. Besides, this circle action is Hamiltonian with proper

momentum map

fM—R

defined by:
1 i
E. &)= —||®|?, = — [ tr(®d*). 1.
f(E,@) = || %/Xm ) (1.8)

where ®* is the adjoint of ® with respect to the hermitian metric on £ given by Theorem

1.3.7, and f has finitely many critical values.

There is another important fact mentioned by Hitchin [24](see the original version
in Frankel [10], and its application to Higgs bundles in Hitchin [24]): the critical points

of f are exactly the fixed points of the circle action on M.

If (B, ®) = (E, ?®) then ® = 0 with critical value ¢y = 0. The corresponding crit-
ical submanifold is Fy = f~'(cp) = f~1(0) = N, the moduli space of stable bundles.

On the other hand, when ® # 0, there is a type of algebraic structure for Higgs
bundles introduced by Simpson [36]: a Variation of Hodge Structure, or simply a VHS,
for a Higgs bundle (F, ®) is a decomposition:

= isuchthatd : £, — £, ® orl<j7<n—1. .
E=(PE;suchthat®: E; — E;, ® K for 1 < j 1 (1.9)

J=1

Has been proved by Simpson [37] that the fixed points of the circle action on M(r, d),
and so, the critical points of f, are these Variations of the Hodge Structure, VHS, where

the critical values ¢, = f(E,®) will depend on the degrees d; of the components
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E; C E. By Morse theory, we can stratify M in such a way that there is a non-zero
critical submanifold F) := f~!(c,) for each non-zero critical value 0 # cy = f(E, ®)
where (£, ®) represents a fixed point of the circle action, or equivalently, a VHS. We
said then that (£, ®) is a (rtk(E}), ..., tk(E,))-VHS.

For rank rk(E) = 2 and degree deg(FE) = d Higgs bundles, Hitchin [24] Proposi-
tion (7.1)] establishes that:

1. The momentum map f is proper.

2. f has a finite number of critical values: ¢y = 0 and ¢4, = d; — g for d; €
{1, ..., g —1}.

3. Fy = f71(0) is a non-degenerate critical manifold of index 0, and is isomorphic

to the moduli space AV of stable bundles.

Hence, a point (E,®) € N' = F, is a pair where ¥ — X is an indecomposable
holomorphic bundle of rk(E) = r and & = 0. This statement holds in general, as well
as the first one: f is also proper in higher rank. The second statement is proved just for
rank two by Hitchin [24] and for rank three by Gothen [14]; even so, it holds in general:
it follows from the results in Garcia-Prada and Heinloth [[12], where they describe the

possibles VHS that can exist as fixed loci in the moduli of Higgs bundles.

We will use some results of Kirwan [27] in terms of stratifications. Since M is not

a compact manifold, we shall need the following:

Theorem 1.7.2 (Kirwan [27, (9.1.)]). Let X be any symplectic manifold. Let KK be any
compact group that acts on .. Suppose there is a moment map f : ¥ — R. Then one
can obtain the same results of Kirwan [27] as for compact manifolds (except for Kirwan
[27, Theorem (5.8.)]) subject only to one condition: for some metric on Y, every path

of steepest descent under the function h := || f|| is contained in some compact subset of

2

In our particular case, ¥ = M, K = S! ¢ C*, f: M — R defined as before, and

everything holds. Recall that there is a holomorphic action of the multiplicative group
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C* on M(r,d) defined by the multiplication: z - (E, ®) — (FE, z - ®). Recall also that
Hausel [19] proves that the limit hn% z-(E,®) = hm(E z-®) exists and is well defined
for all (£, ®) € M(r,d). Moreover, this limit is ﬁxed by the C*-action. Let {F)} be
the irreducible components of the fixed points loci of C* on M(r, d).

In general, when we have a Kéhler manifold (3, I, w) with complex structure / and
Kihler form w, where a compact group K acts biholomorphically with respect to
and such that w is invariant under this action, where besides, the action is Hamiltonian
with proper momentum map f : ¥ — R, with finitely many critical values, being
(0, ¢o) the absolute minimum, we may then consider the set of components of the fixed
points of the K-action: {F)},ca and then, we may consider two stratifications on >
the Bialynicki-Birula stratification and the Morse stratification. We shall define both.

Definition 1.7.3. Consider the set

UPB .= {(E,®) € M| lim 2 - (E,®) € F}.

z—
This set UPP is the upward stratum of the Bialynicki-Birula stratification:
M= ]Uf".
A

Definition 1.7.4. Similarly, consider the set

DBB .= {(E,®) €¢ M| lim z- (B, @) € Fy},

is known as the downward stratum of the Bialynicki-Birula stratification.
Remark 1.7.5. This time, we must be careful, U Df B is not the whole space M, but a
deformation retraction of it.

Definition 1.7.6. Let UM be the set of points (E, ®) € M such that its path of steepest
descent for the Morse function f and the Kéhler metric have limit points in F. This set

is called the upward Morse flow of F), and it gives another stratification of M:

M=o
A
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Definition 1.7.7. As well as we did above, we may define DY as the set of points
(E,®) € M such that its path of steepest descent for the Morse function — f and the
Kéhler metric have limit points in F). This set is called the downward Morse flow of
F.

Remark 1.7.8. Once again, we must be careful, because U Di” is not the whole M, it

A
is just a deformation retraction of it.

1.7.2]1s a very strong result that allows us to use all the work of Kirwan [27]], except

Theorem Kirwan [27, Theorem (5.8.)]. In particular, we have:

Theorem 1.7.9 (Kirwan [27, Theorem (6.16.)]). The Bialynicki-Birula stratification and

the Morse stratification coincide. In other words, using the above notation, we get:
UPP =UY and DYP = DY VA

From now on, we will denote simply Uy := UPB = UM.

Remark 1.7.10. Everything in this section can be generalized to Hitchin pairs.

1.8 Morse Theory

In this section we shall use the abbreviated notations M = M = M?¥(r, d), whenever
no confusion is likely to arise. We assume here, as everywhere else, that r and d are
co-prime.

The Hitchin functional f: M — R is a perfect Bott—Morse function. This was
observed by Hitchin [24] and follows from a Theorem of Frankel [10], using the fact
that f is a non-negative proper moment map for a circle action on a Kéhler manifold.

We denote the (connected) critical submanifolds of f by {Fy}. Write Ny = T/r,
for the normal bundle to F\ in M. The fact that f is Bott—-Morse means that the restric-

tion of the tangent bundle of M to F)\ decomposes as
T./\/l“wA =TF, @N; S5 N)\_a

where N j[ denote the subbundles of N, on which the Hessian of f is positive and
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negative definite, respectively. Thus the normal bundle to F) in M is
Ny = Nf @ Ny

The Bott—Morse index of the critical submanifold F) is by definition the rank of the

negative part of the normal bundle:

I; ==1k(Ny).

It is a standard procedure in Morse theory to perturb the Bott—Morse function f, so
that it takes different values in each of the critical submanifolds F’, (see, for example,
Hirsch [23]). In what follows we shall assume that this has been done, so that we may
write f(F)\) = A € R, with the absolute minimum of f being the moduli space of stable
bundles Ny = f~1(0) = N(r,d).

We shall use the standard Morse theory notation
My = f7H[0. ).

Denote by S(N, ) and D(Ny ) the sphere and disk bundles in N, , respectively. It is a

basic fact of Bott-Morse theory that, for each A, there is a homotopy equivalence

for € > 0 small enough that there are no critical values of f in [\ — ¢, A\|. Moreover, the

fact that f is perfect means that, even with integer coefficients,
H*(M)) = H (My_o) ® H(D(N, ), S(N,)). (1.11)
Moreover, the Thom isomorphism gives

H*(D(Ny),S(Ny)) = H*x(Ny), (1.12)
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so that, with Z-coefficients,

H*(M,) = H* (My_o) & H*(N,). (1.13)
It follows that
H'(M,Z) = @ H(F), Z). (1.14)
A

When the rank is rk(F) = 2, Bento [3, Theorem 2.1.7.] shows that the Bott-Morse
index I, = Iy, = 2(2d; —d+ g — 1), for

0 0

o 0 I'k(El) = 1, I'k(EQ) = 1,
21

deg(El) = dl, deg(Eg) = d27
©Ya1 - El — E2 X L

F\=Fy; = {(E7 Q) = (E1BE,, (

So, there is a explicit description of the additive cohomology of M (2, d):

d+dg,

H*(M(2,d),Z) = H*(N,Z) & @@ H*P*Ch="9(F,, 7), (1.15)

d1>%

where d;, = deg(L) and § < d; < £,

When the rank is rk(E) = 3, there are three kinds of non-trivial critical submani-

folds, or equivalently, three different VHS:

1. (1,2)-VHS of the form

rk(El) = 1, rk(EQ) = 2,

0 0 deg(El) = dl, deg(Eg) = dQ,
©a21 - E1 — E2 X L

Fd1 - {(Ea q)) - (E1®E27 (
w21 0

with Bott-Morse index Iy = Iy, = 2(3d; —d+2g —2),and ¢ < d; < & + %L,
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2. (2,1)-VHS of the form

0 O

o 0 I'k(EQ) = 2, I'k(El) = 1,
21

deg(Eg) = dg, deg(El) = dl,
©a1 - Ey - E®L

Fy, = {(E, d) = (EyBEy, (

with Bott-Morse index I = Iy, = 2(3dy —2d +2g — 2), and & < dp < & + %L_
3. (1,1, 1)-VHS of the form

0 0 0
Fm1m2 = {(E,(I)) = (El@EQEBEg, g021 O 0 )
0 w32 0 vij By — B ®

with Bott-Morse index I\ = I,m, = 2(3dr — (m1 + ma) + 29 — 2), where
(mbmg) € ) where Mj = E;Ej+1L, mj; = deg(M]) = aj+1 — dj + dL, and

mi + 2me < 3dL

2my + mo < 3dp, }
my + 2my = 0(mod3)

Q= {(ml,mg) e NxN

For more details of the description of (), the reader can see Gothen [14], or
Bento [3]. Therefore, there is a explicit description of the additive cohomology of

M(3,d):

wla

+%
H*(M(3,d),Z) = H"(N,Z) & € H*" (Fy,, )&

d1>%
vy (1.16)

P ateFn, ) @ H T (Fpm,, ).

d2>% (m1,m2)eN
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Chapter 2

Stabilization of the Homotopy Groups
of the Moduli Space of £-Higgs Bundles

Fix a point p € X, and let L, = Ox(p) be the associated line bundle to the divisor
p € Sym'(X) = X. Recall that a k-Higgs bundle (or Higgs bundle with poles of order
k) is a pair (E, ®*) where:

E—Y S EoKeLs

and where the morphism ®* € H°(X,End(E) ® K ® Ly¥) is what we call as a Higgs
field with poles of order k. The moduli space of k-Higgs bundles of rank r and degree d
is denoted by M¥(r, d). Recall that GCD(r,d) = 1, so M¥(r, d) is smooth.

Furthermore, there is an embedding
U - /\/lk(r, d) — Mk+1(7’, d)

[(E,2M)] — [(B, 2" ® 5,)]

where 0 £ s, € H(X, L,) is a non-zero fixed section of L.

63
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2.1 Generators for the Cohomology Ring

According to Hausel and Thaddeus [21} (4.4)], there is a universal family (E*, <I>k) over
X x MF¥ where

EF — X x M*(r,d)
®* € H°(End(E*) ® K @ LZ")

and from now on, we will refer (E¥, ®") as a universal k-Higgs bundle. Note that
(E*, ®%) satisfies the Universal Property, it means that, whenever exists (F*, ¥*) such
that

(EF, @), = (F*, ®*), Vp=(E,®") € M*(r,d),

then, there exists a unique bundle morphism ¢ : F* — E* such that

X x MFE(r,d) (2.1)

commutes: p, = p; o & Equivalently, if (EF, &) and (F*, ¥*) are families of sta-
ble k-Higgs bundles parametrized by M*(r,d), such that (EF, ®*), = (F¥ @¥*), for
all p = (E,®%) € M¥*(r,d), then, there is a line bundle £L — M?*(r,d) such that
(E*, ®%) = (F* @ 73(L), ®*), where m, : X x M*(r,d) — MP*(r,d) is the natural
projection. For more details, see Hausel and Thaddeus [21, (4.2)].

If we consider the embedding iy, : M*(r, d) — M*1(r d) for general rank, we get
that:

Proposition 2.1.1. Let (E*, ®%) be a universal Higgs bundle. Then:
(Idx x i)*(EFTY) = EF.

Proof. Note that
(EF, " @ 7 (sp)) = X x M*
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is a family of (k + 1)-Higgs bundles on X, where 7; : X x M* — X is the natural

projection. So, by the univeral property:
(EF, " @ i (sp)) = 5" (EFH, )

where
j:r X x MF = X x MM

(z, (B, @) — (z,(E, " @ s,)).

Now, define Vect” (X)) as
Vect”(X) := {V — X : V is a topological vector bundle of rank rk(V) =71}/ =,

and take the operation
Vie W] =[Ve W]

where the equivalence classes are taken by isomorphism between vector bundles. Then,
(Vect”(X), @) is an abelian semi-group. Let K (X) be the K -theory group of X where

K(X) = K (Vect" (X)) == {[V] - [W]}/ ~
and where
V] —[W]~[VeU]—[WeaU] VU — X topological vector bundle,

and recall that it is an abelian group (see Atiyah [1] or Hatcher [18]). Recall also that
the Chern classes factor through K-theory:

Vect”(X) —— H*(X,Z)

7

K(X) (2.2)
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where, for a complex vector bundle V' — X of rank rk(V') = r, c is defined as

T

c(V]) = _a(V) VI[V] € Vect’(X)

=0

and where ¢;(V') € H*(X,Z). This map is a homomorphism since
(W] e [W]) = c([V]) - e([W]) € H*(X, Z).
We now describe a result of Markman [30]. Choose a basis:
{1, ey @ag, Tagi1, Togeo} C K(X) = K°(X) & K'(X),

where {z1, ..., 25} C K*(X), and {2441, T2g+2} C K°(X) and so, since there is a
universal bundle E*¥ — X x M¥*, we can get the Kiinneth decomposition (see Atiyah
[1, Corollary 2.7.15]):

for €% € K(MPF), since K (X x MF) = K(X) ® K(M).

Then, Markman [30] considers the Chern classes c;(ef) € H*(MPF*,Z) for ef €
K (M?*) and proves that:

Theorem 2.1.2 (Markman [30, Theorem 3]). The cohomology ring H* (M*(r,d), Z) is

generated by the Chern classes of the Kiinneth factors of the universal vector bundle.

2.2 Main Result
Recall that we want to prove that the map
7Tj<ik) - T (Mk<7n7 d)) — T (MkJrl (T> d))

stabilizes as £ — oo. But first, we need to present some previous results to conclude
that.



2.2. MAIN RESULT 67

Proposition 2.2.1. Consider the classes e¥ € K(MP¥). Then i} (c;(ef ™)) = c;(ef).

Proof. By[2.1.1] and by the naturality of the Chern classes:
Za:]@e [E*] = [(Idx x ip)* (EF™)] Zx]®zk R

we have that i} (e} ") = el and hence i} (¢;(ef ")) = c;(el). '
An immediate consequence will be
Corollary 2.2.2. i} : H*(M* Z) — H*(MP*,Z) is surjective.

Recall that a gauge transformation g is called unitary if g preserves the hermitian
inner product. We will denote G as the group of unitary gauge transformations. Atiyah
and Bott [2] denote G as the quotient of G by its constant central U (1)-subgroup. We
will follow this notation too. Moreover, denote BG and BG as the classifying spaces of
Gand G, respectively.

There are a couple of results of Atiyah and Bott [2] that will be very useful for us:

Theorem 2.2.3 (Atiyah and Bott [2, (2.7)]). H*(BG, Z) is torsion free and has Poincaré
polynomial:

(L+8)(1+ %)%

(1—12)2(1—t4)

Pt(Bg) -

Corollary 2.2.4 (Atiyah and Bott [2, (9.7)]). H*(BG, Z) is also torsion free with Poincaré
polynomial:

(L+0)(1+ %)%

(1—t2)(1—1t4)

P(BG) = (1 —t*)P(BG) =

Let M := limy_,oo M* = (i, M" be the direct limit of the spaces { M*(r, d) };‘;0.
Hausel and Thaddeus [21} (9.7)] prove that:
Theorem 2.2.5. BG =2 M™ = lim M*.

k—o0

Proof. By the last corollary, H/(BG,Z) = HI(M™>,Z) — HI(M?* Z) must be sur-
jective, since all the groups H7(BG,Z) are finitely generated free abelian groups. The
result follows then from Corollary [ )
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We will make the following conjecture, which has not been proved before, since the

general form of critical manifolds has not been described before.
Conjecture 2.2.6. H"(M?"(r,d)) is torsion free Vk € N and Vn € N.

A possible sketch of a proof would be the use of the result of Frankel [10, Corol-
lary 1]:

Ff s torsion free VA < M* s torsion free,

but unfortunately, we have not proved that F), is torsion free for all A for general rank
rk(E) = r. Nevertheless, the last result is certainly true for rank two and rank three

k-Higgs bundles:

Theorem 2.2.7. H"(M*(2,d)) and H"(M*(3,d)) are torsion free for all k € N and
foralln € N.

Proof. 1. When rk(E) = 2, the non-trivial critical submanifolds, or (1, 1)-VHS, are

of the form
0 0 deg(Ey) = di, deg(Ey) = ds,
o ¢§1¢E1—>E2®K®L§k

and F)j is isomorphic to the moduli space of op-stable triples N, (1,1,d, dy),
where oy :deg(K®L§k) =29—2+kandd=d, +2g — 2+ k — dy, by the
map:

(Ey ® By, @) = (B, ® K @ LY* Ey, ¢h)).

Furthermore, by Mufioz, Ortega, Vazquez-Gallo [32, Lemma 3.16.], A, (1, 1,d, d;),

is isomorphic to the cartesian product J% (X) x Sym® % (X). Hence:
Fh 2 7 (X) x Sym® ()
which, by Macdonald [28}, (12.3)], is indeed torsion free.

2. When rk(E) = 3, there are three kinds of non-trivial critical submanifolds:
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2.1. (1,2)-VHS of the form

FE = {(E,@k)z(El@E2,< Z ’ ))

El) d17 deg(EZ) - d27
¢y 0 }

eg(
rk(E )= rk(Esy) = 2,
90]261 E1 —>E2®K®L®k

In this case, there are isomorphisms between the (1,2)-VHS and the moduli
spaces of triples FCZ = NoLm(2,1, di, c@), where d; = dy + 2(2g — 2+ k) and
dy = dy, and where the isomorphism is giving by a map similar to the mentioned
above. By Muiioz, Ortega, Vazquez-Gallo [32], the flip loci S} and S are free

of torsion for all o, € I, and so is NV, 1(2, 1,d,, dz). Hence, Ffl is torsion free.

The fact that NUH(k) (2,1, Jl, JQ) is torsion free since the flip loci are, follows from

the next lemma:

Lemma 2.2.8. Let M be a complex manifold, and let > C M be a complex
submanifold. Let M be the blow-up of M along 3. Let E = P(Ns; /) be the
projectivized normal bundle of > in M, sometimes called exceptional divisor.

Then
H*(M,Z)= H*(M,Z) ® H***(2,2) & ... H*""%(%, 7)

where n is the rank of Nx ;.

Proof. (Lemma[2.2.§)
It follows from the fact that the additive cohomology of the blow-up H*(M,Z),

can be expressed as:
H*(M) = 7*H*(M) ® H*(E) /7" H* (%)

(see for instance Griffiths and Harris [15, Chapter 4.,Section 6.]), and the fact that
H*(E) is a free module over H*(X) via the injective map 7*: H*(X) — H*(F)

with basis

where ¢ € H?(F) is the first Chern class of the tautological line bundle along the
fibres of the projective bundle £ — > (see the general version at Husemoller [25]
Chapter 17.,Theorem 2.5.]). '
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2.2. (2,1)-VHS of the form

F52={(E7¢k)=(E2@E1,< X 3))

P21

rk(Fs) = rk(Ey) =1,

eg(Eg) dz, deg(El) = dl,
( }
901261 E2—>E1®K®L®k

By symmetry, similar results can be obtained using the isomorphisms between the
(2,1)-VHS and the moduli spaces of triples: F}j, = N, )(1,2 ,dy,dy), and the

dual isomorphisms
NG‘H k)(2 dladQ) gN (@(1,2,-6527—(21)

between moduli spaces of triples.

2.3. (1,1, 1)-VHS of the form

Fcllgldes = {<E7 (I)k) - (El@EQ@E37 90]51 0 0 )

Finally, we know that
F§1d2d3 E Symml (X) X Symm2 (X) X jd3 (X)

(Ea (I)k) = (div<90§1)’ diV(SOIBTQ)a E3)7

where m; = d;.1 — d; + oy, and so, by Macdonald [28} (12.3)] there is nothing

to worry about torsion.

)

Using all the facts above, if the Conjecture [2.2.6]is true, Hausel and Thaddeus [21,
(10.1)] conclude that:

Corollary 2.2.9. If H*(MP*,7Z) is torsion free, then H*(BG,Z) = Hm H* (MFE, 7).

And so, we may conclude also that:



2.2. MAIN RESULT 71

Theorem 2.2.10. If H" (/\/lk(r, d)) is torsion free Vk € NandVn € N, then¥j Jky =
ko(7) such that

i HI (MR Z) ——— HI(MPZ) Yk > k.

By the Universal Coefficient Theorem for Cohomology (see for instance Hatcher
[17, Theorem 3.2. and Corollary 3.3.]), we would get

Lemma 2.2.11. If H"(M?"(r,d)) is torsion free Vk € N and ¥n € N, then for all n
there exists ko = ko(n) such that H;(M>, M*; Z) = 0 for all k > ko and for all j < n.

In particular, this statement holds true for rank 2 and rank 3.

Proof. The embedding i, : MP*(r,d) — M**1(r d) is injective, and by Theorem
2.2.10, we know that i} : H/(M" Z) < HI(M**1 Z) is surjective Vk. Hence, by
the Universal Coefficient Theorem, we get that the following diagram

0 0 0

0 — Ext(H;_1(M*),Z) —— HI(M*,Z)

(ik*)* ’Z ('Lk*)*

0 —_— EXt(ijl(Mk—i_l), Z) I I’Ij(./\/lk-i_l7 Z) I HOHl(Hj(Mk+1>, Z) _— O
(2.3)

commutes. So, if the Conjecture is true, then Vn 3k = ko(n) such that
Hy(MF(r,d), Z) —— H;(M"(r,d), Z) —— H;(M>(r,d), Z)

Vk > koandVj < n= Hj(M>*, M*Z)=0 Vk>ky and Vj<n. [
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Proposition 2.2.12.

T (MF) —= 7y (MF+1)

IR
1R

7T1(N>T‘7Tl(./\/') (24)

Proof. 1t is an immediate consequence of the result proved by Bradlow, Garcia-Prada

and Gothen [/, Proposition 3.2.] using Morse theory. o

Proposition 2.2.13.
m(MF) —=— T (M™).

Proof. Using the generalization of Van Kampen’s Theorem presented by Fulton [11],
and using the fact that M* — MP**! are embeddings of Deformation Neighborhood
Retracts (DNR), i.e. every M¥(r, d) is the image of a map defined on some open neigh-
borhood of itself and homotopic to the identity (see Hausel and Thaddeus [21, (9.1)]),

we can conlcude that m; ( kh_>m MF ) = kl:m T (/\/lk) [ )

We will need the following version of Hurewicz Theorem, presented by Hatcher [17,
Theorem 4.37.] (see also James [26]). Hatcher first mentions that, in the relative case
when (X, A) is an (n — 1)-connected pair of path-connected spaces, the kernel of the
Hurewicz map

h:m (X, A) = Hy(X, A Z)

contains the elements of the form [y][f] —[f] for [y] € m1(A). Hatcher defines 7} (X, A)
to be the quotient group of 7, (X, A) obtained by factoring out the subgroup generated
by the elements of the form [v][f] — [f], or the normal subgroup generated by such
elements in the case n = 2 when m5(X, A) may not be abelian, then i induces a ho-
momorphism »' : 7/ (X, A) — H,(X, A;Z). The general form of Hurewicz Theorem
presented by Hatcher deals with this homomorphism:

Theorem 2.2.14. If (X, A) is an (n — 1)-connected pair of path-connected spaces,
withn > 2and A # 0, then I/ : 7 (X, A) — H,(X, A;Z) is an isomorphism and
H;j(X,A;Z) =0forj<n-—1



2.2. MAIN RESULT 73

One would expect the action of 71 (MF) on the higher homotopy groups to be trivial
but we did not manage to prove it. Therefore, the following group of results is condi-

tional on the following conjecture being true:
Conjecture 2.2.15. 7, (MP*) acts trivially on 7,(M>, MF) v¥n €N, VkeN.

Remark 2.2.16. If we restrict our attention to MP*(r, A), the moduli space of Higgs

bundles with fixed determinant A, then, the fundamental group will be trivial, since

MP¥(r, A) is simply connected. So, the conjecture will be trivially true for M*(r, A).
Now, supposing that Conjecture [2.2.6] and Conjecture [2.2.15 mentioned above are

true, we could get that:

Proposition 2.2.17. If H™ (/\/lk(r, d), Z) is torsion free Yk € N and Vn € N, and if
71 (MPF) acts trivially on 7,,(M>, MF) for all n € N and for all k € N, then for all n
exists ko = ko(n) such that 7;(M>, M*) = 0 for all k > ko and for all j < n.

Proof. Assume that Conjecture and Conjecture are true. We proceed by
induction on m € N for 2 < m < n. The first induction step is trivial because

7T1(N) = 7T1(M) = 7T1(Mk) = Wl(MOO)

by Proposition [2.2.12} For m = 2 we need my(M>, M*) to be abelian. Consider the

sequence
To(M™) = m(M®, M) = 1 (MF) = 1 (M) = 7 (M, M*) =0

where m5(M™) = 75(M>, M*) is surjective, 7 (M*) —— (M), and hence
71 (M=, MF) = 0. So, ma(M>, M*) is a quotient of the abelian group 75(M>), and
so it is also abelian.

Finally, suppose that the statement is true for all 7 < m — 1 for 2 < m < n. So,
(M, MF) is (m — 1)-connected, i.e.

(M MF)Y =0 Vji<m—1.
For m > 2, by Hurewicz Theorem [2.2.14}

Woal (M® M) —— H,, (M, M*,Z)
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is an isomorphism. If H,, (Mk(r, d), Z) is torsion free Vk € N and Vn € N, by Lemma
2.2.11}, H,,(M> M*;Z) = 0. Hence, if m, (M*) acts trivially on 7, (M, M¥) for all
n € N and for all £ € N, then

Wm(MOO7Mk> = W;n(Mooka) =0

finishing the induction process. )

Corollary 2.2.18. If H"(M"(r,d),Z) is torsion free Vk € N and Vn € N, and if
71 (MF) acts trivially on 7,(M>, M¥) for all n € N and for all k € N, then for all n
exists ko = ko(n) such that

T (MF) —— 7;(M™)

forall k > ko and for all j < n — 1.



Chapter 3

Moduli Space of Triples

Motivated by the result of Hausel for rank two, the derive result for general rank rk(E) =

r, finding the value of the bounds for j and k, we investigate when the embedding
i MF(r,d) — M (r, d)

(B, ®")] — [(E, 2" ®s,)],

is well defined, where s, € H°(X, L,), s, # 0 is a non-zero fixed section of L,. We

show that 7;, induces embeddings of the form
FF —y PRy,
and that those embeddings induce isomorphisms in cohomology:
HI(FIH+Y, 7)) ——— HI(F},7)

for certain values of 7 and k. It turns out that is difficult to find the range for j for

which the isomorphism holds. Hence, it is not obvious how to apply this approach to

ME(3,d).
In the particular case of the moduli space of rank three k-Higgs bundles, if we restrict

75
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the embedding to the critical manifolds of type (1, 2):

0 0 0 0
(B, & E», ) —  (E1® Es, )
k k
@51 0 051 ® s, 0

(see for instance Gothen [14] or Bento [3]) then, the isomorphisms

Fc?-l - Na”;{(zaladladé)

0 0
(B @ B, ( k )) — (Vi, Ve, 0)
P 0

between (1,2)-VHS and the moduli space of triples, where we denote by V} = Ey ®
K® L?k’ by Vo = E1, by ¢ = ¢}, and o}; = deg(K ® Lfk) = 29 — 2 + k, induces

another embedding:
i Ny (2,1, dy, dy) — Ny (2,1, dy + 2,dy)

(V1, Vo, 0) = (Vi @ L, Vo, 0 @ 5p)

where d; = deg(V}) = dy+20% and dy = deg(V,) = dy, and so, it induces embeddings

of the kind:
1 - Ncrc_(k)<27 1, Czl, CZ2) — foc_(k+1)(2’ 1, ch + 2, ng)

and
U - Noj'(k)(27 1, Cil, dé) — Ncrj'(lﬁ»l)(z? 1, CZl + 2, d~2)

for o, < o.(k) < op.

3.1 o-Stability

Our first result has to do with o-stability:

Lemma 3.1.1. A triple T is o-stable < iy(T) is (o + 1)-stable.

Proof. Recall that T' = (V}, V4, ¢) is o-stable if and only if i, (T") < o (T) for any 7"
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proper subtriple of 7.

Denote by S = i, (7)) = (Vi ® Ly, Vo, ® s,). Is easy to check that p,1(S) =
po (') + 1.

Without lost of generality, we may suppose that any S” proper subtriple of S is of
the form S” = i, (1”") for some 7" subtriple of T, or equivalently:

S'=WV Ly Vs, 0®s,)

and that there are injective sheaf homomorphisms V; — V; and V; — V5. This state-

ment is justified since the following diagram commutes:

PRsp

S Wy Vi®lL,
I U U
. p el )
Lol !
. B YRl 4o
I n n
TV, —F—— V® L,

i.e. there is a (1—1)-correspodence between the proper subtriples S’ C S and the proper
subtriples 7" C T'. Taking A = V/ ® L,, B =V, and T" = (V/, V3, ), we can easily
see that /1,11(S") = p1,(1") 4+ 1 and hence:

po1(S") < toi1(S) & po(T) +1 < pg(T) +1 & po(T") < 1o (T).

Therefore, T"is o-stable < S = i, (T") is (0 + 1)-stable. )

Corollary 3.1.2. The embedding
ik Now (2,1, dy, sz) — Nos1)(2,1, dy + 2, CZQ)

is well defined for any o (k) such that o, < o(k) < oy In particular, the embedding iy,
restricted to FCZ (see ) is well defined and we have a commutative diagram of the
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form:

(Er @ By, @%) ———— (E1 & E», P © Sp)

k Uk k+1
Fd1 Fdl

1%
1%

NO'H(}C) ; NUH(IC-‘y-l)

1k

(E1> By, ) (Eh B, 05 @ sp),

where By = Ey @ K @ LE*, Ey = Ey, and 0%, : By — Ey @ K ® L&,

These results give us an interesting and important correspondence between the o-

stability values of moduli spaces of triples:

om () o (k) o (k)
‘ X | === ‘ \—)
AN
AN
ik ik ik i \\
\
AN
A
| o [ [ |
om(k+1) ou(k+1) oc oy(k+1)

where O'm(k’) = ,al — ﬁg, O'M(k’) = 4(ﬁ1 — [Lg), OH(k’) = deg(K X L?k) = 29 — 2+ k’,
and the correspodence gives us o, (k+1) = o (k) + 1, 0. = o (k) + 1, o (k+1) =
O'M(k) + 3, and O'H(k + 1) = 0'H<k7) + 1.

3.2 Blow-UP and The Roof Theorem

Recall that the blow-up of N -, = N - (2,1, dy, d,) along the flip locus Sz (k)
/\7‘,;(,6) is isomorphic to /\703(,6), the blow-up of NV_+ .y = N+, (2,1, dy, dy) along the
flip locus ng(k). From now on, we will denote just Nac(k) whenever no confusion is

likely to arise.
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Proposition 3.2.1. There exists an embedding at the blow-up level
ikt Nouy = Nowern)

such that the following diagram commutes:

Nac(k—i-l)

Na{(k+1) /l Nai(k+1)

RN

Noz ) Not )

where Ngc(k) is the blow-up OfNo;(k) = Na;(k) (2,1, d, d~2) along the flip locus .S, .,
and, at the same time, represents the blow-up of Naj(k;) = /\/'Uj(k,)(l 1,d,, Jg) along the
flip locus S+ 1.

Remark 3.2.2. The construction of the blow-up may be found in the book of Griffiths
and Harris [[15]].

Proof. Recall that T is o-stable if and only if i(7) is (o + 1)-stable. Furthermore, by
Mufioz, Ortega and Vasquez-Gallo [32], note that any triple T" € Saj(k) C Naj( k) (2,1, di, JQ)
is a non-trivial extension of a subtriple 77 C T of the form 7" = (V/,Vj,¢') =
(M,0,¢") by a quotient triple of the form 7" = (V" V), ¢") = (L, V4, ¢"), where
M is aline bundle of degree deg(M) = dj; and L is a line bundle of degree deg(L) =
dr = ch — dy;. Besides, also by Muiioz, Ortega and Vasquez-Gallo [32]], the non-trivial

critical values 0. # o, for 0, < 0 < o, are of the form o, = 3d,; — ch — JQ. Then,
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we can visualize the embedding i, : T — ix(7T) as follows:

0 T’ T T" 0
0 0 Vo———=1; 0
@ @ ©"
0 M Vi L 0
ik
0 0 Vo———1; 0
©'®sp ©®sp ¢ ®sp

where deg(V; ® L,) = d, +2 and deg(M ® L,) = dy; + 1, and so L ® L,, verifies that
deg(L® L,) = deg(V1 ® L) — deg(M ® L,):

deg(L®L,) = dp+1 = dy—dp+1 = (dy+2)—(dp+1) = deg(Vi®L,)—deg(M®Ly).
Hence, o.(k + 1) verifies that o.(k + 1) = o.(k) + 1:
oc(k+1) =3deg(M ® L,) — deg(Vy ® L,) — deg(V2) =

and where i, (T") = (M ® L,,0,¢’ ® s,) is the maximal o (k 4 1)-destabilizing sub-
triple of i (7).

Similarly, also by Mufioz, Ortega and Vasquez-Gallo [32], any triple 1" € Sa;(k) C
Na;(k)@, 1,d,,ds) is a non-trivial extension of a subtriple 7/ C T of the form 7" =
VI, V5, ¢") = (L, Va, ¢') by aquotient triple of the form 7" = (V/", V', ") = (M, 0, ¢"),

where M is a line bundle of degree deg(M) = dj; and L is a line bundle of degree
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deg(L) = d;, = dy — dy;. Then, the embedding i), : T — i (T") looks like:

0 T’ T " 0
0 Vo——V; 0 0
¢’ 4 @
0 L Vi M 0
ik
0 Vo———Vs 0 0
©'®sp P®sp ¢"@sp

where i, (T") = (L, Va, ¢') is the maximal o} (k + 1)-destabilizing subtriple of i (7).

Hence, i, restricts to the flip loci Saj(k) and Sag(k)- Recall that, by definition, the
blow-up of N+, along the flip locus S+, is the space Ny, () together with the
projection

T Ngc(k) — Naj(k)

where 7 restricted to Naj(k) — ng(k) is an isomorphism and the exceptional divisor
Et = 17 Y(S,+m) C N, is a fiber bundle over S+ With fiber P"~*~1, where
n = dim(N,+ ) and k = dim(S,+,,). So, the embedding can be extended to ¥ in a
natural way. Same argument remains valid when we consider N, () as the blow-up of
N, - (1) along the flip locus S, ;) with exceptional divisor £~ = 77(5,—;)) C Nooiy-
Therefore, the embedding can be extended to the whole Nac(k). [
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3.3 Cohomology of the (1,2)-VHS

We need to prove that the embedding 7, : Fjl — FCZ“ induces an isomorphism in
cohomology:
HI(FiH,7) —— HI(F%,7Z)

for certain 7, or equivalently:

HI(NE 7)) —=— HI(N* 7).

og o’

where we denote N¥ = N, 1) (2,1, dy, dy). Nevertheless, what we get so far, is that
HINF 2) —— HI(NE,Z)

for all o, = o.(k) critical such that o,,(k) < o.(k) < op(k), and for all j < n(k),
where the bound 7(k) is known. We first analize the embedding restricted to the flip
lociz ig = Sy k) = Sy (k1) @0 Uk Syt () > Syt p41)- For simplicity, we will denote
from now on S* = Sy (k) and Sk = Sy+ (k) Whenever no confusion is likely to arise

about the critical value.

Theorem 3.3.1.
i HI(SM 7)) ——— HI(S*,7)

forall j < dy —dy —dy —1 = dy — dy + 20 (k) — dyr, where dj = deg(E)),
d; = deg(E}), dyy = deg(M), and o7 (k) = deg(K @ LEF) =29 — 24 k.

Proof. Recall that, according to Muifioz, Ortega, Vazquez-Gallo [32, Theorem 4.8.],
Sk = P(V) is the projectivization of a bundle V — N! x N of rank rk(V) =
—x(T",T"), where N = N..(1,1,dy — dys, dp) = J% x Sym®™ =% (X) and N7/ =

N.(1,0,dyr,0) =2 J94(X), and where any triple T = (V3, Va, ) € S* C N,- (2,1, d1, da)

is a non-trivial extension of a subtriple 77 C T of the form 7" = (V/,VJ,¢') =
(L, Va2, ¢") by a quotient triple of the form 7" = (V/", V), ¢") = (M,0,¢"), where
M is a line bundle of degree deg(M) = d), and L is a line bundle of degree deg(L) =
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d; = dy — dy;. Then, the embedding iy : T' — i, (T) restricts to:

(V15 V3, @) (V' ® Ly, V3, 9" @ sp)
NG, = get

1R
1R

jdz X Symdl_dhf—JQ (X)

ng x Sme1 —dpr—da+1 (X)

i

([V3], div(e)) (V3] div(¢' @ sp))

because o.(k+1) = o.(k)+ 1, and dp;(k + 1) = dp (k) + 1, and because, by the proof
of the Roof Theorem [3.2.1] i, restricts to the flip locus S*.
Similarly, 7, restricts to:

(V1",0,0)1 (V" @ Ly, 0,0)
N, L
J : J
vk
] W@ Ly

So, by Macdonald [28, (12.2)], i} : HI(N! |, Z) ——— H/(N! ,Z) for all j <
ch —dy — JQ — 1, and hence

i HI(SM ) —=— HI(S*,7) Vi <dy—dy —dy— 1.

Similarly, for the flip locus S% = Syt (k) We have:
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Theorem 3.3.2.
in s B SV 2) —— HI(S¥, 2)

forall j < 2dy —dy + g —2 = 2dy — (d 4 204 (k)) + g — 2, where d; = deg(E}),
d; = deg(E;), dy = deg(M), and oy (k) = deg(K @ LE*) =29 — 2 + k.

Proof. Quite similar argument to the one presented above, except for the detail that
this time is the other way around: according also to Mufioz, Ortega, Vazquez-Gallo
[32, Theorem 4.8.], S* = P(V) is the projectivization of a bundle V — N/ x N
of rank rk(V) = —x(T",T"), but this time N/ = N.(1,0,dy;,0) = J%(X), and
N = N(1,1,dy — dyg, do) = T% x Symgl_dM_‘iQ(X) and where any triple 7" =
(V1, Vo, ) € S* C N+ (2,1, dy,ds) is a non-trivial extension of a subtriple 7" C T
of the form 77 = (V/,V5,¢') = (M,0,¢') by a quotient triple of the form 7" =
(V" VS ¢") = (L, Va, ¢"), where M is a line bundle of degree deg(M) = djs and L is
a line bundle of degree deg(L) = d; = dy — dyy. [ )

Theorem 3.3.3.
int HO (N iy Z) ——— HI(N,- ), ) V) < 2(di — 2dy — (29 — 2)) + 1.

Oc

Since the behavior of NV, -, where o, = 0, — ¢, is the same that the one of NV_4,

where o,) = 0, + ¢, is enough to prove the following lemma:
Lemma 3.3.4.
HI (Nt 1y Nyt i Z) = 0 V5 < 2(dy — 2dy — (29 — 2)).

Proof. Note that Na;(k) = (), hence ./\/'m; B = S*, and according to Mufioz, Ortega,
Vazquez-Gallo [32, Theorem 4.10.], any triple 7" = (V1, Vs, ) € S_’f_ = Namk)(Q, 1,dy,ds)
is a non-trivial extension of a subtriple 7" C T of the form 7" = (V{, V3, ¢') = (V4,0,0)

by a quotient triple of the form 7" = (V/", V), ") = (0, V4, 0). Hence, there is a map

TN = N(2,dy) x T=(X)

(V1, Va,0) = (V1] [V2])
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where the inverse image 7 (N/(2,d;) x J& (X)) =P" hasrank N = —x (7", T") =
dy — 2dy — (29 — 2), and the proof follows. [

Theorem 3.3.5.
it H (N o1, Z) ———— HI (N, Z) V5 < n(k)
at the blow-up level, where n(k) := min(d; —dy;—do—1, 2 (czl —2dy— (29— 2))+1).

Proof. By the Roof Theorem iy, lifts to the blow-up level. We will denote N'* =
No- (2,1, dy,dy) and N* = N,y its blow-up along the flip locus S* = Soz (k-
Recall that, from the construction of the blow-up, there is a map 7_ : N* — N such
that

0 — 7 (H/(N*)) = H/(N*) — HI(EX) /7> (HI(S*)) — 0

splits where £ = 7~*(S*) is the so-called exceptional divisor. Hence, the following

diagram

7 (HI(NF)) HI(N*) ——— HI(EX) /7 (HI(S*)) —0

A

o i | o

’Lkl
Hi( /\L/m) — HI(EM) /mx (HI(SEH)) —0

(3.2)

0 — " (HI(NFT)

commutes for all j < n(k), and the theorem follows. [ )
Corollary 3.3.6.

it HI (N gy Z) —— HI (N1, Z) ¥ < (k)
where (k) := min(n(k), 2dy — dy +g— 2).

Proof. Recall that N* = N, is also the blow-up of N = Nt (2,1, dy, dy) along
the flip locus S* = Syt (k) S0 there is a map 7. : NF - N such that

0 — 7 (HIN)) = HIN*) = HI(E5) [ (H(S%)) =0
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splits:

HI(N*) =, (HO (V) @ HD (9) /s (HV(S1)).
and by Theorem and Theorem [3.3.5] the result follows. [ )
Corollary 3.3.7.

i« HY Ny Z) —— H' Nou, Z) Vi < (k).



Chapter 4

Stratifications on the Moduli Space
of Higgs Bundles

Recall that we are supposing that GCD(r, d) = 1. In this chapter, we study the relation-
ship between the Shatz stratification and the Bialynicki-Birula stratification on M(r, d)
for rank r = 2 and rank r = 3. Our results should produce a more refined stratification
for rank three, which we expect to be useful in generalizing Hausel results for rank two

to rank three.

4.1 Equivalent Stratifications on the Moduli Space
of Rank Two Higgs Bundles

Recall that a point (E,®) € N/ = Fj is a pair where £ — X is a stable holomorphic
bundle of rk(£) = 2 and ¢ = 0.

On the other hand, for d; > 0 and ® # 0, define then F};, as follow:

Fd1:{(Ev(I)):(E1@E2’ ( Y >)
v 0

The description of these critical submanifolds has been done by Bento [3]:

I'k(El) = 1, I'k(EQ) = 1,

deg(Ey) =di, deg(FEy) = do, }
p: B =5 E oK

87
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Proposition 4.1.1 (Bento [3, Proposicdo 2.1.1.]). There is a critical submanifold Fy,

foreachd, € 14, &<l 0 Z

Proof. Let Fy, be a critical submanifold as described above, with d; > 0 and & #
0

¥
H°(Hom(E), F>) ® K). Then, E, is ®-invariant and so, the stability of (E, ®) implies:

0
0, where & = ( O) and © : By — F> ® K, so we can consider 0 # ¢ €

d d
M(E2)<M<E)<:>d—d1:d2<§<:>§<d1.

But, if d; > g then F; can not be ®-invariant, and so, since ¢ # 0, we get that:

d+d
deg(EiERK) > 0 dy+ dig —dy >0 d—dy + dic — dy > 0 dy < +2 K

Since d; € Z, the Proposition follows. [

0 0
The holomorphic splitting (E, ®) = (E;® Es, 0 ) is the so-called Variation
4
of Hodge Structure of type (1, 1), and denoted (1, 1)-VHS.

In such a case:
(D, D] = PO* 4 O*D =

0 0 0 ¢* . 0 ¢* 0 0) [¢v 0
¢ 0 0 O 0 O ¢ 0 0  @p*
Hence, the first Hitchin-Equation becomes:

Fa(Ey) — " 0 (B0,
0 FA(Es) 4 pp* 0 I

where 1 = u(F) = %(g)) =

g, so it is constant. In the first entry we have:

Fa(Er) — " = —i-p- Iy - w.
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Taking the trace ¢r(-) and integrating on X, we get:

[P = [ttty = =i [ er(e

which is equivalent to:
: . o d
=27 -i-c1(BEy) — / tr(®P*) = —i - 3 rk(Ey) - 27
X
which implies:

—%ﬁwl—§>=;ﬁfﬂé¢ﬂ

Therefore: J
f(E,®@) =d, — 3

for each (F,®) € Fy,, for every 1 < d; < g — 1. The non-zero critical values for the
rk(E) = 2 case, were computed by Hitchin [24] (and also by Hausel [20]) with the
assumption of deg(F) = 1, and the stability of (£, ®) € F,, gives the bound d; < g.
See the work of Hitchin [24]] for more details.

Recall that the sets
lﬁB:{@mmeA«z@m%z«ﬂ¢)eﬁJ
zZ—r
are the upward stratum sets of the Bialynicki-Birula stratification:
g—1
M2,d) = | J U
d1=0
On the other hand, recall also that, as a consequence of Shatz [35, Proposition 10

and Proposition 11], there is a finite stratification of M(r, d) by the Harder-Narasimhan
type of the underlying vector bundle E of a Higgs bundle (£, ®):

M(r,d) = U

where U/ C M(r,d) is the subspace of Higgs bundles (F, ®) which associated vector
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bundle £ has HNT(F) = t, and where we are taking this union over the existing types in
M(r,d). This is the Shatz stratification. Nevertheless, for rank two Higgs bundles, the
HNT is a vector of the form ¢ = (dyd — d;), where d = deg(F) is a known parameter.
So, Hausel labels the Shatz stratum as follows: Let Uj C M be the locus of points
(E,®) € M(2,d) such that E is stable, and let U; C M be the locus of points
(E,®) € M(2,d) such that £ is unstable and its destabilizing line bundle E; is of
degree d; > 0. This family {U}, }fh_:lo gives us the Shatz stratification of M:
g-1
M= ] Uy,

d1=0

We shall give an alternative proof for the statement of Hausel [[19]: that Shatz strat-

ification and Hitchin stratification are essentially the same thing when rk(E) = 2:

Theorem 4.1.2 (Hausel [19, Proposition 4.3.2]). The Shatz stratification coincides with
the Hitchin stratification,

ie. Uy =Uq for0<dy <g—1

using the above notation.

Proof. The inclusion Uy, C Uy is trivial:

Just take a point (£, ®) € Uy, and consider its limit:

(E°,®%) :=limz - (E,®) = lim(E, z - ®) € Fy,.
zZ—r

z—0

Since (E°, ®°) € Fy,, it has the form:

0 20\ 0 0
(Ev®)_(L1@L27<¢21 0))

where d; = deg(Ly), tk(L1) = 1,and ¢p9; : L1 — Ly ® K.

The Harder-Narasimhan Type of the limit bundle (E°, ®°) is then the vector

HNT(EO’cI)O) : /7: = (Ml;,UZ) = <d17d2>
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where deg(Ly) = dy = d — d;. Then, it is enough to consider F; := L; as maximal

destabilizing line bundle of £ with degree d;. It is destabilizing since
d d
Cay = dy — 3> 0, so u(Ey) =dy > 3= w(E);

and it is trivially maximal. Besides, F; and £/ E; are semi-stables.

So, we get the Harder-Narasimhan Filtration:
OCE,CE

and hence:
Udl C Uél

Remark 4.1.3. Note that £ = E° as smooth vector bundles, but not as holomorphic
vector bundles, since we are varying its holomorphic structure when we take the limit
when z — 0. That is why F; = L is its maximal destabilizing subundle as smooth

vector bundle, but not as Higgs bundle, since £ is not even ®°-invariant.

The other inclusion, U C’ll C Uy, 1s not so trivial. Suppose £ is an unstable bundle

with maximal destabilizing line bundle E; with deg(FE;) = d;.
i.e. HNF(E):0C E, CE

where 1(F1) > p(E) and Ej is the already mentioned maximal destabilizing subbundle
of E. Then, there is a smooth decomposition ©/ = L, & Ly comming from the short exact
sequence:

0 — L, —EFE—Ly,—0

where Ly = Ey and Ly, = E/Ej.

So far, we have been abusing of the notation before, since the points of M, and so the
elements of the subsets /', Uq,, and U} , are not the pairs (E, ®), but their equivalence

classes [(E, ®)] under the gauge group action. So, for an element [(E, ®)] € Uy it will
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be enough to find a gauge transformation g € G such that

(E°,®°) =limg(2) " (E, 2 ®)g(2) € Fy,.

z—0

We may suppose that g(z) € G L(C) is diagonal, so, g12(z) = 0 and g2;(2) = 0. In
such a case, we have:

) — g11(2)  g12(2) _ g11(2) 0 s .
g( ) (921(2) 922(2) > < 0 922(2’) ) for=e @

g(z)7t = 1 g2(z) 0 _ 1 gn(z) 0
det(g) 0 gu(z) 911(2)g22(2) 0 gu(2)

1 0
— ( 911(2) . ) for z € C*.
0 g22(2)

Recall also that a representative pair (£, ®) of the equivalence class [(E, ®)] € U},
has a representative holomorphic structure 9y = 04 = 0 + BdZ of the form:

5. _ O B\ [ O+bndz  bdz
o oa ) 0 O+ budz

and its Higgs field takes the form:

P — G11 P12
Ga1 P22
where ¢;; : L; — L; ® K. Then:

-1 P)g = 9111(z) 0 Z-on - Q12 g1 0
g (2 ®)g=| " X ;
() Z ¢ Z: ¢ g2

_( Z-¢n %2'%2)
g, .
922 2 Ga1 Z P




4.1. RANK TWO 93

where, once again, g;; = ¢;;(2) is an abuse of notation. Since an element of F,;, has a

Higgs field of the form:
0 0
U —
( v 0 )

it will be enough if the g;;’s satisfy:

lim gu ()
z—0 J22 (z)

and

lim g22(2)

We may choose

g11(2) =1, goa(z) = zforz € C*:

1 . (10 Z-ou Z- 91 10 _
g () Q))g(z)_(() z‘1><z-¢21 2-¢22)<0 Z>_
(z-¢11 2’2'¢12>_>< 0 O>whenz—>0.

P21 2 O ¢21 0

g '0sg =g '0ag=0+g "(0g) + (¢7'Bg)dz

Furthermore:

In this case g(z) doesn’t depend on z, so dg = g—gdé = 0. Then:

g '0ag =0+ (g7 'Bg)dz

b b bu 0
g(z)'Bg(z) = M Tz N when z — 0.
0 b22 0 b22

_ o 0
“10pg — _ when z — 0.
g UEg 0

where

We are almost done. It remains to verify two things: first, that ®° is holomorphic

since ® is; and second, that (E°, ®°) is stable.
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If we look carefully to how is ¢»; defined, we can see that:
Go1 : Ly LWELFoRK 2N L,eK

where 1; : Ly — E and ), : & — Lo are the canonical inclusion and projection re-
spectively, and the three components are holomorphic, so ¢ is. Since ¢o; is the only

non-trivial component, ®° is also holomorphic.

Since L; = FEj is not ®°-invariant, the line subbundles which are ®°-invariant are

those that are isomorphic to Ly. But we know that p(Ls) < pu(E°) trivially, since

(Er) > p(E) = p(E°).
(B @Y € Fy,.

Remark 4.1.4. Recall that doesn’t remain valid for the general case:

See for instance the works of Hausel and Thaddeus [21]] and [22]. It will follow also

from our work in the next section.

4.2 Stratifications on the Moduli Space of Rank Three
Higgs Bundles

Denote as above d = deg(F). Recall that we are considering the coprime case GC'D(3,d) =
1.

If E is stable, then (E, ®) € N = Fy C M(3,d) is a pair where £ — X is a stable
holomorphic bundle of rk(£) = 3 and ¢ = 0.

Suppose then that (E, ®) is a pair where E is an unstable vector bundle and ® # 0 is

not trivial. Hence, we must consider three non-trivial cases for the Harder-Narasimhan
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Filtration of £.

Let [(E,®)] € M(3,d) and denote (E°, ®°) := ,'lig(l)(E’Z - ®@). The stratum of
the Morse stratification where (E, ®) belongs is determined by (E°, ®°), and depends
on the Harder-Narasimhan Type of E, and on certain properties of ®. Our Principal
Theorem describes in detail that dependence.

To state the Theorem, is convenient to use the following notation: for a vector bundle
morphism ¢ : £ — F, we write ker(¢) C E and im(¢) C F for those subbundles

obtained by the saturation of the respective subsheaves.

Theorem 4.2.1. Let [(E, ®)] € M(3,d) and denote (E°, ®°) := lim(E, z - D).

z—0

(1.) Suppose that E is an unstable vector bundle of tk(E) = 3 with a Harder-Narasimhan
Filtration of length 1:

HNF(E): 0=E,CE CE,=E

where Ey is the maximal destabilizing line subbundle of E, and p(Vy) > u(Va)
where Vi = Ey, Vo = E/FE; are semi-stables. In other words, suppose that E —
X is a holomorphic bundle that has HNT(E) = (1, pio, pt2) where p; = p(Vj).
Consider ¢o1 : Vi — Vo ® K induced by

P

B K 2% (B/E) ® K.

Define T := ¢o1(Fy) @ K~1 C V, which is a subbundle of V,, where tk(T) = 1,
and define also F ==V, @ C V} @ Vo = E where rk(F') = 2. Then, we have two

possibilities:

(1.1.) Suppose that u(F) < u(E). Then, (E°, ®°) is a (1,2)-VHS of the form:

(E°,°) — <V1@V2,<¢o 8))

21

(1.2.) On the other hand, if i(F) > p(E), then, (E°,®°) is a (1,1,1)-VHS of the
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form:
0 0 0
(E°, 00 = <L1 D Lo L | o 0 0 )
0 w32 0

where Ly, Lo, and L3 are line bundles.

(2.) Analogously, suppose that E' is an unstable vector bundle of vk(E) = 3 with a
Harder-Narasimhan Filtration of length 1:

HNF(E): 0=Ey,CE, CE,=E

but this time E is the maximal destabilizing subbundle of E with tk(E,) = 2, and
w(Vi) > (V) where Vi = Ey, Vo = E/FE, are semi-stables. In other words,
suppose that E — X is a holomorphic bundle that has HNT(E) = (uq, p1, f2)
where pi; = u(V;). Consider ¢91 : Vi — Vo @ K induced by

' B K2 (E/B)®K.

E,——FE
Define N := ker(¢21) C Vi which is a subbundle. Then, we have two possibilities:
(2.1.) Suppose that i(N) < p(E). Then, (E°, ®°) is a (2,1)-VHS of the form:

(E°,®°) = (%@VQ, ( g;; 8))

(2.2.) On the other hand, if i(N) > p(E), then: (E°, ®°) is a (1,1,1)-VHS of the

form:
0 0 0
(E°, 00 = <L1 DL L | o 0 0 )
0 w32 0

where Ly, Lo, and L3 are line bundles.

(3.) Finally, suppose that (E, ®) is a Higgs Bundle where E' is an unstable vector bun-
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dle of tk(E) = 3 with a Harder-Narasimhan Filtration of length 2:
HNF(E)O:E0CE1CE2CE3:E

where p(Vy) > p(Va) > n(Vs) and Vi = Ey, Vo = Ey/Ey, and V3 = E/E; are

semi-stables.
(3.1.) Suppose that ji(Ey/Ey) < p(E). Then we can define F as we did in (1}), and
then, we have two possibilities:
(3.1.1.) Suppose that i(F) < p(E). Then: (E°, ®°) is a (1,2)-VHS.
(3.1.2.) On the other hand, if (F) > u(E), then: (E°, ®°) isa (1,1,1)-VHS.
(3.2.) On the other hand, if j1(E2/ Ey) > p(E), then define N as we did in (2]), and

then, we have two possibilities:
(3.2.1.) If W(N) < p(E). Then: (E°,®°) is a (2,1)-VHS.
(3.2.2.) If W(N) > p(E), then: (E°,®°) isa (1,1,1)-VHS.

This theorem shall be proved, case by case, step by step, considering every single

Harder-Narasimhan Type.

4.2.1 Case(1)
Suppose that £ is an unstable vector bundle of rk(F) = 3 with a Harder-Narasimhan
Filtration of length 1:

HNF(E): 0=E,CE, CE,=E

where F; is the maximal destabilizing line subbundle of F : p(FE;) > p(F) and Vi, V5
are semi-stables. Then, there is a smooth decomposition £ = V; & V; from the short
exact sequence:

00—V —F—V,—0

where V; = E;, and V;, = E/E). Then, the Higgs field ® takes the form:

o — ¢11 ¢12
¢21 ¢22
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where 0 # ¢9 : V3 — Vo ® K is a (1 x 2)-size block, and every block ¢;; €
QM(X, Hom(V;,V;) ® K). Besides, the representative holomorphic structure of E, O

becomes: -
~ o B
O = _
F < 0 & )

where 0 is the corresponding holomorphic structure of V}, and 8 € Q% (X, Hom(V, V4)).

Denote by d; = deg(V}) and dy = deg(V3). Recall that V5 satisfies the following:
a. rk(Vy) =2
b. dy=d—d,
c. V5 is semi-stable
d. p(Va) < u(E) < u(V4)

These are general properties of the Harder-Narasimhan Filtration. The last one can be

easily proved, since p(FE1) > pu(FE).

Define Z := ¢, (F;)®@K ! C V; and recall that we understand this as the subbundle
that we obtain saturating the respective subsheaf. Besides, rk(Z) = 1, and define also
F:=Vi®Z C Vi@V, = E where rk(F') = 2. Denote d7 = deg(Z) and dr = deg(F),
then dp = di + d7.

Define the pair (E°, ®°) := lim(F, z - ®). We must consider then, two subcases:
Z2—

(1) p(F) < u(E)

(2) u(F) > p(E)

Case (1.1)

Proposition 4.2.2. Suppose that (F) < u(E). Then: (E°, ®°) is a (1,2)-VHS.
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Proof. All we need to do, is to consider

1 0
g(z) == (O z-I) € GL3(C)

where I € G'Ly(C) is the identity matrix, and g € G defines a gauge transformation.
Then:

9(2) # (2 @) = g(2) (2~ @)g(2) =

= 2 2% i — 00 when z — 0
$21 2 P 21 0

and also:

= O Z;B — 819 when z — 0.
0 02 0 a2

We can easily showed that ®° is holomorphic since ® is:

b VS ELEoK 22V, 0 K

where 2; : Vi — E and j» : © — V5 are the canonical inclusion and projection re-

spectively, and the three components are holomorphic, so ¢ is. Since ¢o; is the only

non-trivial component, ®° is also holomorphic.

There are three kinds of ®°-invariant subbundles: Thoseones isomorphic to F', those

ones isomorphic to V5, and any line bundle L C V5.

1. F:
By hypothesis u(F) < u(E) = p(E°) in this subcase, so there is nothing to

worry about.
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2. Vo
We already have seen that (V3) < u(E) = pu(E°).

3. LCVy:
Since V5 is semi-stable, (L) < u(Vz), and since p(Va) < p(E®), we get u(L) <
p(E®) for any line bundle L C V5.

Hence:

0 0
(E°,®°%) :=lim(E,z-®) = (V; @ Va, ) is stable.
z—0 ¢21

)

Remark 4.2.3.  In this case, the Harder-Narasimhan Type of the limit bundle (E°, $°)
is the vector:
HNT(E®, ®%) : 7 = (v1, 15, 112)

where v; = ;(V;) coincides with y1; = 11(V;). So, in this subcase we get

HNT(E®,®°) = HNT(E, ®).

Case (1.2)

On the other hand:

Proposition 4.2.4. If i(F) > u(E), then: (E°, ®°) isa (1,1,1)-VHS.

Proof. Suppose ju(F') > p(FE), define Q := V5 /7 and consider the short exact sequence
0—7Z—Vo— Q9 —0.

Then, there is a smooth splitting V2 = Z & Q, and then a new smooth splitting

E=VieZT®Q=L&L,® L
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where Ly := Vy, Ly :=7, and L3 := Q. Hence, we may re-write the Higgs field ¢ as:

P11 P12 P13 Y11 P12 P13
P = Y21 P22 P23 = P21 P22 P23
Y31 P32 ¥33 0 @32 @33

where every block p;; € Q°(X, Hom(L;, L;) ® K) using the new notation, and yp3; =

0 since:

(]

E E® K
11 13®id
L, L@ K

®31

where, by definition, L; = Ey, Ly = Q = Vo/Z and T = ¢ (E;) @ K1 C V, then
@31 = O

This time, we shall take

0
9(z) == 0 | € GLsy(C).

22

o O =
o v O

Then, g € G defines a gauge transformation, and then:

9(2) % (z- @) = g(2) ' (2~ P)g(2) =

1 0 0 Z P11 2 P1a 2 P13 1 0 O
0 z' 0 Z-Pa1 ZPaa 2 Pa3 0z 0 | =
0 0 272 0  z2-p32 2-p33 00 22
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Zopn 2212 203 0 0 0
P21 Z- P 2oy — | w21 0 O when z — 0.
0 Y32 2 P33 0 @32 0

Besides, O the holomorphic structure of £ may be expressed as

o P2 Pis
Op = 0 Oy [
0 0 O

in terms of d;, which corresponds to the holomorphic structure of L;, and 8;; € Q%Y X, Hom(L;, L;)).

Then:

O z- P2 2% B3 o 0
= 0 Oy Z+ Paz — 0 0, 0 when z — 0.
0 0 s 0 Oy

Remains to answer two important questions. First, is ®° holomorphic since ® is?

And second, is

0 0 0
(E°, 9% = lii%(Ea 2 Q) =(Li®Ly®Ls, | o 0 0 |)stable?
0 w32 0

We shall start by answering the first question:

b L S EBEQK 22 1,0 K
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and

¢325L2gEE>E®KL®id Ly ® K

are both holomorphic since ®, the inclusions and the projections are. Then ® is also

holomorphic, since ¢,; and ¢s, are the only two non-trivial components of ®°.

To answer the second question, is necessary to consider the ®°-invariant subbundles
of E°, and there are two kinds: those ones isomorphic to L3 := Q, and those ones
isomorphicto Lo & Ly =7 & Q.

p(Ls) < p(E°)
Recall that we are supposing that u(F) > u(E°) where F =L, @ Lo = FE, &7

(1(Ly) + p(L2) + p(L3)) = p(E°) <=

W

e, u(F) = L) + plL2)) >

3(u(L1) + p(L2)) = 2(u(Ln) + (L) + pu(L3)) <= p(Ly) + p(La) = 2p(L3) <=

u(Ly) + p(L2) + p(Ls) 2 3p(Ls) <= %(N([ﬂ) + p(L2) + p(Ls)) = p(Ls)

S (E) = p(Ls).

p(Ly © Lg) < p(E") :

Recall that u(E) < p(Lq) since L; = Fj is the maximal destabilizing line subbundle
of £. Then:

%(M(Ll) + (L) + p(Ls)) < p(Lr) <= p(L1) + p(Le) + p(Ls) < 3u(Lyr) <

(L) + pu(Ls) < 2p(Ly) <= 3(p(La) + p(L3)) < 2(u(L1) + p(Le) + pu(Ls)) <

SUHER) + (L)) < () + (L) + (L)) = (2 @ L) < pu(E°).

We have shown that (E°, ®°) is semistable, but we are taking GCD(3,d) = 1, and



104 CHAPTER 4. STRATIFICATIONS

it implies stability.

0 0 0
S (B, 9% = ?g(l)(]i 2 ®)=(Li®Ly®Ls, | o1 0 0 |)isstable.
0 32 0

)

Remark 4.2.5.  Since FE/F is semi-stable, u(Z) < u(E/E;), and so u(Z) < p(Q).
Then, in this case, the Harder-Narasimhan Type of the limit bundle (E°, ®°) is the

vector:

HNT(E, ®°) : X = (A1, As, Aa)
where \; = p(L;). In this subcase, HNT(EY, ®°) coincides with HNT(E, ®) if and
only if A3 = Ay = pa = p(V3).

4.2.2 Case (2)

Similarly, suppose that F is an unstable vector bundle of rk(£) = 3 with a Harder-

Narasimhan Filtration of length 1:
HNF(E): 0CE, CFE

but this time F; is the maximal destabilizing subbundle of £ : p(FE;) > p(F) with
rk(E;) = 2 where V; = E;, Vo = E/F; are semi-stables. Then, there is a smooth
decomposition £ = V; & V; from the short exact sequence:

0 —Vi—F—V,—0.
Hence, once again, the Higgs field ¢ takes the form:
o — ¢11 ¢12
Ga1 Pa2

where this time 0 # ¢9; : V3 — V5 ® K is a block of size (2 x 1), and every
block ¢;; € QY°(X, Hom(V;,V;) ® K). Furthermore, the representative holomorphic
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structure of E, p, takes the upper triangular form:

N
o (00)

where 0, is the corresponding holomorphic structure of V;, and 8 € Q% (X, Hom(Va, V1)).

Denote by d; = deg(V}) and dy = deg(V3), where dy = d — d;. We also note that

V5, satisfies:
a. rk(Vh) =1
b. V5 is semi-stable

c. u(Va) < pu(E) < p(W1)

Once again, these are general properties of the Harder-Narasimhan Filtration.

Define N := ker(¢2;) C V) and recall once again that we understand by this the

subbundle that we obtain saturating the respective subsheaf. Besides, rk(N) = 1.

Recall that we have defined (E°, ®°) := lim(F, z - ®). We must consider then, two

z—0
subcases:

(1) p(N) < p(E)

(2) p(N) = p(E)

Case (2.1)
Proposition 4.2.6. Suppose that 1(N) < pu(E). Then: (E°, ®°) is a (2, 1)-VHS.

Proof. All we need to do, is to consider

g(z) = ( o ) € GL(C)

where [ € G'Ly(C) is the identity matrix, and g € G defines a gauge transformation.
Then:
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9(2) * (z- @) = g(2) (2 - )g(z) =
. 2 .
= Zron 20w — 00 when z — 0
P21 2+ Paa ¢a1 O

9(2) * 0p = g(2) '0pg(2) =

= O 2;6 — 819 when z — 0.
0 (92 0 62

To prove that ®° is holomorphic since ® is, we may proceed as before, as what we
have done in The proof is the same.

and also:

There are three kinds of ®°-invariant subbundles: those ones isomorphic to N, those
ones isomorphic to V5, and those ones isomorphic to /' = L & V, where L C V;
is any line bundle. Everything is fine with N since, by hypothesis, in this subcase
pu(N) < p(E). On the other hand, p(V2) < p(E) since u(E) < p(Ey) and Vo = E/E.
Let’s see what happen to F' = L & V5:

Since V; = E is the maximal destabilizing subbundle of £, and since p(V2) < p(E) <

(V1) where V; and V5 are semistable, we have:

W(F) = Su(L) + (V) < 5(n(Vi) + n(Va)) < 2p(VA) + 4(Vs) = () = ()
Hence:
(B, 0" = lim(E, - ®) = (Via Ve, [ O O ))is stabl
, = lim(F, 2 =W 5, b1 0 is stable.

)

Remark 4.2.7. In this case, the Harder-Narasimhan Type of the limit bundle (E°, ®°) is
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the vector:
HNT(EO, (I)(J) U= (Vl, vy, I/Q)

where v; = u(V]) and besides v; = p;. So, in this subcase we got
HNT(E®,®") = HNT(E, ®).

Case (2.2)

Proposition 4.2.8. If i(N) > u(E), then: (E°, ®°) isa (1,1,1)-VHS.

Proof. Suppose p(N) > p(E), consider then the smooth splitting V; = N @ @, from

the short exact sequence
00— N—VI —0Q —0
where () := Vi /N. Then, there is a new smooth splitting
E=NaeQoaV,=L1 &L, ® L3

where Ly := N, Ly := (@, and L3 := V5. Hence, we may re-write the Higgs field ® as:

Y11 P12 Y13 P11 P12 P13
P = Y21 P22 P23 = P21 P22 P23
P31 P32 P33 0 32 @33

where every block ¢;; € QY X, Hom(L;, L;) ® K), and 3, = 0 since:

(]

E E®QK
11 13®id
Ly L;® K

®31

where, by definition, L; = N, L3 = V5 and N is the saturated sheaf of ker(¢9;), hence
@31 = O
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We shall take

g(z) = € GL3(C)

2

o O =
o . O
o O

N

where g € G defines a gauge transformation, and then:

g(2) * (2 @) = g(2) " (2 - P)g(2) =

zoon 22 2o 0 0 0
2 —

P21 22 2T P23 z—0 w1 0 0

0 P32 233 0 @3 0

Besides, Jx the holomorphic structure of £ may be expressed as

O P2 Pis
Op = 0 Oy [
0 0 O

in terms of 3, which corresponds to the holomorphic structure of L;, and 3;; € Q%Y (X, Hom(Lj;, L;)).

Then:
9(2) % 0g = g(2) ' Opg(2) =
o z- B2 22 Bis o
= 0 9 2By |—]| 0 9 0 | whenz—0.
0 0 Os 0 O

The proof that ®° is holomorphic since @ is, is exactly the same proof that we pre-
sented in To prove that (E°, ®°) is stable, we must consider the ®’-invariant

subbundles of E: those ones isomorphic to L3 := V5, and those ones isomorphic to
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Ly® Ly =QDVa.
u(Ls) < w(E°) trivially, since V; = F; is the maximal destabilizing subbundle of £
and V, = E/E, then u(Vs) < pu(E) < u(Vy).

Besides, recall that u(N) > u(E) = u(E°)

(1(L1) + p(La) + p(Ls)) = p(E°) <=

W =

i.e. p(N)=pu(L) >

3u(La) = p(La) + p(L2) + p(Ls) <= 2p(Ly) = p(L2) + p(Ls) <=

2(p(Ly) + p(La) + pu(L3)) = 3(u(La) + pu(Ls)) <=

(1(La) + p(L3))

DN | —

S0(L) + (L) + (L)) >

- W(E®) = p(Ly @ Ly).

Once again, what we have shown is that (E°, ®°) is semistable, but GC'D(3,d) = 1

0 0 0
o (B, @0 = m(E, 2 ®) = (L1 @ Ly ® Ls, | po1 0 0 |)is stable.
0 @32 0

Remark 42.9.  Since F is semi-stable, ;1(N) < p(F1), and so pu(N) < p(Q). Then,
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in this case, the Harder-Narasimhan Type of the limit bundle (E°, ®°) is the vector:
HNT(E®, ®°) : X = (Ag, A1, As)

where \; = p(L;). In this subcase, HNT(E®, ®°) coincides with HNT(E, ®) if and
only if Ay = Ay = iy = (V).

4.2.3 Case (3)

Finally, suppose that (F, ®) is a Higgs Bundle where F is an unstable vector bundle of
rk(FE) = 3 with a Harder-Narasimhan Filtration of length 2:

HNF(E) 0O=EyCE CFE,CE3=F

where p(Ey) > u(Es) > p(E) and Vi = Ey, Vo = E3/E;, and V3 = E/FE, are

semi-stables.

There is a smooth decomposition £ = Ly & Ly & Ly = Vi & V5 & V3 from the short
exact sequences
0—FE — FE— Vo —0

00— Fy, —FEF —V;—0.

Nevertheless, we can not apply similar proceedings to what we did before, since the
Higgs field ® takes the form

©11 P12 P13
¢ = P21 P22 P23
©31 P32 ¥33

where @31 : L1 — L3 ® K is not necessarily zero, and the gauge transformation g € G
given by

0

9(z) = 0 | eaLy(©)

2,2

S O =
S . O
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will give us
9(2) % (z- @) = g(2) (2~ P)g(2) =

2 3

Z2-P11 2T P12 27 P13
2

Y21 2P 27 P23

1
PR P32 Z P33

and there is a term of the form %gpgl before we take the limit when z — 0.

We may also think in smooth decompositions of the form
E = E1 D (E/El) or £ = EQ D (E/EQ)

and trying to work the way we did before. However, we are in troubles again, since Fs

and F/E; are not semistables:

a. in the first case, £y C Ey where u(Ey) > p(Es) > p(E),

b. and in the second case, F»/F, C E/E; where u(E2/E,) > p(E) could also happen.

It seems that these subcases could be worked as above, whereas ((Es/E1) < p(E)
or not. Recall, once again, that we have defined (E°, ") := liII(l) (E, z-®), and consider
zZ—>

the cases:

(1) p(Ea/Er) < p(E)

(2) p(Ez/Ey) > p(E)
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r r
05 10 15 20 25 30 05 10 15 20 25 30

Figure 2: Harder-Narasimhan Polygons with the possible cases mentioned above, the
red-dashed line segments represent segments with slope 1(V2) = p(F2/E;) and the

red-thick line segments represent segments with slope ( £). From left to right, from
top to bottom, (V2) > p(E), u(Vz) < p(E), p(Va) = p(E), p(Va) < p(E).

Case (3.1)

Suppose that u(Es/Ey) < p(FE). Ey/E; C E/E; is the maximal line bundle such
that p(E2/FE1) > u(E/Ey). In this case, we will consider the smooth decomposition
E =W, & W, from the short exact sequence

O—W;, —FE—->Wy—0

where W, = E; with rk(W;) = 1 and Wy, = E/E; with rk(W5) = 2; and then, the

Higgs field ® takes the form:
o — ¢11 ¢12
Po1 P2
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where 0 # ¢ : W7 — Wy ® K is a (1 x 2)-size block, and every single block
¢ij € QY(X, Hom(W;,W;) ® K). As well as we did in[4.2.1] we consider Z C V;
as the saturated bundle of ¢ (F;) @ K—! where tk(Z) = 1, and we consider also
F=Vi®ZcCV,®V,=FE whererk(F) = 2.

Recall that we have defined the pair (E°, ®°) := lim (E,z-®).
zZ—r

Proposition 4.2.10. With the conditions mentioned above, we have two possibilities:
i. Suppose that i(F) < p(E). Then: (E°, ®°) is a (1,2)-VHS.
ii. On the other hand, if |(F) > u(E), then: (E°, ®°) isa (1,1,1)-VHS.

Proof. The proof is essentially the same presented in[4.2.Tjand[4.2.1] except for one de-

tail: in 7., as we have already mentioned, WV is not semistable and, indeed, its maximal
destabilizing line bundle is E,/ F, but there is nothing to worry about in this case, since

we have supposed that (Es/E;) < p(E), and it gives us stability. [ )

When the limit bundle (E°, ®°) is a (1, 2)-VHS, it takes the form:

0 40y _ 0 0
(E7¢)_(W1@W27<¢21 0))

where W, = Fy = Vy and Wy, = E/E; = V, @ V3. Then, the Harder-Narasimhan Type
of (E°, ®°) is the vector:

HNT(E()’ (I)O) : ﬁ = (:U’lv M2, :u3>
where j1; = ;1(V;), in other words:
HNT(E", ®°) = HNT(E, ®).

On the other hand, since here £/ is not semi-stable, we cannot ensure that 4(Z) <
u(Q) as we did in so the Harder-Narasimhan Type of the limit bundle (E°, ®°)
when it is a (1, 1,1)-VHS, is either (A1, A2, A3) or (A1, A3, A2) where \; = p(L;) and
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the order of the second and the third entries will depend on who is larger: Ay or As.

Hence:

(A1, A2, Ag) = (p1, p2, p3)  when pi(Q) < u(Z)
HNT(E°,®°) = HNT(E,®) <

(Ab A37 AQ) = (/’Llu M2, /'L3) when M(Q) > M<I>

Case (3.2)

Suppose now that p(FEs/FE;) > p(FE). This time, our main concern is that Fs is not
semistable, and actually, //; C FEs is its maximal destabilizing line subbundle. In this
case, we will consider the smooth decomposition £ = W, & W5 from the short exact
sequence

0—=W, = FE—=W;—=0

where W, = Es with k(W) = 2 and W, = E/E, with k(W) = 1; and then, the

Higgs field ¢ takes the form:
o_ [0 oo
P21 P2

but now 0 # ¢ : W7 — Wy ® K is a (2 x 1)-size block, and every single block
¢i; € QVU(X, Hom(W;, W;) @ K). As well as we did in4.2.2} we consider N C W
as the saturated bundle of ker(¢o;), where rk(N) = 1.

Proposition 4.2.11. With the conditions mentioned above, we have two chances:
i. If u(N) < u(E). Then: (E°,®%) is a (2,1)-VHS.
ii. On the other hand, if (N) > u(E), then: (E°, ®°)isa (1,1,1)-VHS.

Proof. Basically, the same presented in [4.2.2]and 4.2.2] except for one thing: this time

in 7. Wy = Es is not semistable. Furthermore, £, C Ej is its maximal destabilizing line

subbundle. So, E; & W5 could be destabilizing. Nevertheless, we supposed this time
that u(FEy/Fy) > p(FE) or, equivalently:

1(E) < 2p(Es) — p(Ey) <= 3u(E) < 2u(Es) — p(Ey) + 2p(E) <=
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p(Ey) + (Bu(E) = 2u(Ey)) < 2u(E) <= p(Ey) + p(E/Ey) < 2u(E)
= p(Er) + p(Ws) < 2u(E) <= p(Ey @ W) < u(E).
Since GC'D(3,d) = 1, we get stability in this subcase, finishing the proof. [ )
When the limit bundle (E°, ®°) is a (2, 1)-VHS, it takes the form:

. 0 0
(E,(I))—(Wl@Wg,<¢21 0))

where W, = By =2 B, @ Ey/E; = V) @ Vi and Wy, = E/Ey = V3. Then, the Harder-
Narasimhan Type of (E°, ®°) is the vector:

HNT(EO7 @0) : ﬁ = (:uh M2, M3)
where p1; = 41(V), in other words:
HNT(E",®%) = HNT(E, ®).

On the other hand, since here Es is not semi-stable, we cannot ensure that p(N) <
wu(Q) as we did in so the Harder-Narasimhan Type of the limit bundle (E°, ®°)
when it is a (1, 1,1)-VHS, is either (A1, A2, A3) or (A2, A1, A3) where \; = p(L;) and
the order of the first and the second entries depend on who is larger: A\, or \;. Hence:

<)\17)\27)\3) = (Ml?/l’%/'l’?)) when M(Q) > IU’(N>
HNT(E’,®") = HNT(E,®) &
(A2, A1, Az) = (p1, po, p3)  when p(Q) < p(N)

4.2.4 The Harder-Narasimhan Type

It would be interesting to ask what happen the other way around: given a limit point
(E°, ®°%) € F),, what is its Harder-Narasimhan Type and, does this HNT(E°, ®°) co-
incides with the Harder-Narasimhan Type of (£, ®) the original bundle, HNT(E, ®)?

We have already mentioned what the Harder-Narasimhan Type is, but will be very

useful if we write it down properly for every single type of critical point. To do that, we
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will consider the following notation:

Given F), a critical submanifold of M, we will denote
+ _ R .
Ugf{wﬂnewtgﬁwﬁ ®) e F\}

as the A-upper-flow Morse subset of M. Recall that these sets will give us a stratification

of the moduli space:
M= ]Juf
A

known as the Morse Stratification and, according to Kirwan [27]], equivalent to the

Bialynicki-Birula Stratification.

On the other hand, we will denote
Ui = {(E, ®)e M: HNT(E, D)) = ﬁ}

as the ji-Shatz component of the Shatz Stratification:
M=
i
Recall that we denote the pair (E°, ®°) := limO(E, z- D).
Z—

So far, what we know, for the rank three case is that for a given point (E, ®) € U;
there is a particular A such that (E, ®) € Uy

(1) I (E,®) € Uy with
HNF(E,@)ZOIE()CElCEg:E

where tk(F1) = 1, u(FEy) > p(E) and Vy = Ey, Vo = E/E; are semi-stables,
then i = (p1, pa, p12) where p; = p(V;). Then, by the results showed in and
4.2.1| and considering the sheaf 7 := ¢y (V1) ® K~ C V4, its saturation Z, where
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rk(i) =1l,andalso F =V, ®Z C V; ® Vo, = E where rk(F) = 2, we have two

possibilities:
Either

0 <oy 0 0
(E,<I>)—(V1@V2,<¢21 0))

is a (1,2)-VHS if u(F) < wp(E), and hence, (E,P) € chll’Q) where d; =
deg(V1) €14, 4 + dTK[ N Z (for more details, see Bento [3] or Gothen [14]).

33
Or
b.
0 0 0
(E°,@°) = (L1 ®La® Ls, [ 9w 0 0 |)
0 @3 0

isa (1,1,1)-VHS, and so, (E, ®) € F"LY where (m;, my) € Q where M, :=

mima

L;Lj_HK, mj = deg(M]) = Qj41 — dj + dK, and

my + 2me < 3dg

2my + mq < 3dx }
my + 2my = 0(mod3)

Q= {(ml,mQ) eNxN

For more details of the description of €2, the reader can see Gothen [[14], or Bento

(3.
In this case, L1 ® Lo P L3 = V; &I® Q.

Hence, summarizing, if (E, ®) € Uz with i = (1, pt2, p12) then

(E°,®°%) € Uy if (Vi ®I) < u(E)

(B, 0% e Uy if p(Vi®Z) = ukE)

where
X = ()\17 )\37 )\2)

since Ay = p(Z) < p(Q) = A3. Note that we could have Ay = )3, and in such
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acase \y = A3 = g, which implies i = X. In other words, if Ay = A3, then
HNT(E,®) = HNT(E", ®Y).

() If (E, ®) € Uy with
HNF(E,®):0=FE,C E,C E;=E

where rk(Fy) = 2, u(Ey) > p(E)and V) = Ey, Vo = E/E) are semi-stables, then
f = (p1, g1, p2) where pi; = p(V;). Then, by the results showed in[4.2.2and |4.2.2}
and considering the sheaf N := ker(¢21), and its saturation N such that rk(N) =1
and N C N C Vj, we also have two possibilities:

Either

0 <oy 0 0
(E,@)—(\/Qea\/l,<¢2l O))

is a (2,1)-VHS if u(N) < wp(F), and hence, (E,P) € Fg’l) where dy =
deg(13) € ]%d, %d - dTK[ N Z (for more details, see Bento [3]] or Gothen [14].)

Or
b.
0 0 0
(E°0°) = (Li®Lo® L3, [ on 0 0 |)
0 w32 0

is a (1,1,1)-VHS otherwise, and so, (E,®) € FLLU where (my,my) € Q

mima

where Mj = L;Lj_;,_lK, m; = deg(Mj) = dj+1 — dj + dK, and

my + 2me < 3dg

2mq + mo < 3dK }
my + 2mg = 0(mod3)

Q= {(ml,mg) e NxN

IchiSC&SC,Ll@LQ@ng:N@Q@‘/Q.
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Then, if (E, ®) € Uz with i = (u1, pu1, p12) then
(E%,09) € Uy if u(N) < ()

(E°, 0% € U it u(N) > u(E)
where
X - (>\27 )\17 )\3)

since A\; = u(N) < pu(Q) = Ao Note that we could have \; = Ay, and in such
acase \; = Ay = up, which implies ;i = X. In other words, if A1 = o, then
HNT(E,®) = HNT(E®, ).

(3) If (E,®) € Uy with
HNF(E,CI))IO:E()CElCEQCEg:E

where tk(E7) = 1, tk(E2) = 2, u(Ey) > w(E2) > p(E), Vi = Ey, Vo =
E,/E, and V5 = E/FE, are semi-stables, then /i = (f1, o, p13) Where 11, = (V).
Then, by the results showed in {4.2.3] and [4.2.3] and considering the subbundles
Z, Q, N and Q as above, we have four possibilities:

Either 1(V2) < u(E) and then:

a.
0 0
(B, 0% = (Vi & Va, )
¢21 0
isa (1,2)-VHS if u(F) < u(E), and hence, (E, ®) € Félm) where
dy = deg(Vi) €5, § + [N Z0
b.
0O 0 0
(E°, @) =(L1®Lo® Ly, | por 0 0 |)
0 w32 0

isa (1,1,1)-VHS if u(F) > u(E), and so, (E,®) € FLLY where (mq,my) €

mima
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() where Mj = L;Lj+1K, m; = deg(M]) = aj+1 — dj + dK, and

my + 2me < 3dx

Q= {(ml,mg) e Nx N
my + 2my = 0(mod3

2my +mo < Sd}( }
)

Or, u(Vz) > pu(E) and so:

0 20\ _ 0 O
(E’CI))_(‘/Q@VL<¢21 O>>

isa(2,1)-VHS if u(N) < u(E), and hence, (E, ®) € Fdf’l) where

dy = deg(Vp) € 12,2 4+ 4[N Z, or

d.
0 0 0
(E°0°) = (Li®Lo®Ls, [ on 0 0 |)
0 @3 0

isa(1,1,1)-VHS if u(N) > u(E), and so, (E, ®) € F:LY where (my,ms) €

mima2

Q where M := LiL; 1 K, mj := deg(M;) = dj;1 — d;j + dg, and

mi + 2my < 3dK

Q= {(ml,mg) e NxN
my + 2my = 0(mod3

2my + mq < 3dg }
)

Inthiscase, L1 ® Lo P L3 =N D Q B V.
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Therefore, summarizing, we have:

' (((E°, @) e Uy if p(Vi®I) < u(E)
it p(V2) <p(E) =
(E°,@%) e Uy if (Vi ®I)> p(E)

(E,9) e Uz =
(((E°,®°) € Uz if u(N) < p(E)
it p(Va) > pu(E) =
\ | (%99 € Uy i u(N) > p(E)
where
()\1, )\2, )\3) if )\2 > )\3
X p—
(A1, Az, A2) if Ay < A3
and
(p1, p2,p3) if  p1 > po
p_':

(p2, p1,p3) if p1 < po

With the information mentioned above, we can split Uj; in terms of its A-components:
Uz = U
A
where we are defining Uz, := U; N U V.

Clearly the Shatz Stratification of U} will be

Uy =JUa.

m

We will write down the correspoding decomposition of £ = U Fy for each VHS,
fi

where I = Uz N F\ VA
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Variation of Hodge Structure of Type (1, 2)

Let F) = Féll’Q) be a (1,2)-VHS such that d; €]2, ¢ + 4 [MZ. In this case there are two

(1,2)

components, i.e. for a pair (E°, ®°) € Fdll’2 we have two possibilities:

0 0
(B, %) = (Vi& Vs, )
¢ 0
comes from (£, @) € Uy where
HNF(E): 0=E,CE, CEy=E

withrk(Ey) =1, Vi = Ey, Vo = E/FE; semi-stables and u(V;) > u(V4), and then

(5: = (ﬂl?ﬂ??ﬂ?) where Hj = ILL(‘/])

Here, HNT(E°, ®°) = §;, = HNT(E, ®) since E° = V; & V where V; = V.

—— 0 0
@U¢%4%@%(¢mo))

comes from (E, ®) € Uy; where
HNF(E) O=E CE L CFE,CE3=F

with V; = E;/E;_, semi-stables and p(V;) > 11(V;41), and then

—

pi = (p1, pa, pi3) where i = p(Vjy).

Here, HNT(E°,®°) = p; = HNT(E, ®) since E° = V; & V, where V; = F; and
Vo =FE/E, = Ey/JE, ® E/E;.

Briefly, we get then two disjoint components:

P=F'Y =F

5:d1 U Fpﬁidl .
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Variation of Hodge Structure of Type (2, 1)

Let Iy = ch’l) be a (2,1)-VHS such that dy €]2¢, 2 + 967, Similarly, there are two
possibilities for a pair (E°, ®Y) € Féf’l):

1.
<E°,<I>0>:<v2@v1,<¢21 8))

comes from (£, ®) € Uj; where
HNF(E): 0=E,CE, C By, = E

withtk(Fy) = 2, Vi = Ey, Vo = E/E; semi-stables and 1(V;) > u(V5), and then

—

d2 = (pu, p1, o) where pi; = pu(V;).

Here, HNT(E°, ®°) = 5y = HNT(E,®) since E° = V, @ Vi where V, = E; and
Vi = Es.

0 ov 0 0
(E#I))—(Vl@Vz,((b21 O))

comes from (£, ®) € U, where
HNF(E) OZE()CElCEQCEg:E
with V; = E;/E;_; semi-stables and ;(V}) > 1(V}41), and then

P2 = (1, po, p13) where i = ju(V;).

Here, HNT(E®, ®°) = p5 = HNT(E, ®) since E° = V5, &V} where V3 = Ey =
VieVoand V) = E/Ey = V.

Therefore, we get then two disjoint components:

P=F2Y=F

5§d2 U F93d2'
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Variation of Hodge Structure of Type (1,1, 1)

Let F\ = FYml be a (1,1,1)-VHS with (mq1,ms) € 2. Here the situation is quite

different: for a pair (E°, ®°) € F,%ll’,lq’l? we have three components:

1.
0 0 0

(E°,@°) = (Li® Lo Ls, [ wor 0 0 |)
0 @32 0

comes from (£, ®) € Uy; where
HNF(E): 0=E,C E,CE,=E

with rk(Ey) = 1, Vi = Ey, Vo = E/FE; semi-stables and u(V) > p(Vs), and
then
01 = (i1, f12, j12) Where 11; = (V).

Here, we will denote ¢; = ;i(L;) where L; = V;, Ly = 7, Ly = Q. Hence:

(61,2, L5) if  p(Z) > p(Q)
HNT(E", ®%) =

(b1, £3,62) if p(Z) < p(Q)

Therefore:

HNT(E, ®) = HNT(E®, 0°) & £, = b5 = ji» & (@) = n(Q) = p(Va).

2.
0O 0 0
(E°0°) = (Li®Lo®Ls, [ on 0 0 |)
0 @3 0

comes from (£, ®) € U;; where
HNF(E): 0=E,CE, C B, =E

with tk(Ey) = 2, V; = Ey, Vo = E/E; semi-stables and p(V7) > p(V3), and
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then

—

02 = (pu, p1, pr2) where pi; = pu(V;).

Here, we will denote ¢; = j(L;) where L; = N, L, = (), and L3 = V5. Hence:

(b1, €9, 03) if  p(N) > pw(Q)
HNT(E®, ®% =

(la, b1, €3) if  p(N) < p(Q)

Therefore:

HNT(E, ) = HNT(E,0°) & {1 = (, = iy < p(N) = p(Q) = p(Va).

3.
0 0 0
(E°, %) = (Li®Lo® Ly, | 9w 0 0 |)
0 w32 0

comes from (£, ®) € U where
HNF(E) O:E0CE1CE2CE3:E
with V; = E;/E;_; semi-stables and (V) > 11(V;11), and then

p3 = (p1, po, p13) where pi; = p(V).

Here, once again, we will denote ¢; = p(L;), but this time the situation is quite
different:

VioZoQ if u(Va) <u(E) and p(Vi ®1) > p(E)
Li®Ly® L3 =
NeQaVy if p(Va)>u(E) and pu(N) > u(E)

Recall that the cases ;(Vi ®Z) < p(E) and pu(N) < p(E), belong to the compo-
nents of the VHS of type (1, 2) and (2, 1) respectively.
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Hence:

7=V, and Q=Vj
HNT(E,®) = HNT(E’, ®°) & or
N=ZV, and Q =V,

Therefore, even when we can have two different limit points in the last subcase, we

get just three disjoint components:

Fy = FLLY — po

mimsa 51 (ml,mg)

U Fe U F

62(m1,m2) Ps(m17m2)'



Chapter 5
Nilpotent Cone

In this chapter, we study the stratification of the Nilpotent Cone given by the Down-
ward Morse Flow, and its relation to the Shatz stratification. The results presented here
complement those of Chapter 4 We find a filtration that describes the Nilpotent Cone

in terms of the Downward Morse Flow, for rank two and rank three cases.

5.1 The Hitchin Map and The Nilpotent Cone

Recall that we are supposing GCD(r,d) = 1. So, the moduli space of Hitchin pairs,

M (r,d), is a non-compact, smooth complex manifold of dimension
dime (M (r,d)) = (r* — 1)deg(L).

M(r,d) is also a Riemannian manifold with a complete hyperKéhler metric, and there

is a proper map, the so-called Hitchin map defined by:

X:ME(rd) — HYX,L)®---® HY(X, L")

(5.1)
[(E,®)] —— det(P)

The Hitchin map is proper, and it is also an algebraically completely integrable Hamil-
tonian system with respet to the symplectic holomorphic form (2, with a generic fibre

which is a Prym variety corresponding to the espectral cover of X at the image point.

127



128 CHAPTER 5. NILPOTENT CONE

Finally, recall also that the set
X H0) = {[(E,®)] € My(r,d): x(®) =0}

is known as the Nilpotent Cone, and has been described by Hitchin [24], Hausel [19],
among others, as one of the most important fibres of the Hitchin map, and the most
singular at the same time.

The Hitchin map is widely studied and descripted by Hausel [[19] and [20]. Among

his results, the most relevant is the following assertion:

Theorem 5.1.1 (Hausel [20, Theorem 5.2]). The Downward Morse Flow of M(r,d)

coincides with the Nilpotent Cone:
X0 = Dy

Hence, [(E,®)] € x'(0) if and only if 3 lim [(E, ®)] € My(r,d).

Z—00

5.2 Rank Two Hitchin Pairs in the Nilpotent Cone

From the last theorem, we can conclude our own general results for the Hitchin pairs in
the Nilpotent Cone. First, for rank two Hitchin pairs (E, ®) € M(2,d), we have:

Theorem 5.2.1. Let [(E,®)] € x~'(0) be a Hitchin pair with tk(E) = 2. Then, there
is a filtration
E=F DFEy;,DFEs=0

such that
@(EJ) C Ej+1 ® L

and

Z—00 gp

00
(E®, &) := lim (E, » - ) = <L1 @ Lo, < . ) ) (5.2)
is a (1,1)-VHS where

Lj = Ej/Ej+1 and Q : L1 — L2 ® L.
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Proof. Consider the kernel subsheaf N := ker(®) C FE, we know that IV is not a
subbundle but then, we can consider its saturation N C N C E which is a line subundle

of E. Then, consider the exact sequence:
00— Ly—FE—L —0

where Ly = N and L = E/N. Then, there is a smooth splitting: £ = L1 & Lo, and
the Higgs field ® takes the form:
0 0
b =
w21 0

where 9, : L1 — Lo ® L, and the representative holomorphic structure of E, 0p =

04 = 0 + A%'dz takes the lower triangular form:

5, — O 0\ _ [ O0+budz 0
B 0 budz O+ byadZ
where g, # 0, by the stability of (E,®), and 9; = 0 + b;;dz is the corresponding

holomorphic structure of L;, and 3 = by;dz € Q%(X, Hom(Ly, Ls)). See Wentworth

[39] for more details.

Hence, is enough if we consider the filtration
E=LEDFEDE;=0

where we are taking Fy = N. Trivially: ®(E,) C E3 ® L, since E3 = 0. Besides, ® is
nilpotent: ®? = 0, and so im(®) C ker(®) ® L, and hence (E,) = ®(F) C Fy ® L.

All we have to do is to find a gauge transformation g = ¢g(z) € G Ly(C) such that

(B>, 0*) = lim g(2) " Y(E, z - ®)g(z) € DY.

Z—00

We may suppose that g(z) is diagonal, so, g12(z) = 0 and go1(2z) = 0. In such a
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case, we have:

) — gu(z) g12(2) \ _ [ gu(z) 0 for = € C*
7 (921(2) 922(Z)> ( 0 922(2)) ©

and then:

g(z) ' = 1 gn(z) 0 _ 1 g2(z) 0
det(g) 0 gu(z) 911(2)g22(2) 0 gulz)

L 0
- < g11(2) ) ) for z € C*.
0 g22(2)
Then:

1
s d)g = e 0 0 0 g O _ 0 0
J J 0 - z- 0 0 ALy 0/
922(2) Y21 922 o Z P

Similarly:

1 - _
g 0pg = g 09 = | M@ (1) O 9 gu 0 ) _ o, 9 |
0 g22(2) /8 82 0 g2 %ﬁ 0o

It will be enough if the g;;’s satisfy:

lim gu () =0 and lim gu ()

z=1

It seems that we may choose polynomials, or even better, integer powers of z:

g11(2) = 2P, goa(z) = 2% for z € C* :

1) (2 - D)g(z) = ( z:’ ZOq) (2‘(;21 8) <2§ Zoq ) -

0 0 0 0
— whenz o0& 1—qg+p=0&qg—p=1.

Q
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and also:

_ _ J 0
“Opg =g '0ag = _
g Ed =4 AY ( =18 D, >

SO:

- o 0
g_lﬁEg—><O1 8>Whenz—>oo(:)p—q<0<:>p<q.
P

It is easy to find a pair (p, ¢) € Z x Z such that p and ¢ satisfy both conditions, we can

consider for instance p = 0 and ¢ = 1.

We are almost done. It remains to verify two things: first, that (£°°, &) is stable;

and second, that ®*° is holomorphic since ? is.

Stability follows easily since the original (E, ®) € x~*(0) is stable: since ®(L;) C
im(®) ® L C ker(®) ® L C Ly ® L, Ly = E/Ly is not ®>-invariant, and so, the

line subbundles which are ®*°-invariant are those that are isomorphic to L,. But, by

the stability of (E, ®), we know that p( L) < u(E) trivially, since pu(N) < p(E) =
w(E>). Hence, (E>°, ) is stable.

3End(E)<q)) =0= gEnd(Eoo)((I)oo) =0:

Recall that
0= 5End(E)<(I)) = gE od—-do gE

Then, in local terms we have:

5}50(1)—(1)05]5:

d; 0 0 0\ 0 0 J, 0 _
B 0Oy po1 0 wo1 0 B 0y

0 0 0 0)_(00

Do 0 02101 0 00/
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Similarly:
5EooO(I)OO—(I)0005Eoo =

0, 0 0 0 0 0 0 0
0 52 ®21 0 ©21 0 0 52
B 0 0 B 0 0y (00
Dopar 0 02101 0 0 0
since, by hypothesis

(5End(E)(q)))21 = 52 O @21 — P21 © 51 =0.

Therefore, > is holomorphic since P is. '

5.3 Rank Three Hitchin Pairs in the Nilpotent Cone

We would like to say that the result is analogue for rank three Hitchin pairs (E, ®) €
M (3,d), but truth is that there is a bizard subcase where we must consider the image

subsheaf of the k-Higgs field. So we get the following:

Theorem 5.3.1. Let [(E, ®)] € x'(0) be a Hitchin pair with tk(E) = 3. Then:

(a) either there is a filtration
E:E13E23E33E4:0
such that
O(E)) C Eja @ L
and

0 0 0
(B%,0%) = lim (B,2 @) = (L& Lol [ on 0 0|) 3

Z—00

0 32 0
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isa (1,1,1)-VHS where

(D) or, there is a filtration
E:ElDEQDEQ,:O

such that

(b.1.) either

(B, 9%) := lim (E,z-®) = <V1 © Vs, ( ! 8 ) ) (5.4)

Z— 00 @21

is a (1,2)-VHS where
Vi=E;/E;x1 and ¢:V; = V2® L,

and where ®(E;) C E;11 ® L,

(b.2.) or

Z—00 9021

(E®, %) := lim (E, z - @) = (W1 @ W, ( 0 8 > ) (5.5)

is a (2,1)-VHS, depending on the rank of Es, and depending also on some
properties of P.

Proof. Since (E,®) € x1(0) € M(3,d), then ®* = 0. So, either ? = 0 or ®* = (.
(a) If ®* # 0, we may consider the following sequence of subsheaves:
N, = ker(®?) D Ny = ker(®?) D N3 = ker(®) D N, = 0,
and so, we may consider the filtration:

E:E13E23E3DE4:O
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where F; = Nj is the saturated sheaf of N;. Clearly ®(E;) C F;;; ® L. Then,
taking L; = E;/E;.1, there are morphisms of bundles ¢;; : L, — L; ® L induced
by ® and, since P is nilpotent, we may write:

0 0 O
¢ = ©21 0 O
31 w32 0
and then, using
1 0 0
gz)=10 2 0
00 22
as gauge transformation, we get:
1 0 0 0 0 0 1 0 0
gHz-®)g=|0 2t 0 Z o1 0 0 0 2z O =
0 0 z72 Z-p31 Z-@30 0 0 0 2?
0 0 O 0 0 O
V21 0 0 zZ —> 0 V21 0
Loog w3 0 0 @3
and also:
1 0 0 o 0 0 10 0
g '0pg=yg '0ag=1| 0 2" 0 Bor 0y 0 0z 0 |=
0 0 2_2 531 532 53 00 22
0 0 0 0 0
%521 dy 0 Z — 00 0 0y O
2%531 %532 0s 0 0 0O

Note that ®*° is holomorphic since ¢ is. Recall that:

0= 5End(E)(q)) = 5E od—-Po 5E
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Then, in local terms we have:

5End(Eoo)((I)oo> = 5Eoo 0d>® — P> o 6E‘oo =

0, 0 0 0 0 0 0 0 0 o, 0 0
dy 0 war 0 0 | =] ¢a 0 0 0 0, 0 |=
0 Os 0 @32 0 0 3 0 0 0 Os
0 0 0 0 0 0 000
Doy 0 0| =] 90t 0 O J|=]000
0 O304 O 0 @30, 0 000

since (Dpna(e)(P)),; = Oapa1 — 02101 = 0 and (Fpna(e) (P)) 4, = 03032 — P3205 =
0 by hypothesis, since 5End( £)(®) = 0. Hence, > is holomorphic.

To prove stability in this case, is necessary to consider the ®*°-invariant subbundles
of £, and there are two kinds: those ones isomorphic to L3, and those ones iso-
morphic to Ly & L3. And, by the stability of (F, ®), we know that p(L3) < pu(E>)
trivially, since F is ®-invariant and so u(Fs) = u(N3) < u(E) = p(E>). On the
other hand, also by the stability of (F, ®), we have that p(Ls @ L3) = u(Ey) <
((E>) and E, is also ®-invariant, since z(E5) = pu(N,) < u(E) = p(E>). Hence,
(E°°, ) is stable.

(b) On the other hand, suppose that ®* = (. Then, we may consider:
N, = ker(®?) D Ny = ker(®*) D N3 = 0,
and so, we may consider the filtration:
E=FEDF, DFE;3=0

where E; = Nj is the saturated sheaf of N;. Clearly ®(E;) C F,;; ® L. Then,
taking V; = E;/E;, there is a morphism of bundles ¢, : V4 — V5, ® L induced
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by ® and so:

The following diagram

E/E,

factors because ®(E,) = F3 = 0. Now, we must consider two subcases: either
I'k(EQ) =1lor I'k(EQ) = 2.

When rk(F5) = 1, we get that

(E%, &) = lim (B, z- &) = (Vl@V%( 0 0>>

2—00 V21 0

is a (2,1)-VHS, and the statement of the proof is almost the same of that one
presented above for the rank two Hitchin pair, with two main differences: first,
o1 : Vi — Vo ® Lis actually a (2 x 1)-block instead of a (1 x 1)-block, and so we

9(z) = ( L0 ) € GLy(C)

must take

0 =z

as our gauge transformation, where I, € GGLo(C) is the identity matrix; and second,
stability. In this subcase, the ®>°-invariant subbundles are those isomorphic to V, =
E,, and those isomorphic to the bundle of the form L' & V5, where L' C V} = E//E;
is any line bundle. But by the stability of (E, ®) we know that u(Es) < p(FE) since
E, is ®-invariant, so p(V3) < p(E°°). On the other hand, those bundles of the form
L' ® Es also have slope less than E, but the proof is a little bit more sofisticated:
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Consider the short exact sequence
0—FE,—E—"5E/E,—0.
So, define V := 7~ !(L') C E, and consider the sequence
0— Ey —V — L'

and note that V' is ®-invariant, then (V') < u(E), or equivalently, u(L' & Es) <
p(E). Hence, (E>°, &) is stable.

When rk(E,) = 2, define Z := o1 (V1) ® K~! C Vj and its saturation 7 such that
T C I C V,, and define also F := Vi @ Z. If u(F) < pu(E), we get that

(B%, &) = lim (B, &) = (1/1@\/2,< 0 o>>

2—00 V21 0
is a (1,2)-VHS, and the statement of the proof follows a similar argument to the

one above for the rank two Hitchin pair, also with two main differences: first, @o; :
Vi — Vo ® Lis actually a (1 x 2)-block instead of a (1 x 1)-block, and so we must

take
1 0
g<z>:(0 [2.2)6@3“3)

as our gauge transformation, where I, € GLy(C) is again the identity matrix; and
second, stability. In this subcase, the ®°°-invariant subbundles are those isomorphic
to Vo = Fs, those isomorphic to the bundle of the form L' C V3, where L' is any
line bundle, and those isomorphic to F'. By the stability of (£, ®) we know that
p(E2) < u(E) since Esy is ®-invariant, so u(Va) < p(E>). Clearly, those bundles
of the form L' C Ej also have slope less than F, since ®(L') = 0 because L' C Ej,
and so it is ®-invariant, hence p(L') < pu(E) = p(E). On the other hand, we are
supposing that u(F') < u(E), so we are done in this subsubcase.
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Finally, when rk(Es) = 2, if u(F') > p(FE), then we consider the smooth splitting

=(E/I)eT
where
®£0 -
E I®L
T ¢21
E/T

factors because Z C E, = N, = ker(®). In such a case, we get that

2Z—00 V21 0

(B, ) = nm<E,z-@>:<Wl@W2’< 0 O)>

is a (2,1)-VHS, where W, = E/Z and W, = Z, and the statement of the proof
follows a similar argument to those above. Remains to check stability. The &>°-
invariant subbundles of £ are of three kinds: those who are isomorphic to Es /f ,
those isomorphic to L' 7 for any line bundle L' C E/ 7, and those isomorphic to
7.

u(E2/T) < p(E) :

In this subcase, we are supposing that u(F) > p(E), which is equivalent to:
p(Vi @) > u(E) < 3(deg(V1) + deg(f)) > 2d &

3(d — deg(Va) + deg(Z)) > 2d & d > 3(deg(E,) — deg(Z)) <

g > deg(By) — deg(Z) & pu(Ba/T) < u(E).

—_——

Note that ®(Z) = 0 because Z C Ey = N = ker(®), and by the stability of (£, ®)
we get u(Z) < p(E) = p(E*).
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Finally, to prove that (L' @ Z) < p(E>), we consider the following short exact
sequence

0—Z—FE—"5E/T—0.

So, define V := 7~!(L') C E, and consider the sequence
0—Z—V-—1IL

and note that V is ®-invariant, then ;(V) < p(E), or equivalently, u(L' @ Z) <
p(E). Hence, (E*°, ) is stable.

)

5.4 Approach for General Rank

Suppose now that [(E,®)] € x'(0) € M(r,d) is a Hitchin pair of general rank
rk(E) = r and degree deg(F) = d. Let p € N be the least positive integer such
that ? = 0 and ! # 0, and so consider the subsheaves K; := ker(®r*'7) C E
and their respective saturations F; = K such that K; C K; C E where F; C Eisa
subbundle of F'Vj € {1, ..., p}. We would like to conclude that there is a filtration

E:ElDEQD ...... DEPDEP+1:0

such that
CI)<EJ>CEJ+1®L
and that
0
p §02 O O
(E>,® );zzlggo(E,z.@):(Q?vj, 0 w3 0 .. 0 > (5.6)
Jj= . . . . .
0 0 ¢, 0
where

Vi=Ej/Ejp and ;1 Vi = Vi@ L,
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but this is not always true.

Recall that [(E, ®)] € x~!(0) if and only if ®" = ® o P o ... 0 & = ( by defini-
tion, in general for 7k(FE) = r. So, we know that there is an integer p € N, p < r
such that ¥ = ® o ® o ... o & = 0 by definition, with equality p = r when the
subbundles E; = K; C E are linear, where K; := ker(®"*'~7) C FE and where
K,CK;Cc EYje{l,..,r}

As well as we did for rank two and rank three, we may consider the smooth splitting

p
E=c PV,
j=1

where V; = E;/E, .4, and then, think about the Higgs field taking the triangular form:

0
pa1 0
O = | w31 P32 0

Op1 o Ppp-2 Ppp-1 0
where ¢;; : V; — V; ® L. In such a case, the holomorphic structure could be of the

form:

Bpr o Bpp—1 Oy

where 0 is the correspoding holomorphic structure of V;, and 3;; € Q%Y(X, Hom(V}, V;)).
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We also may consider g € G such that:

I, 0 0
0 I, . :
gz)=| = 7 € GL,(C)
: T t- 0
0 0 zpfll,,p

defined by blocks, where r; = rk(V}) is the rank of V; and I, € End(V}) is the identity
Vj € {1,...,p}. Hence:
g (2)(z - @)g(2) =

Ly, 0 . 0 0 .. .. 0 L. 0 .. 0
0 277, . : zpo1 0 0 0 =2I, :
: : : 0 s : s 0
0 0 271, 20p1 o ZPppo1 0 0 0 21,
0 .o 0 0
¥21 0 0 ©21 0
— | 2oz o 0 o 0|z 0 o 0 .. 0],
2Po s 2T o2 @pper O 0 ... 0 @pa O
and also:

9 1(2) Op g(2) =

0 Z_lfr2 Po1 O 0 =z[,

. P .0 :
0o .. 0 =27 Bt o Bpp1 Oy 0 .. 0 2,
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01 0 o 0 0

= 7 B 52 — 0 &% C when z — o
: . . 0 oo 0
27PBy . 2 B ép 0 ... 0 5p

®°° is holomorphic since ® is. To verify that, is enough to do some general calcula-

tions similar to those we did for rank two and rank three.

Unfortunately, our main trouble lies in how to prove that

0
P wn 0
lim (E,z - ®) = (E>®,®®) = <€BVJ’ 0 @3 O w0 )
Z—00
J=1 . . . . .
0 0 Ppp—1 0

is stable. This Higgs bundle is not necessarily stable, so we can not conclude a general

form of the theorem.
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